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ANHA Series Preface

The Applied and Numerical Harmonic Analysis (ANHA ) book series aims to provide
the engineering, mathematical, and scientific communities with significant develop-
ments in harmonic analysis, ranging from abstract harmonic analysis to basic appli-
cations. The title of the series reflects the importance of applications and numerical
implementation, but richness and relevance of applications and implementation de-
pend fundamentally on the structure and depth of theoretical underpinnings. Thus,
from our point of view, the interleaving of theory and applications and their creative
symbiotic evolution is axiomatic.

Harmonic analysis is a wellspring of ideas and applicability that has flour-
ished, developed, and deepened over time within many disciplines and by means
of creative cross-fertilization with diverse areas. The intricate and fundamental re-
lationship between harmonic analysis and fields such as signal processing, partial
differential equations (PDEs), and image processing is reflected in our state-of-the-
art ANHA series.

Our vision of modern harmonic analysis includes mathematical areas such as
wavelet theory, Banach algebras, classical Fourier analysis, time—frequency analy-
sis, and fractal geometry, as well as the diverse topics that impinge on them.

For example, wavelet theory can be considered an appropriate tool to deal with
some basic problems in digital signal processing, speech and image processing, geo-
physics, pattern recognition, biomedical engineering, and turbulence. These areas
implement the latest technology from sampling methods on surfaces to fast algo-
rithms and computer vision methods. The underlying mathematics of wavelet theory
depends not only on classical Fourier analysis, but also on ideas from abstract har-
monic analysis, including von Neumann algebras and the affine group. This leads
to a study of the Heisenberg group and its relationship to Gabor systems, and of the
metaplectic group for a meaningful interaction of signal decomposition methods.
The unifying influence of wavelet theory in the aforementioned topics illustrates the
justification for providing a means for centralizing and disseminating information
from the broader, but still focused, area of harmonic analysis. This will be a key role
of ANHA. We intend to publish the scope and interaction that such a host of issues
demands.
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Along with our commitment to publish mathematically significant works at the
frontiers of harmonic analysis, we have a comparably strong commitment to publish
major advances in the following applicable topics in which harmonic analysis plays
a substantial role:

Antenna theory Prediction theory
Biomedical signal processing Radar applications
Digital signal processing Sampling theory
Fast algorithms Spectral estimation
Gabor theory and applications Speech processing
Image processing Time—frequency and
Numerical partial differential equations time-scale analysis
Wavelet theory

The above point of view for the ANHA book series is inspired by the history of
Fourier analysis itself, whose tentacles reach into so many fields.

In the last two centuries, Fourier analysis has had a major impact on the devel-
opment of mathematics, on the understanding of many engineering and scientific
phenomena, and on the solution of some of the most important problems in mathe-
matics and the sciences. Historically, Fourier series were developed in the analysis
of some of the classical PDEs of mathematical physics; these series were used to
solve such equations. In order to understand Fourier series and the kinds of solu-
tions they could represent, some of the most basic notions of analysis were defined,
e.g., the concept of “function”. Since the coefficients of Fourier series are integrals,
it is no surprise that Riemann integrals were conceived to deal with uniqueness
properties of trigonometric series. Cantors set theory was also developed because of
such uniqueness questions.

A basic problem in Fourier analysis is to show how complicated phenomena,
such as sound waves, can be described in terms of elementary harmonics. There are
two aspects of this problem: first, to find, or even define properly, the harmonics or
spectrum of a given phenomenon, e.g., the spectroscopy problem in optics; second,
to determine which phenomena can be constructed from given classes of harmonics,
as done, e.g., by the mechanical synthesizers in tidal analysis.

Fourier analysis is also the natural setting for many other problems in engineer-
ing, mathematics, and the sciences. For example, Wiener’s Tauberian theorem in
Fourier analysis not only characterizes the behavior of the prime numbers, but also
provides the proper notion of spectrum for phenomena such as white light; this latter
process leads to the Fourier analysis associated with correlation functions in filter-
ing and prediction problems, and these problems, in turn, deal naturally with Hardy
spaces in the theory of complex variables.

Nowadays, some of the theory of PDEs has given way to the study of Fourier
integral operators. Problems in antenna theory are studied in terms of unimodular
trigonometric polynomials. Applications of Fourier analysis abound in signal pro-
cessing, whether with the fast Fourier transform (FFT), or filter design, or the adap-
tive modeling inherent in timefrequency-scale methods such as wavelet theory. The
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coherent states of mathematical physics are translated and modulated Fourier trans-
forms, and these are used, in conjunctionwith the uncertainty principle, for deal-
ing with signal reconstruction in communications theory.We are back to the raison
d’étre of the ANHA series!

University of Maryland John J. Benedetto
College Park Series Editor






Preface

The introduction of wavelets about 20 years ago has revolutionized applied
mathematics, computer science, and engineering by providing a highly effective
methodology for analyzing and processing univariate functions/signals containing
singularities. However, wavelets do not perform equally well in the multivariate
case due to the fact that they are capable of efficiently encoding only isotropic fea-
tures. This limitation can be seen by observing that Besov spaces can be precisely
characterized by decay properties of sequences of wavelet coefficients, but they are
not capable of capturing those geometric features which could be associated with
edges and other distributed singularities. Indeed, such geometric features are essen-
tial in the multivariate setting, since multivariate problems are typically governed
by anisotropic phenomena such as singularities concentrated on lower dimensional
embedded manifolds. To deal with this challenge, several approaches were proposed
in the attempt to extend the benefits of the wavelet framework to higher dimensions,
with the aim of introducing representation systems which could provide both opti-
mally sparse approximations of anisotropic features and a unified treatment of the
continuum and digital world. Among the various methodologies proposed, such as
curvelets and contourlets, the shearlet system, which was introduced in 2005, stands
out as the first and so far the only approach capable of satisfying this combination
of requirements.

Today, various directions of research have been established in the theory of shear-
lets. These include, in particular, the theory of continuous shearlets—associated
with a parameter set of continuous range—and its application to the analysis of
distributions. Another direction is the theory of discrete shearlets—associated with
a discrete parameter set—and their sparse approximation properties. Thanks to the
fact that shearlets provide a unified treatment of the continuum and digital realm
through the utilization of the shearing operator, digitalization and hence numerical
realizations can be performed in a faithful manner, and this leads to very efficient
algorithms. Building on these results, several shearlet-based algorithms were devel-
oped to address a range of problems in image and data processing.

This book is the first monograph devoted to shearlets. It is not only aimed at and
accessible to a broad readership including graduate students and researchers in the

ix
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areas of applied mathematics, computer science, and engineering, but it will also
appeal to researchers working in any other field requiring highly efficient method-
ologies for the processing of multivariate data. Because of this fact, this volume can
be used both as a state-of-the-art monograph on shearlets and advanced multiscale
methods and as a textbook for graduate students.

This volume is organized into several tutorial-like chapters which cover the main
aspects of theory and applications of shearlets and are written by the leading in-
ternational experts in these areas. The first chapter provides a self-contained and
comprehensive overview of the main results on shearlets and sets the basic notation
and definitions which are used in the remainder of the book. The topics covered
in the remaining chapters essentially follow the idea of going from the continuous
setting, i.e., continuous shearlets and their microlocal properties, up to the discrete
and digital setting, i.e., discrete shearlets, their digital realizations, and their appli-
cations. Each chapter is self-contained, which enables the reader to choose his/her
own path through the book. Here is a brief outline of the content of each chapter.

The first chapter, written by the editors, provides an introduction and presents a
self-contained overview of the main results on the theory and applications of shear-
lets. Starting with some background on frame theory and wavelets, it covers the
definitions of continuous and discrete shearlets and the main results from the the-
ory of shearlets, which are subsequently discussed in detail and expanded in the
following chapters.

In the second chapter, Grohs focusses on the continuous shearlet transform. After
making the reader familiar with concepts from microlocal analysis, he shows that
the shearlet transform offers a simple and convenient way to characterize wavefront
sets of distributions.

In the third chapter, Guo and Labate illustrate the ability of the continuous shear-
let transform to characterize the set of singularities of multivariate functions and
distributions. These properties set the groundwork for some of the imaging applica-
tions discussed in the eighth chapter.

In the fourth chapter, Dahlke et al. introduce the continuous shearlet transform
for arbitrary space dimension. They further present the construction of smooth-
ness spaces associated to shearlet representations and the analysis of their structural
properties.

In the fifth chapter, Kutyniok et al. provide a comprehensive survey of the theory
of sparse approximations of cartoon-like images using shearlets. Both the band-
limited and the compactly supported shearlet frames are examined in this chapter.

In the sixth chapter, Sauer starts from the classical concepts of filterbanks and
subband coding to present an entirely digital approach to shearlet multiresolution.
This approach is not a discretization of the continuous transform, but is naturally
connected to the filtering of digital data.

In the seventh chapter, Kutyniok et al. discuss the construction of digital real-
izations of the shearlet transform with a particular focus on a unified treatment of
the continuum and digital realm. In particular, this chapter illustrates two distinct
numerical implementations of the shearlet transform, one based on band-limited
shearlets and the other based on compactly supported shearlets.
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In the eighth chapter, Easley and Labate present the application of shearlets
to several problems from imaging and data analysis to date. This includes the il-
lustration of shearlet-based algorithms for image denoising, image enhancement,
edge detection, image separation, deconvolution, and regularized reconstruction of
Radon data. In all these applications, the ability of shearlet representations to han-
dle anisotropic features efficiently is exploited in order to derive highly competitive
numerical algorithms.

Finally, it is important to emphasize that the work presented in this volume would
not have been possible without the interaction and discussions with many people
during these years. We wish to thank the many students and researchers who over
the years have given us insightful comments and suggestions, and helped this area
of research to grow into its present form.

Berlin, Germany Gitta Kutyniok
Houston, USA Demetrio Labate






Contents

Introduction to Shearlets .. ...... ... ... .. . .. . . i 1
Gitta Kutyniok and Demetrio Labate

1 Introduction .. ... ..ot 1
2 The Rise of Shearlets ......... ... ... ... 3
2.1 The Role of Applied Harmonic Analysis .............. 3
2.2 Waveletsand Beyond .............. . ... . oo 4
3 Notation and Background Material .. ...................... ... 6
3.1 Fourier Analysis .......... ... ... . . i 6
32 Modeling of Signal Classes ......................... 7
33 Frame Theory ........... ... ... .. ... i .. 9
34 Wavelets .. ... 10
35 Wavelets for Multivariate Data and Their Limitations ... 13
4 Continuous Shearlet Systems ............................... 15
4.1 Continuous Shearlet Systems and the Shearlet Group.... 17
4.2 The Continuous Shearlet Transform .................. 17
4.3 Cone-Adapted Continuous Shearlet Systems .. ......... 20
4.4 The Cone-Adapted Continuous Shearlet Transform . . . . . 21

4.5 Microlocal Properties and Characterization of
Singularities .. ....... ... o 22
5 Discrete Shearlet Systems ............. . ... .. 23
5.1 Discrete Shearlet Systems and Transforms............. 24
5.2 Cone-Adapted Discrete Shearlet Systems and Transforms 25
53 Compactly Supported Shearlets...................... 28
54 Sparse Approximations by Shearlets.................. 30
5.5 Shearlet Function Spaces ........................... 32
5.6 Extensions and Generalizations ...................... 32
6 Algorithmic Implementations of the Shearlet Transform ......... 33
6.1 Fourier-Based Implementations ... ................... 34
6.2 Spatial-Domain-Based Implementations .............. 34
7 Shearlets in Applications . ............... . ... . ... 35
References . ... ..o 36



Xiv Contents

Shearlets and Microlocal Analysis .................. ... ... ... .... 39
Philipp Grohs

1 Introduction .. ... 39

1.1 NOtation .. ....vtt e 40

1.2 Getting to Know the Wavefront Set................... 41

1.3 Contributions . .. ... 49

1.4 Other Ways to Characterize the Wavefront Set ......... 49

2 Reproduction Formulas ......... ... ... ... . o i 50

3 Resolution of the WavefrontSet ............................. 55

3.1 ADirect Theorem . ..., 55

32 Properties of the WavefrontSet . ..................... 59

33 Proof of the MainResult ........................... 61

References . ... 67

Analysis and Identification of Multidimensional Singularities

Using the Continuous Shearlet Transform . .......................... 69
Kanghui Guo and Demetrio Labate
1 Introduction .. ..ot 69
1.1 Example: Line Singularity .......................... 70
1.2 General Singularities. .............. ..o, 75
2 Analysis of Step Singularities 2D) .......... ... .. ... 76
2.1 Shearlet Analysis of Circular Edges .................. 78
2.2 General 2D Boundaries............ ... ... . ... ... 81
2.3 Proofs of Theorems2and3 ........................ 83
24 Extensions and Generalizations ...................... 97
3 Extension to Higher Dimensions. ......................... ... 98
3.1 3D Continuous Shearlet Transform................... 99
3.2 Characterization of 3D Boundaries ................... 100
References . ... .ot 103
Multivariate Shearlet Transform, Shearlet Coorbit Spaces
and Their Structural Properties .............. ... ... .. ... ... .... 105
Stephan Dahlke, Gabriele Steidl, and Gerd Teschke
1 Introduction .. ... 106
2 Multivariate Continuous Shearlet Transform................... 107
2.1 Unitary Representations of the Shearlet Group ......... 107
22 Square Integrable Representations of the Shearlet Group . 110
23 Continuous Shearlet Transform .. .................... 113
3 General Concept of Coorbit Space Theory .................... 113
3.1 General Coorbit Spaces ............. ... oo 115
3.2 Atomic Decompositions and Banach Frames........... 116
4 Multivariate Shearlet Coorbit Theory ...................... ... 117
4.1 Shearlet Coorbit Spaces .............ccoiveeeen.. 117
4.2 Shearlet Atomic Decompositions and Shearlet Banach
Frames ............ o 118

4.3 Nonlinear Approximation........................... 119



Contents XV
5 Structure of Shearlet Coorbit Spaces ......................... 121
5.1 Atomic Decomposition of Besov Spaces .............. 125
5.2 ADensityResult ........... ... .. i 126
53 Tracesonthe Real Axes ......... ... ... oot 127
54 EmbeddingResults ............... .. ... . oL 131
6 Analysis of Singularities ............. .. ... L 134
6.1 Hyperplane Singularities ........................... 134
6.2 Tetrahedron Singularities ........................... 137
References . ... 142
Shearlets and Optimally Sparse Approximations ..................... 145
Gitta Kutyniok, Jakob Lemvig, and Wang-Q Lim
1 Introduction .. ... ..ot 146
1.1 Choice of Model for Anisotropic Features ............. 146
1.2 Measure for Sparse Approximation and Optimality . . ... 147
1.3 Why is 3D the Crucial Dimension?................... 147
1.4 Performance of Shearlets and Other Directional Systems. 148
1.5 Band-Limited Versus Compactly Supported Systems . . .. 148
1.6 Outhine . ...ttt 149
2 Cartoon-Like Image Class .......... ... .. 149
3 Sparse ApproxXimations . .............oueeeeiirinneeennnnn... 151
3.1 (Nonlinear) N-term Approximations.................. 151
32 A Notion of Optimality............................. 155
33 Approximation by Fourier Series and Wavelets......... 158
4 Pyramid-Adapted Shearlet Systems .......................... 161
4.1 General Definition............. ... ... ... 162
4.2 Band-Limited 3D Shearlets ......................... 164
43 Compactly Supported 3D Shearlets................... 166
4.4 Some Remarks on Construction Issues ................ 169
5 Optimal Sparse ApproxXimations ...................coouuu.... 170
5.1 Optimal Sparse Approximationsin2D ................ 170
52 Optimal Sparse Approximationsin3D ................ 191
References . ......ooii i e 196
Shearlet Multiresolution and Multiple Refinement . . .. ................ 199
Tomas Sauer
1 Introduction .. ... ..ot 199
2 Filters and Filterbanks ........ ... ... .. ... ... ... ..., 201
2.1 Filterbanks ......... ... .. 201
2.2 Symbols and Transforms ................... ... .... 204
23 Filterbanks by Matrix Completion ................... 208
2.4 Subbands and Multiresolution . ...................... 210
3 Subdivision and Refinability .............. ... ... ... ... 212
3.1 Convergence and Basic Properties.................... 212
3.2 Interpolatory Subdivision and Filterbanks ............. 214

3.3 Multiresolution ......... ... .. . 216



Xvi Contents
Multiple Subdivision and Multiple Refinability ................ 218
4.1 Basic Properties. . ... i 219
4.2 The Multiple MRA . ... ... ... 221
4.3 Filterbanks, Cascades, Trees ........................ 223
4.4 Things Work Along Trees .......................... 226
4.5 A Canonical Interpolatory Construction ............... 227
Shearlet Subdivision and Multiresolution ..................... 229
5.1 Shearsand Scaling ................ . ... i 230
5.2 Shears of Codimension 1: Hyperplane Shearlets . . . . .... 231
53 Orthogonal Shearlets by Tensor Product............... 233
54 Implementation ........... ... ... . ... ... 234

References . ... ... 236

Digital Shearlet Transforms . .. ....... ... ... ... ... ... ... ... ..... 239

Gitta Kutyniok, Wang-Q Lim, and Xiaosheng Zhuang
Introduction ... 240
1.1 A Unified Framework for the Continuum and Digital

World ... 240
1.2 Band-Limited vs. Compactly Supported Shearlet

Transforms ......... ... 241
1.3 Related Work . ....... ... i 242
1.4 Framework for Quantifying Performance .............. 242
1.5 ShearLab ...... ... ... . 243
1.6 Outhine . ...ttt 243
Digital Shearlet Transform Using Band-Limited Shearlets . ...... 244
2.1 Pseudo-Polar Fourier Transform ..................... 245
2.2 Density-Compensation Weights. .. ................... 248
23 Digital Shearlets on Pseudo-Polar Grid ............... 251
2.4 Algorithmic Realization of the FDST ................. 259
Digital Shearlet Transform Using Compactly Supported Shearlets. 261
3.1 Digital Separable Shearlet Transform ................ 262
3.2 Digital Non-separable Shearlet Transform ............ 270
Framework for Quantifying Performance ..................... 272
4.1 Algebraic Exactness .............. .. ... oo 273
4.2 Isometry of Pseudo-Polar Transform ................. 273
4.3 Parseval Frame Property .................... ... .... 274
4.4 Space-Frequency-Localization....................... 275
4.5 Shear Invariance ............ ... ... .. i, 277
4.6 Speed ... 278
4.7 Geometric Exactness. . ..., 279
4.8 Stability ...... ... 280

References .. ... 282



Contents XVvii

Image Processing Using Shearlets . . . ............................... 283
Glenn R. Easley and Demetrio Labate

1 Introduction ... 283
2 Image Denoising ... 284
2.1 Discrete Shearlet Transform......................... 286
2.2 Shearlet Thresholding . ............................. 289

2.3 Denoising Using Shearlet-Based Total Variation
Regularization ............ ..., 292
24 Complex-Valued Denoising . ................ooen.. 294
2.5 Other Shearlet-Based Denoising Techniques ........... 295
3 Inverse Problems........... ... i 296
3.1 Inverting the Radon Transform ...................... 296
32 Deconvolution . ... 299
33 Inverse-Halftoning................. ... .. oo, 303
4 Image Enhancement . ......... ... ... ... ... ... 305
5 Edge Analysis and Detection................... ... ... ... 309
5.1 Edge Analysis Using Shearlets ...................... 310
5.2 Edge Detection Using Shearlets...................... 311
53 Edge Analysis Using Shearlets ...................... 313
6 Image Separation ........... ... ... L 315
6.1 ImageModel ....... ... .. ... . . 315
6.2 Geometric Separation Algorithm..................... 316
7 Shearlets Analysisof 3D Data............. ... ... ... 318
8 Additional Applications .. ...t 320
References . ... 321






Contributors

Stephan Dahlke Philipps-Universitidt Marburg, FB12 Mathematik und Informatik,
Hans-Meerwein Stralle, Marburg, Germany

Glenn R. Easley System Planning Corporation, Arlington, VA, USA

Philipp Grohs ETH Ziirich, Ziirich, Switzerland

Kanghui Guo Department of Mathematics, Missouri State University, Springfield,
MO, USA

Gitta Kutyniok Institut fiir Mathematik, Technische Universitit Berlin, Berlin,
Germany

Demetrio Labate Department of Mathematics, University of Houston, Houston,
TX, USA

Jakob Lemvig Department of Mathematics, Technical University of Denmark,
Lyngby, Denmark

Wang-Q Lim Institut fiir Mathematik, Technische Universitit Berlin, Berlin,
Germany

Tomas Sauer Lehrstuhl fiir Numerische Mathematik, Justus—Liebig—Universitét
Giellen, GieBen, Germany

Gabriele Steidl Universitit Kaiserslautern, Fachbereich Mathematik,
Kaiserslautern, Germany

Gerd Teschke Hochschule Neubrandenburg - University of Applied Sciences,
Institute for Computational Mathematics in Science and Technology,
Neubrandenburg, Germany

Xiaosheng Zhuang Institut fiir Mathematik, Technische Universitét Berlin, Berlin,
Germany

Xix






Introduction to Shearlets

Gitta Kutyniok and Demetrio Labate

Abstract Shearlets emerged in recent years among the most successful
frameworks for the efficient representation of multidimensional data. Indeed, af-
ter it was recognized that traditional multiscale methods are not very efficient at
capturing edges and other anisotropic features which frequently dominate multidi-
mensional phenomena, several methods were introduced to overcome their limita-
tions. The shearlet representation stands out since it offers a unique combination of
some highly desirable properties: it has a single or finite set of generating functions,
it provides optimally sparse representations for a large class of multidimensional
data, it is possible to use compactly supported analyzing functions, it has fast al-
gorithmic implementations and it allows a unified treatment of the continuum and
digital realms. In this chapter, we present a self-contained overview of the main
results concerning the theory and applications of shearlets.

Key words: Affine systems, Continuous wavelet transform, Image processing,
Shearlets, Sparsity, Wavelets

1 Introduction

Scientists sometimes refer to the twenty-first century as the Age of Data. As a mat-
ter of fact, since technological advances make the acquisition of data easier and less
expensive, we are coping today with a deluge of data including astronomical, med-
ical, seismic, meteorological, and surveillance data, which require efficient analysis

G. Kutyniok
Institut fiir Mathematik, Technische Universitét Berlin, 10623 Berlin, Germany
e-mail: kutyniok @math.tu-berlin.de

D. Labate
Department of Mathematics, University of Houston, Houston, TX 77204, USA
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2 G. Kutyniok and D. Labate

and processing. The enormity of the challenge this poses is evidenced not only by
the sheer amount of data but also by the diversity of data types and the variety of
processing tasks which are required. To efficiently handle tasks ranging from feature
analysis over classification to compression, highly sophisticated mathematical and
computational methodologies are needed. From a mathematical standpoint data can
be modeled, for example, as functions, distributions, point clouds, or graphs. More-
over, data can be classified by membership in one of the two categories: explicitly
given data such as imaging or measurement data and implicitly given data such as
solutions of differential or integral equations.

A fundamental property of virtually all data found in practical applications is that
the relevant information which needs to be extracted or identified is sparse, i.e., data
are typically highly correlated and the essential information lies on low-dimensional
manifolds. This information can thus be captured, in principle, using just few terms
in an appropriate dictionary. This observation is crucial not only for tasks such as
data storage and transmission but also for feature extraction, classification, and other
high-level tasks. Indeed, finding a dictionary which sparsely represents a certain
data class entails the intimate understanding of its dominant features, which are
typically associated with their geometric properties. This is closely related to the
observation that virtually all multivariate data are typically dominated by anisotropic
features such as singularities on lower dimensional embedded manifolds. This is
exemplified, for instance, by edges in natural images or shock fronts in the solutions
of transport equations. Hence, to efficiently analyze and process these data, it is of
fundamental importance to discover and truly understand their geometric structures.

The subject of this volume is a recently introduced multiscale framework, the
theory of shearlets, which allows optimal encoding of several classes of multivariate
data through its ability to sparsely represent anisotropic features. As will be illus-
trated in the following, shearlets emerged as part of an extensive research activity
developed during the last 10 years to create a new generation of analysis and pro-
cessing tools for massive and higher dimensional data, which could go beyond the
limitations of traditional Fourier and wavelet systems. One of the forerunners of this
area of research is David L. Donoho, who observed that in higher dimensions tradi-
tional multiscale systems and wavelets ought to be replaced by a Geometric Multi-
scale Analysis in which multiscale analysis is adapted to intermediate-dimensional
singularities. It is important to remark that many of the ideas which are at the core
of this approach can be traced back to key results in harmonic analysis from the
1990s, such as Hart Smith’s Hardy space for Fourier Integral Operators and Pe-
ter Jones’ Analyst’s Traveling Salesman theorem. Both results concern the higher
dimensional setting, where geometric ideas are brought into play to discover “new
architectures for decomposition, rearrangement, and reconstruction of operators and
functions” [16].

This broader area of research is currently at the crossroads of applied mathemat-
ics, electrical engineering, and computer science, and has seen spectacular advances
in recent years, resulting in highly sophisticated and efficient algorithms for image
analysis and new paradigms for data compression and approximation. By presenting
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the theory and applications of shearlets obtained during the last 5 years, this book is
also a journey into one of the most active and exciting areas of research in applied
mathematics.

2 The Rise of Shearlets

2.1 The Role of Applied Harmonic Analysis

Applied harmonic analysis has established itself as the main area in applied math-
ematics focused on the efficient representation, analysis, and encoding of data. The
primary object of this discipline is the process of “breaking into pieces” (this is
the literal meaning of the Greek word analysis) to gain insight into an object. For
example, given a class of data % in L?>(R?), a collection of analyzing functions
(¢;)ier € L*(R?) with I being a countable indexing set is sought such that, for all
f € €, we have the expansion

f=>ci(f)o: (1

icl

This formula provides not only a decomposition for any element f € % into a count-
able collection of linear measurements (c;(f))ic; € £*(I), i.e., its analysis; it also
illustrates the process of synthesis, where f is reconstructed from the expansion
coefficients (¢;(f))ier-

One major goal of applied harmonic analysis is the construction of special classes
of analyzing elements which can best capture the most relevant information in a cer-
tain data class. Let us illustrate the two most successful types of analyzing systems
in the one-dimensional setting. Gabor systems are designed to best represent the
joint time—frequency content of data. In this case, the analyzing elements (¢;);c; are
obtained as translations and frequency shifts of a generating function ¢ € L?(R) as
follows:

{@pg=0(—p)e*™@ :pgeZ}.

In contrast to this approach, wavelet systems represent the data as associated with
different location and resolution levels. In this case, the analyzing elements (¢;);c;
are obtained through the action of dilation and translation operators on a generating
function y € L?(R), called a wavelet, as:

(Win =22 —m): jm < 7). @

Given a prescribed class of data €, one major objective is to design an an-
alyzing system (¢;)ic; in such a way that, for each function f € ¥, the coeffi-
cient sequence (c;(f))ier in (1) can be chosen to be sparse. In the situation of
an infinite-dimensional Hilbert space—which is our focus here—the degree of
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sparsity is customarily measured as the decay rate of the error of best n-term
approximation. Loosely speaking, this means that we can approximate any f € ¢
with high accuracy by using a coefficient sequence (&;(f));e; containing very few
nonzero entries. In the finite-dimensional setting, such a sequence is called sparse,
and this explains the use of the term sparse approximation. Intuitively, if a func-
tion can be sparsely approximated, it is conceivable that “important” features can
be detected by thresholding, i.e., by selecting the indices associated with the largest
coefficients in absolute values, or that high compression rates can be achieved by
storing only few large coefficients ¢;(f), see [19].

There is another fundamental phenomenon to observe here. If (¢;);c; is an
orthonormal basis, the coefficient sequence (c;(f))ies in (1) is certainly uniquely
determined. However, if we allow more freedom in the sense of choosing (¢;)ics
to form a frame—a redundant, yet stable system (see Sect. 3.3)—the sequences
(¢i(f))ier might be chosen significantly sparser for each f € %. Thus, methodolo-
gies from frame theory will come into play, see Sect. 3.3 and [5, 7].

We can observe a close connection to yet another highly topical area. During the
last 4 years, sparse recovery methodologies such as Compressed Sensing in partic-
ular have revolutionized the areas of applied mathematics, computer science, and
electrical engineering by beating the traditional sampling theory limits, see [3, 23].
They exploit the fact that many types of signals can be represented using only a
few nonvanishing coefficients when choosing a suitable basis or, more generally, a
frame. Nonlinear optimization methods, such as #; minimization, can then be em-
ployed to recover such signals from “very few” measurements under appropriate
assumptions on the signal and on the basis or frame. These results can often be
generalized to data which are merely sparsely approximated by a frame, thereby
enabling compressed sensing methodologies for the situation we discussed above.

2.2 Wavelets and Beyond

The emergence of wavelets about 25 years ago represents a milestone in the devel-
opment of efficient encoding of piecewise regular signals. The major reason for the
spectacular success of wavelets consists not only in their ability to provide optimally
sparse approximations of a large class of frequently occurring signals and to repre-
sent singularities much more efficiently than traditional Fourier methods, but also
in the existence of fast algorithmic implementations which precisely digitalize the
continuum domain transforms. The key property enabling such a unified treatment
of the continuum and digital setting is a Multiresolution Analysis, which allows a
direct transition between the realms of real variable functions and digital signals.
This framework also combines very naturally with the theory of filter banks devel-
oped in the digital signal processing community. An additional aspect of the theory
of wavelets which has contributed to its success is its rich mathematical structure,
which allows one to design families of wavelets with various desirable properties
expressed in terms of regularity, decay, or vanishing moments. As a consequence
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of all these properties, wavelets have literally revolutionized image and signal
processing and produced a large number of very successful applications, including
the algorithm of JPEG2000, the current standard for image compression. We refer
the interested reader to [65] for more details about wavelets and their applications.

Despite their success, wavelets are not very effective when dealing with multi-
variate data. In fact, wavelet representations are optimal for approximating data with
pointwise singularities only and cannot handle equally well distributed singularities
such as singularities along curves. The intuitive reason for this is that wavelets are
isotropic objects, being generated by isotropically dilating a single or finite set of
generators. However, in dimensions two and higher, distributed discontinuities such
as edges of surface boundaries are usually present or even dominant, and—as a
result—wavelets are far from optimal in dealing with multivariate data.

The limitations of wavelets and traditional multiscale systems have stimulated
a flurry of activity involving mathematicians, engineers, and applied scientists.
Indeed, the need to introduce some form of directional sensitivity! in the wavelet
framework was already recognized in the early filter bank literature, and several
versions of “directional” wavelets were introduced, including the steerable pyra-
mid by Simoncelli et al. [71], the directional filter banks by Bamberger and Smith
[2], and the 2D directional wavelets by Antoine et al. [1]. A more sophisticated
approach was proposed more recently with the introduction of complex wavelets
[44, 45]. However, even though they frequently outperform standard wavelets in
applications, these methods do not provide optimally sparse approximations of mul-
tivariate data governed by anisotropic features. The fundamental reason for this fail-
ure is that these approaches are not truly multidimensional extensions of the wavelet
approach.

The real breakthrough occurred with the introduction of curvelets by Candes and
Donoho [4] in 2004, which was the first system providing optimally sparse approx-
imations for a class of bivariate functions exhibiting anisotropic features. Curvelets
form a pyramid of analyzing functions defined not only at various scales and loca-
tions as wavelets do, but also at various orientations, with the number of orienta-
tions increasing at finer scales. Another fundamental property is that their supports
are highly anisotropic and become increasingly elongated at finer scales. Due to this
anisotropy, curvelets are essentially as good as an adaptive representation system
from the point of view of the ability to sparsely approximate images with edges.
The two main drawbacks of the curvelet approach are that, firstly, this system is not
singly generated, i.e., it is not derived from the action of countably many operators
applied to a single (or finite set) of generating functions; secondly, its construction
involves rotations and these operators do not preserve the digital lattice, which pre-
vents a direct transition from the continuum to the digital setting.

Contourlets were introduced in 2005 by Do and Vetterli [14] as a purely discrete
filter-bank version of the curvelet framework. This approach offers the advantage of

11t is important to recall that the importance of directional sensitivity in the efficient processing
of natural images by the human brain has been a major finding in neuropsycological studies such
as the work of Field and Olshausen [68], and a significant inspiration for some of the research
developed in the harmonic analysis and image processing literature.
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allowing a tree-structured filter bank implementation similar to the standard wavelet
implementations which was exploited to obtain very efficient numerical algorithms.
However, a proper continuum theory is missing in this approach.

In the same year, shearlets were introduced by Guo, Kutyniok, Labate, Lim, and
Weiss in [30, 61]. This approach was derived within a larger class of affine-like
systems—the so-called composite wavelets [39, 40, 41]—as a truly multivariate ex-
tension of the wavelet framework. One of the distinctive features of shearlets is
the use of shearing to control directional selectivity, in contrast to rotation used by
curvelets. This is a fundamentally different concept, since it allows shearlet systems
to be derived from a single or finite set of generators, and it also ensures a unified
treatment of the continuum and digital world due to the fact that the shear matrix
preserves the integer lattice. Indeed, as will be extensively discussed in this vol-
ume, the shearlet representation offers a unique combination of the following list of
desiderata:

e A single or a finite set of generating functions.

Optimally sparse approximations of anisotropic features in multivariate data.
Compactly supported analyzing elements.

Fast algorithmic implementations.

A unified treatment of the continuum and digital realms.

Association with classical approximation spaces.

For completeness, it is important to recall yet another class of representation sys-
tems which are able to overcome the limitations of traditional wavelets and produce
optimally efficient representations for a large class of images, namely the bandelets
[70] and the grouplets [66]. Also in these methods, the idea is to take advantage of
the geometry of the data. However, in this case, this is done adaptively, that is, by
constructing a special data decomposition which is especially designed for each data
set, rather than by using a fixed representation system as it is done using wavelets or
shearlets. While one can achieve very efficient data decompositions using such an
adaptive approach, this is usually numerically more intensive than using nonadap-
tive methods.

In the following sections, we will present a self-contained overview of the key
results from the theory and applications of shearlets, focused primarily on the 2D
setting. These results will be elaborated in much more detail in the various chapters
of this volume, which will discuss both the continuum and digital aspects of shear-
lets. Before starting our overview, it will be useful to establish the notation adopted
throughout this volume and to present some background material from harmonic
analysis and wavelet theory.

3 Notation and Background Material

3.1 Fourier Analysis

The Fourier transform is the most fundamental tool in harmonic analysis. Before
stating the definition, we remark that, in the following, vectors in R or €9 will
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always be understood as column vectors, and their inner product—as also the inner
productin Z?(R?)—shall be denoted by (-,-). For a function f € L! (R¥), the Fourier
transform of f is defined by

78 = [ floe2mdiax

and f is called a band-limited function if its Fourier transform is compactly sup-
ported. The inverse Fourier transform of a function g € L' (R¥) is given as

3 = [ gE)e .

If f € L'(R?) with f € L'(R?), we have f = (f)", hence in this case—which is by
far not the only possible case—the inverse Fourier transform is the “true” inverse.
It is well known that this definition can be extended to L2 (Rd), and as usual, also
these extensions will be denoted by f and g. By using this definition of the Fourier
transform, the Plancherel formula for f,g € L*>(R") reads

<.f7g> = <.f7g>7
and, in particular,
£l = (17112

We refer to [25] for additional background information on Fourier analysis.

3.2 Modeling of Signal Classes

In the continuum setting, the standard model of d-dimensional signals is the space
of square-integrable functions on R?, denoted by L?(R). However, this space also
contains objects which are very far from natural images and data. Hence, it is conve-
nient to introduce subclasses and subspaces which can better model the types of data
encountered in applications. One approach for doing this consists in imposing some
degree of regularity. Therefore, we consider the continuous functions C(R?), the
k-times continuously differentiable functions C¥(R?), and the infinitely many-times
continuously differentiable functions C*(R?), which are also referred to as smooth
functions. Since images are compactly supported in nature, a notion for compactly
supported functions is also required which will be indicated with the subscript 0,
e.g., C3(RY).

Sometimes it is useful to consider curvilinear singularities such as edges in
images as singularities of distributions, which requires the space of distributions
2'(R?) as a model. For a distribution u, we say that x € RY is a regular point of u, if
there exists a function ¢ € Ci’(Uy) with ¢ (x) # 0 and U, being a neighborhood of x.
This implies ¢ u € C (R4), which is equivalent to (¢ u)" being rapidly decreasing.
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The complement of the set of regular points of u is called the singular support of
u and is denoted by sing supp(u). Notice that the singular support of u is a closed
subset of supp(u).

The anisotropic nature of singularities on one- or multidimensional embedded
manifolds becomes apparent through the notion of a wavefront set. For simplicity,
we illustrate the two-dimensional case only. For a distribution u, a point (x,s) €
R? x R is a regular directed point, if there exist neighborhoods U, of x and V; of s as
well as a function ¢ € Ci (R?) satisfying ¢|y, = 1 such that, for each N > 0, there
exists a constant Cy with

(g) ()| <Cy(1+n)N foralln = (ni,m) € R? with 2 € V.

The complement in R? x R of the regular directed points of u is called the wavefront
set of u and is denoted by WF (u). Thus, the singular support describes the location
of the set of singularities of u, and the wavefront set describes both the location and
local perpendicular orientation of the singularity set.

Fig. 1 Natural images are governed by anisotropic structures

A class of functions, which is of particular interest in imaging sciences, is the
class of so-called cartoon-like images. This class was introduced in [15] to provide
a simplified model of natural images, which emphasizes anisotropic features, most
notably edges, and is consistent with many models of the human visual system. Con-
sider, for example, the photo displayed in Fig. 1. Since the image basically consists
of smooth regions separated by edges, it is suggestive to use a model consisting of
piecewise regular functions, such as the one illustrated in Fig. 2. For simplicity, the
domain is set to be [0, 1]? and the regularity can be chosen to be C2, leading to the
following definition.
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Fig. 2 Example of a cartoon-like image (function values represented using a gray scale map)

Definition 1. The class £2(R?) of cartoon-like images is the set of functions f :
R? — C of the form

f=rfo+fixs

where B C [0, 1]% is a set with dB being a closed C2-curve with bounded curvature
and f; € C*(R?) are functions with supp f; C [0,1]% and || f;|| = < 1 foreachi =0, 1.

Let us finally mention that, in the digital setting, the usual models for d-
dimensional signals are either functions on Z? such as ¢*(Z?) or functions on
{0,...,N —1}4, sometimes denoted by Z¢,.

3.3 Frame Theory

When designing representation systems of functions, it is sometimes advantageous
or unavoidable to go beyond the setting of orthonormal bases and consider redun-
dant systems. The notion of a frame, originally introduced by Duffin and Schaeffer
in [20] and later revived by Daubechies in [13], guarantees stability while allowing
nonunique decompositions. Let us recall the basic definitions from frame theory in
the setting of a general (real or complex) Hilbert space 7.

A sequence (@;)ics in 7 is called a frame for 7, if there exist constants
0 < A < B < oo such that

Allx|]> < 2|<x, @))|> <B|x||* forallxe 7.
icl

The frame constants A and B are called lower and upper frame bound, respectively.
The supremun over all A and the infimum over all B such that the frame inequalities
hold are the optimal frame bounds. If A and B can be chosen with A = B, then the
frame is called A-tight, and if A = B = 1 is possible, then (¢;);e; is a Parseval frame.
A frame is called equal norm if there exists some ¢ > 0 such that ||¢;|| = ¢ for all
i€l,anditis unit normif c = 1.
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Apart from providing redundant expansions, frames serve as an analysis tool.
In fact, if (;);es in FZ is a frame for 7 it allows the analysis of data through the
study of the associated frame coefficients ({x, ¢;))icr, Where the operator T defined
by

T:%—)ZZ(I), x»—)((x,(p,-})ig

is called the analysis operator. The adjoint T* of the analysis operator is referred to
as the synthesis operator and satisfies

T": 62(1) — %, ((Ci)iel) — Zci(pi.

icl

The main operator associated with a frame, which provides a stable reconstruction
process, is the frame operator

S=T'T: H —H, x5 (x,0)0.

icl

The operator S is a positive, self-adjoint invertible operator on .7 with A -1, <
S < B-1,, where I ,» denotes the identity operator on .77. In the case of a Parseval
frame, this reduces to S = I .

In general, a signal x € 57 can be recovered from its frame coefficients through
the reconstruction formula

—1
x=Y (o) ¢r
iel
The sequence (S ’l(p,-) ic1, which can be shown to form a frame itself, is referred to
as the canonical dual frame. Taking a different viewpoint and regarding a frame as a
means for expansion in the system (¢;);cs, we observe that, for each vector x € 2,

X = z<x,Sil(p,'>(pi.

icl

If the frame (¢;);c; does not constitute a basis, i.e., it is redundant, the coefficient
sequence ({x,S~'¢;));e; of this expansion is certainly not unique. It is this property
which then enables to derive much sparser expansions. It should also be noted that
the sequence ((x,S~'¢;));c; has the distinct property of being the smallest in ¢2
norm of all expansion coefficient sequences.

For more details on frame theory, we refer the interested reader to [5, 7].

3.4 Wavelets

Wavelet analysis plays a central role in this volume since, as will be made more pre-
cise in the following, shearlets arise naturally from this general framework. Hence
a full understanding of shearlets can only be derived through a sound understanding
of wavelet theory.
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We start by rewriting the definition of a discrete wavelet system in L*(R), stated
at the beginning of the introduction in (2), as

{Wim =Dy Tyy =22/ —m): jme}, 3)
where y € L2(R), D; is the dyadic dilation operator on L*(R) defined by
Day(x) =2 Py ), @)

and 7, is the translation operator on L*(R), defined by
Ly(x)=wy(x—1t), forr e R. Q)
The associated Discrete Wavelet Transform is then defined to be the mapping

L*(R) > f = Wy f(jm) = {f, Wjm), JjmEL.

If the system (3) is an orthonormal basis of L?(R), it is called an orthonormal
wavelet system, and Y is called a wavelet. Being a wavelet is by no means very
restrictive and plenty of choices exist. In fact, it is possible to construct wavelets y
which are well localized, in the sense that they have rapid decay both in the spa-
tial and frequency domain, or which satisfy other regularity or decay requirements.
Among the classical constructions, let us highlight the two most well known: the
Daubechies wavelets, which have compact support and can be chosen to have high
regularity, leading to good decay in the frequency domain; and the Lemarie—Meyer
wavelets, which are band limited and C™ in the frequency domain, forcing rapid
decay in the spatial domain. It should be emphasized that the localization properties
of wavelet bases are among the major differences with respect to Fourier bases and
play a fundamental role in their approximation properties, as we will show below.

In fact, there is a general machinery to construct orthonormal wavelet bases
called Multiresolution Analysis (MRA). In dimension d = 1, this is defined as a
sequence of closed subspaces (V;) ez in L*(R) which satisfies the following prop-
erties:

(a) {0yc...cVLcV i cVycVicV,C...C L*(R).
(b) NjezVi=1{0} and U;ezVj=L*(R).
(©) f€V; ifandonlyif D;'f€eVj.

(d) There exists a ¢ € L*(R), called scaling function, such that {T,,¢ : m € Z} is an
orthonormal basis? for V.

This approach enables the decomposition of functions into different resolution lev-
els associated with the so-called wavelet spaces W;, j € Z. These spaces are defined
by considering the orthogonal complements

W; =V, ,16V; JjEeZ.

2 This assumption can be replaced by the weaker assumption that {7;,¢ : m € Z} is Riesz basis for
the space Vp.
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That is, a function f;,| € V;; is decomposed as fj1 = fj +g; € V; ® W, where
fj contains, roughly, the lower frequency component of f; | and g; its higher fre-
quency component. It follows that L?(R) can be broken up as a direct sum of wavelet
spaces. Also, given an MRA, there always exists a function y € L?*(R) such that
{Wjm: j,m € Z} is an orthonormal basis for L?(R). In fact, the MRA approach
allows to introduce an alternative orthonormal basis involving both the wavelet and
the scaling function, of the form

{On=Tno=0(-—m):meZ}U{yj,:j>0,meZ}

In this case, the translates of the scaling function take care of the low-frequency
region—the subspace Vo C L?(R)—and the wavelet terms of the high-frequency
region—the complementary space L (R) © V;. We refer to [65] for additional infor-
mation about the theory of MRA.

The extension of wavelet theory to higher dimensions requires the introduction of
some group theoretic tools. For this, it is useful to start by introducing the continuous
affine systems of L>(R?), which are defined by

{yws = 1Dy w=|detM|' 2 y(M(- —1)): (M,1) € GxR'}. (6)

In this definition, y € L?>(R¢), G is a subset of GL;(R), the group of d-dimensional
invertible matrices, Dy, is the dilation operator on 2 (Rd ), defined by

Dyw(x) = |detM| ™' 2y(M~'x),  for M € GLy(R), (7)
and 7; is the translation operator on L*(R?), defined by
Ty(x)=wy(x—1t), forteR?, ®)

We now aim to derive conditions on y such that any f € L?(R?) can be recovered
from its coefficients ((f, Yar))m,. For this, we first equip the parameter set of (6)
with a group structure by setting

(M,t)-(M' 1) = (MMt + Mt").

The resulting group, typically denoted by .27, is the so-called affine group on RY.
The mathematical structure of the affine systems becomes evident by observing that
(6) can be generated by the action of the unitary representation 7y ;) = DyT; of
acting on L?(IR?) (cf. [42] for details on the theory of group representations). Then
the following result on reproducibility of functions in L?(R¢) can be proven.

Theorem 1 ([29, 63]). Retaining the notations introduced in this section, let Ay be
a left-invariant Haar measure on G C GLy(R), and dA be a left Haar measure of
. Further, suppose that y € L*(RY) satisfies the admissibility condition

w7 E) P deth | dpa () = 1.
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Then any function f € L*(R?) can be recovered via the reproducing formula

f= /p/ U Wias) Wirs dA (M, 1),

interpreted weakly.

When the conditions of the above theorem are satisfied, y € L?(R?) is called a
continuous wavelet. The associated Continuous Wavelet Transform is defined to be
the mapping

L*(RY) > f s Wy f (M) = (f,wime), (M,t) € .

One interesting special case is obtained when the dilation group G has the form
G = {aly : a > 0}, which corresponds to the case of isotropic dilations. In this case,
the admissibility condition for y becomes

| wag)

and the (isotropic) Continuous Wavelet Transform is the mapping of f € L*(R%)
into

d
2_“:1

3

Wiy flat) =a /2 /]R W@ T a-n)dy, a>01eR )

Notice that the discrete wavelet systems (3) are obtained by discretizing the
continuous affine systems (6) for d = 1, when choosing isotropic dilations with
G={2:j€eZ}.

3.5 Wavelets for Multivariate Data and Their Limitations

The traditional theory of wavelets, which is based on the use of isotropic dilations,
is essentially a one-dimensional theory. This can be illustrated by looking at the be-
havior of the isotropic Continuous Wavelet Transform of functions containing sin-
gularities. Indeed, consider a function or distribution f, which is regular everywhere
except for a point singularity at xo, and let us examine the behavior of #y, f(a,t),
given by (9). Provided y is smooth, a direct computations shows that %4, f(a,t) has
rapid asymptotic decay, as a — 0, for all values of ¢, unless # = xp. In this sense, the
Continuous Wavelet Transform of f signals the location of the singularity through
its asymptotic decay at fine scales. More generally, using this property, the Continu-
ous Wavelet Transform can be used to characterize the singular support of a function
or distribution [43].

However, due to its isotropic nature, the Continuous Wavelet Transform is unable
to provide additional information about the geometry of the set of singularities of
a function or distribution in terms of resolving the wavefront set. The key problem
is that, although the isotropic wavelet transform has the advantage of simplicity, it
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lacks directional sensitivity and the ability to detect the geometry of f. The same
phenomenon showing the limitation of the traditional wavelet framework can be
illustrated using the Discrete Wavelet Transform.

Before doing this, let us recall the definition of nonlinear approximation and, in
particular, the best N-term approximation, which is the proper notion of approxi-
mation in the context of wavelet bases. For a function f € L*>(R?), the best N-term
approximation fy of f with respect to a wavelet basis is obtained by approximating
f from its N largest wavelet coefficients in magnitude—rather than from its “first”
N which is the standard approach in linear Fourier approximations. Hence, denoting
by Ay the index set corresponding to the N largest wavelet coefficients |(f, vy )| as-
sociated with some wavelet basis () ), ca , the best N-term approximation of some
fEL?(R?)in (yy))cn is defined as

=Y (fvi)w.

A EAN

If a function is expanded in a frame instead of a basis, the best N-term approxima-
tion can usually not be explicitly determined. A more detailed discussion of non-
linear approximation theory, encompassing the expansion in frames, is contained in
chapter “Shearlets and Optimally Sparse Approximations” of this volume.

We can now present a simple heuristic argument, which highlights the limitations
of traditional wavelet approximations with respect to more sophisticated multiscale
methods—such as the shearlet framework—when aiming at optimally sparse ap-
proximations of cartoon-like images and other piecewise smooth functions on R?.
Let f be a cartoon-like image (see Definition 1) containing a singularity along a
smooth curve and {;,,} be a standard wavelet basis of L*>(IR?). For j sufficiently
large, the only significant wavelet coefficients (f,y;,,) are those associated with
the singularity. Since at scale 27/, each wavelet Y m s supported or essentially sup-
ported inside a box of size 27/ x 27/, there exist about 2/ elements of the wavelet
basis overlapping the singularity curve. The associated wavelet coefficients can be
controlled by

| W) < Nl Wl < €277

It follows that the N largest wavelet coefficient in magnitude, which we denote by
(fsWjm)n)» is bounded by O(N ~1). Thus, if f is approximated by its best N-term
approximation fy, the L? error obeys

If=fvllz2 < X F Wim) P <CN
{>N

Indeed, this estimate can be proved rigorously and can be shown to be tight in the
sense that there exist cartoon-like images for which the decay rate is also bounded
below by CN~! for some constant C > 0 (cf. [65]).

However, the approximation rate O(N~!) obtained using wavelet approximations
is far from optimal for the class of cartoon-like images €2(IR?). Indeed, the follow-
ing optimality result was proved in [15].
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Theorem 2 ([15]). Let f € &*(R?). There exists a constant C such that, for
any N, a triangulation of [0,1)> with N triangles can be constructed so that the
piecewise linear interpolation fy of these triangles satisfies

If—fvl}s <CN 2, N — oo

This result provides the optimal asymptotic decay rate of the nonlinear approxima-
tion error for objects in £2(IR?), in the sense that no other polynomial depth search
algorithm? can yield a better rate. In fact, it shows that the adaptive triangle-based
approximation of the image is as good as if the image had no singularities.

The approximation result from Theorem 2 provides a benchmark for optimally
sparse approximation of two-dimensional data. Furthermore, the argument in the
proof of Theorem 2, which uses adapted triangulations, suggests that analyzing el-
ements with elongated and orientable supports are required to achieve optimally
sparse approximations of piecewise smooth bivariate functions. Indeed, this obser-
vation is at the core of the construction of curvelets and shearlets. Notice, however,
that, unlike the triangulation approximations in Theorem 2, curvelet and shearlet
systems are nonadaptive. It is a remarkable fact that, even though they are nonadap-
tive, curvelet and shearlet representations are able to achieve (essentially) the same
optimal approximation rate of Theorem 2. This result will be discussed below and,
in more detail, in chapter “Shearlets and Optimally Sparse Approximations” of this
volume.

4 Continuous Shearlet Systems

After discussing the limitations of wavelet systems in higher dimensions, we will
now introduce shearlet systems as a general framework to overcome these limita-
tions. We will first focus on continuous shearlet systems; discrete shearlet systems
will be discussed next. As mentioned above, we restrict ourselves to the 2D case.

Before defining the system of shearlets in a formal way, let us introduce intu-
itively the ideas which are at the core of its construction. Our observations from the
previous section suggest that, in order to achieve optimally sparse approximations
of signals exhibiting anisotropic singularities such as cartoon-like images, the ana-
lyzing elements must consist of waveforms ranging over several scales, orientations,
and locations with the ability to become very elongated. This requires a combina-
tion of an appropriate scaling operator to generate elements at different scales, an
orthogonal operator to change their orientations, and a translation operator to dis-
place these elements over the 2D plane.

3 The role of the polynomial depth search condition is to limit how deep or how far down in
the dictionary the algorithm is allowed to search. Without this condition, one could choose a
countable dense set of £2(IR?) as a dictionary but this would make the search algorithm numeri-
cally impracticable. See a more detailed discussion in chapter on “Shearlets and Optimally Sparse
Approximation” of this volume.
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Since the scaling operator is required to generate waveforms with anisotropic
support, we utilize the family of dilation operators Dy, a > 0, based on parabolic
scaling matrices A, of the form

a 0
Ag= (O E /2> ,

where the dilation operator is given by (7). This type of dilation corresponds to the
so-called parabolic scaling, which has a long history in the harmonic analysis litera-
ture and can be traced back to the “second dyadic decomposition” from the theory of
oscillatory integrals [24, 73] (see also the more recent work by Smith [72] on the de-
composition of Fourier integral operators). It should be mentioned that, rather than
Ag, the more general matrices diag(a,a®) with the parameter o € (0,1) controlling
the “degree of anisotropy” could be used. However, the value oo = 1/2 plays a spe-
cial role in the discrete setting, i.e., when the parameters of the shearlet system are
discretized. In fact, parabolic scaling is required in order to obtain optimally sparse
approximations of cartoon-like images, since it is best adapted to the C>-regularity
of the curves of discontinuity in this model class. For simplicity, in the remainder of
this chapter, we will only consider the case oz = 1/2, which is required for the spar-
sity results discussed below. For generalizations and extensions, we refer to chapters
“Analysis and Identification of Multidimensional Singularities using the Continuous
Shearlet Transform” and “Shearlets and Optimally Sparse Approximations” of this
volume.

Next, we require an orthogonal transformation to change the orientations of the
waveforms. The most obvious choice seems to be the rotation operator. However,
rotations destroy the structure of the integer lattice Z> whenever the rotation angle
is different from O, :I:%, +r, :I:%”. This issue becomes a serious problem for the
transition from the continuum to the digital setting. As an alternative orthogonal
transformation, we choose the shearing operator Ds_, s € R, where the shearing

matrix Sg is given by
ls
s=(51):

The shearing matrix parameterizes the orientations using the variable s associated
with the slopes rather than the angles, and has the advantage of leaving the integer
lattice invariant, provided s is an integer.

Finally, for the translation operator we use the standard operator 7; given by (8).

Combining these three operators, we define continuous shearlet systems as fol-
lows.

Definition 2. For y € L*(IR?), the continuous shearlet system SH(y) is defined by
SH(y) = {Wus; = T, Da,Ds,w : a > 0,5 € R,;t € R}

The next section will answer the question of how to choose a suitable generating
function v so that the system SH(y) satisfies a reproducing formula for L?(R?).
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4.1 Continuous Shearlet Systems and the Shearlet Group

One important structural property of the systems introduced in Definition 2 is their
membership in the class of affine systems. Similar to the relation of wavelet sys-
tems to group representation theory discussed in Sect. 3.4, the theory of continuous
shearlet systems can also be developed within the theory of unitary representations
of the affine group and its generalizations [9].

To state this relation precisely, we define the so-called shearlet group, denoted
by S, as the semi-direct product

(R xR) x R?,
equipped with group multiplication given by
(a,s,t)-(d,s',t') = (ad,s +5'\/a,t +SsAut").

A left-invariant Haar measure of this group is %‘;dsdt. Letting the unitary represen-
tation ¢ : S — % (L*(R?)) be defined by

G(a’ S, t)‘// = 7; DAa DSs "I/’

where % (L*(IR?)) denotes the group of unitary operators on L?(R?), a continuous
shearlet system SH(y) can be written as

SH(y) ={o(a,s,t)y: (a,s,t) € S}.

The representation o is unitary but not irreducible. If this additional property is
desired, the shearlet group needs to be extended to (R* x R) x R?, where R* =
R\ {0}, yielding the continuous shearlet system

SH(y) = {o(a,s,t)y :a € R*,s € R,r € R?}.

This point of view and its generalizations to higher dimensions will be examined
in detail in chapter “Multivariate Shearlet Transform, Shearlet Coorbit Spaces and
their Structural Properties” of this volume.

In the following, we provide an overview of the main results and definitions
related to continuous shearlet systems for L?(IR?).

4.2 The Continuous Shearlet Transform

Similar to the Continuous Wavelet Transform, the Continuous Shearlet Transform
defines a mapping of f € L?(R?) to the components of f associated with the ele-
ments of S.
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Definition 3. For y € L?(IR?), the Continuous Shearlet Transform of f € L*(R?) is
the mapping

L*(R*) > f = 9y f(a,s,t) = (f,0(a,s,t)y), (a,s1)€S.

Thus, .#7#, maps the function f to the coefficients .27y, f(a,s,t) associated with
the scale variable a > 0, the orientation variable s € R, and the location variable
t e R2

Of particular importance are the conditions on y under which the Continuous
Shearlet Transform is an isometry, since this is automatically associated with a re-
construction formula. For this, we define the notion of an admissible shearlet, also
called continuous shearlet.

Definition 4. If y € L?(R?) satisfies

WAL 2T g, dE) < oo,

it is called an admissible shearlet.

/' W(&,8)

Notice that it is very easy to construct examples of admissible shearlets, including
examples of admissible shearlets which are well localized. Essentially any function
v such that  is compactly supported away from the origin is an admissible shearlet.
Of particular importance is the following example, which is called classical shear-
let. This was originally introduced in [39] and later slightly modified in [30, 61].

Definition 5. Let y € L?(R?) be defined by
W(E) = W& &) =1 (E) e ().

where y; € L*(R) is a discrete wavelet in the sense that it satisfies the discrete
Calder6n condition, given by

N [pr(277E))P=1 forae &€R, (10)
JEZL

with §1 € C*(R) and supp Py C [—1,— -] U [, 3], and y» € L*(R) is a bump
function in the sense that

1
Y [n(E+k)P=1 forae. &e[-1,1], (11)
k=—1

satisfying ¥, € C*(R) and supp {» C [—1,1]. Then v is called a classical shearlet.

Thus, a classical shearlet y is a function which is wavelet-like along one axis
and bump-like along another one. The frequency support of a classical shearlet is
illustrated in Fig. 3a. Notice that there exist several choices of y; and y, satisfying
conditions (10) and (11). One possible choice is to set y; to be a Lemarie—Meyer
wavelet and ; to be a spline (cf. [22, 31]).
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a

Support of the Fourier transform of a Fourier domain support of several
classical shearlet. elements of the shearlet system, for
different values of @ and s.

Fig. 3 Classical shearlets

The notion of admissible shearlets allows us to state sufficient conditions for a
reconstruction formula in L2 (R?).

Theorem 3 ([9]). Let v € [? (RZ) be an admissible shearlet, and define

//W/&l,&z d&rdéy and C, = //|W§1,§2 d&, dé;.

IfCy, = Cy, = 1, then S5y is an isometry.

Proof. By the Plancherel theorem, we obtain

da
/S |y f (a,s,1)* =3 dsdr
N da
= L1 v o Paras g

:/‘”// |f<é>|2|nm<&>|2déd83—?

_/ /Rz/|f 7% (aél,\/a(é‘*‘sélmzdsd&da,

where we used the notation y*(x) = y(—x). By appropriate changes of variables,
da
2
/S | Sy f(a,s,t)] ﬁdsdt
= [ L1@)Ra e ez, o) P dordadéiasy

/ / / / 178 lIl/f(aél, ) dews dadé&,dé,
S NAL: |2délda/ /"” 227 0o
o [ierae [ /'W oL
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The claim follows from here. O

The classical shearlets, given in Definition 5, satisfy the hypothesis of admis-
sibility, as the following result shows. The proof is straightforward; therefore we
omit it.

Lemma 1 ([9]). Let y € L*(R?) be a classical shearlet. Retaining the notation from
Theorem 3 we have Cy, = Cy; = 1.

4.3 Cone-Adapted Continuous Shearlet Systems

Although the continuous shearlet systems defined above exhibit an elegant group
structure, they do have a directional bias, which is already recognizable in Fig. 3b.
To illustrate the impact of this directional bias, consider a function or distribu-
tion which is mostly concentrated along the & axis in the frequency domain.
Then the energy of f is more and more concentrated in the shearlet components
IHyf(a,s,t) as s — eo. Hence, in the limiting case in which f is a delta distribu-
tion supported along the &, axis—the typical model for an edge along the x; axis
in spatial domain—f can only be “detected” in the shearlet domain as s — oo. It is
clear that this behavior can be a serious limitation for some applications.

One way to address this problem is to partition the Fourier domain into four
cones, while separating the low-frequency region by cutting out a square centered
around the origin. This yields a partition of the frequency plane as illustrated in
Fig. 4. Notice that, within each cone, the shearing variable s is only allowed to vary
over a finite range, hence producing elements whose orientations are distributed
more uniformly.

Fig. 4 Resolving the problem of biased treatment of directions by continuous shearlet systems.
The frequency plane is partitioned into four cones 4;, i = 1,...,4, and the low-frequency box

Z={(81,82): &, 1% <1}
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Thus, we define the following variant of continuous shearlet systems.

Definition 6. For ¢, v, € L?(R?), the cone-adapted continuous shearlet system
SH(¢, v, ) is defined by

SH(¢7 v, lp) = (D(¢) U IP(W) U lf’(lp)v

where

D(9) = {g=9(—1):1 € R},
YY) = (Yusr =a Y487 (- 1) sa € (0,1],s| < 1+a'% 1 € B2,

3

IP(‘T/) = {‘Tfamt = aizlp(A:;lSsiT(' —1)):a€ (07 1]7 |S| < 1+al/27 re Rz}v
and A, =diag(a'/?,a).

In the following, the function ¢ will be chosen to have compact frequency sup-
port near the origin, which ensures that the system @(¢) is associated with the
low-frequency region Z = {(£1,&;) : |&1],|&2| < 1}. By choosing v to satisfy the
conditions of Definition 5, the system ¥ () is associated with the horizontal cones
G1UE = {(&1,8) 1 & /&1 < 1,|& | > 1}. The shearlet ¥ can be chosen like-
wise with the roles of & and &, reversed, i.e., ¥(&,&) = yw(&,&;). Then the

system () is associated with the vertical cones %> U%y = {(&1,&) : |&2/&1| >
1,|&| > 1}

4.4 The Cone-Adapted Continuous Shearlet Transform

Similar to the situation of continuous shearlet systems, an associated transform can
be defined for cone-adapted continuous shearlet systems.

Definition 7. Set
Scone = {(a,s,1) :a € (0,1], |s| < 1442, 1 € R?}.
Then, for ¢, y, y € L?(R?), the cone-adapted continuous shearlet transform of f €
L?(R?) is the mapping
f — yjf‘i’ﬂ%‘ﬂf(t/v (a,s,t), (d,f,f)) = (<fa ¢t’>a <fa Wa,s,l>a <fa Nd,f,f>)7
where
(t/7 (aas7t)7 (~7§717)) € R? x Sgone'
Similar to the situation above, conditions on Y, ¥, and ¢ can be formulated for

which the mapping %%y , i is an isometry. In fact, a similar argument to the one
used in the proof of Theorem 3 yields the following result.
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Theorem 4 ([52]). Retaining the notation of Theorem 3, let W, € L*(R?) be ad-
missible shearlets satisfying CIT, =C, =1land qu; = CVT, = 1, respectively, and let
¢ € L*(R?) be such that, for a.e. £ = (£1,&) € R?,

SO+ xa0a(®) [ 101(@E 2 4 x40 @) [ 0tagP 2 =1,

Then, for each f € L*(R?),
' A da
1P = [HrT 0P+ [ 1 iee) s PS5 dse

» da .
+ |<(.fl%2uﬁf4)v, d’if>|2ﬁ_3det'

SCOI‘IB

In this result, the function (ﬁ, W, and lf/ can in fact be chosen to be in C (Rz). In add-
ition, the cone-adapted shearlet system can be designed so that the low-frequency
and high-frequency parts are smoothly combined.

A more detailed analysis of the (cone-adapted) continuous shearlet transform and
its generalizations can be found in [27] and in chapter “Shearlets and Microlocal
Analysis” of this volume.

4.5 Microlocal Properties and Characterization of Singularities

As observed in Sect. 3.5, the Continuous Wavelet Transform is able to precisely
characterize the singular support of functions and distributions. However, due to
its isotropic nature, this approach fails to provide additional information about the
geometry of the set of singularities in the sense of resolving the wavefront set.

In contrast to this behavior, the anisotropic shape of elements of a cone-adapted
continuous shearlet system enables the Continuous Shearlet Transform to very pre-
cisely characterize the geometric properties of the set of singularities. For illustra-
tion purposes, let us examine the linear delta distribution 1, (x1,x2) = 6(x1 + px2),
p € R, defined by

(. f) = /R F—pxaxs)dna,

as a simple model for a distributed singularity. For simplicity, we assume that |p| <
1. Letting ¢ be a scaling function and v, be classical shearlets, the asymptotic
analysis of its cone-adapted continuous shearlet transform .7y , 1L, shows that
this transform precisely determines both the position and the orientation of the linear
singularity by its decay behavior at fine scales. Specifically, we have the following
result.

Proposition 1 ([52]). Let ' € R? and (d,5,7) € Scone be a fixed value. Fort; = —pty
and s = p, we have

y%¢va‘T/uP(t/u(ausut)a(dufuf))Nai% asa— 0.
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In all other cases, S5 s y,ylp(t',(a,s,1),(a,5,1)) decays rapidly as a — 0; that is,
forall N € N, there is a constant Cy such that

IH gy byt (a,s,1),(a,5,7)) <Cyd" asa— 0.

In fact, it can be proven that the cone-adapted continuous shearlet transform pre-
cisely resolves the wavefront set for more general distributions [52, 26]. Further-
more, it can be used to provide a precise characterization of edge-discontinuities
of functions of two variables. In particular, consider a function f = yg C [2 (Rz),
where B C R? is a planar region with piecewise smooth boundary. Then .7 ot
characterizes both the location and orientation of the boundary edge dB by its decay
at fine scales [32, 38]. This property is very useful in applications which require the
analysis or detection of edge discontinuities. For example, using these observations,
a shearlet-based algorithm for edge detection and analysis was developed in [74],
and related ideas were exploited to develop algorithms for the regularized inversion
of the Radon transform in [6].

A more detailed discussion of these issues, including the extensions to higher
dimensions, will be the content of chapters “Shearlets and Microlocal Analysis” and
“Analysis and Identification of Multidimensional Singularities using the Continuous
Shearlet Transform” of this volume.

5 Discrete Shearlet Systems

Starting from continuous shearlet systems defined in Definition 2, several discrete
versions of shearlet systems can be constructed by an appropriate sampling of the
continuous parameter set S or Scone. Various approaches have been suggested, aim-
ing for discrete shearlet systems which preferably form an orthonormal basis or a
tight frame for L?(RR?).

One approach proposed in [8] and continued in [10] and [12] applies a power-
ful methodology called coorbit theory, which is used to derive different discretiza-
tions while ensuring frame properties. In fact, the regular shearlet frame which will
be introduced in the next section can be derived using this machinery, and this ap-
proach will be further discussed in chapter “Multivariate Shearlet Transform, Shear-
let Coorbit Spaces and their Structural Properties™ of this volume. A different path,
which also relies on the group properties of continuous shearlet systems, is taken in
[50]. In this paper, a quantitative density measure for discrete subsets of the shearlet
group S is introduced, adapted to its group multiplication, which is inspired by the
well-known Beurling density for subsets of the Abelian group R?. These measures
are shown to provide necessary conditions on the density of the sampling set for
the existence of shearlet generators which yield a frame, thereby linking geomet-
ric properties of the sampling set to the frame properties of the resulting shearlet
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system. Notice, however, that the conditions derived using this approach are nec-
essary but not sufficient. In a third approach [51], sufficient conditions are derived
by studying the classical #,-equations from the theory of wavelets. Recall that these
equations are part of the sufficient conditions needed for an affine system to form a
wavelet orthonormal basis or a tight frame (see [47] for a detailed discussion on this
topic). Due to the close relationship between shearlet systems and affine systems
discussed in Sect. 4.1, this ansatz can be transferred to the situation of cone-adapted
continuous shearlet systems [49].

5.1 Discrete Shearlet Systems and Transforms

Discrete shearlet systems are formally defined by sampling continuous shearlet sys-
tems on a discrete subset of the shearlet group S. This leads to the following defini-
tion.

Definition 8. Let y € L?>(R?) and A C S. An irregular discrete shearlet system as-
sociated with y and A, denoted by SH(y, A), is defined by

SH(W,A) = {Yuss =a (A, 'S, (- = 1)) : (a,s,1) €AY,

A (regular) discrete shearlet system associated with y, denoted by SH(y), is de-
fined by

3.
SH(W) = {Wjim =23 y(SiAy; - —m) : j.k € Zm € Z*}.

Notice that the regular versions of discrete shearlet systems are derived from the
irregular systems by choosing A = {(27/,—k,S_1A,—jm) : j,k € Z,m € Z*}. We
also remark that, in the definition of a regular discrete shearlet system, the translation
parameter is sometimes chosen to belong to ¢17Z x ¢,7Z for some (cy,c3) € (RT)2.
This provides some additional flexibility which is useful for some constructions.

Our goal is to apply shearlet systems as analysis and synthesis tools. Hence, it
is of particular interest to examine the situation in which a discrete shearlet system
SH() forms a basis or, more generally, a frame. Similar to the wavelet case, we are
particularly interested not only in finding generic generator functions y but also in
selecting a generator y with special properties, e.g., regularity, vanishing moments,
and compact support, so that the corresponding basis or frame of shearlets has sat-
isfactory approximation properties. Particularly useful examples are the classical
shearlets from Definition 5. As the following result shows, these shearlets generate
shearlet Parseval frames for L2 (R?).

Proposition 2. Let y € L*(R?) be a classical shearlet. Then SH(y) is a Parseval
frame for L*(R?).
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Proof. Using the properties of classical shearlets as stated in Definition 5, a direct
computation gives that, for a.e.& € R?,

Y YW Ay EP = X X i E)P 922 k)P

JELKEZ JjELZkEZ
= Y TEP Y [P e+ =1.
jEZ keZ

The claim follows immediately from this observation and the fact that supp  C

[_%7 %]2 u

Since a classical shearlet y is a well-localized function, Proposition 2 implies
that there exit Parseval frames SH(y) of well-localized discrete shearlets. The well
localization property is critical for deriving superior approximation properties of
shearlet systems and will be required for deriving optimally sparse approximations
of cartoon-like images (cf. Sect. 5.4).

By removing the assumption that y is well localized in Definition 5, one can
construct discrete shearlet systems which form not only tight frames but also or-
thonormal bases, as indicated in [39, 41]. This naturally raises the question whether
well-localized shearlet orthonormal bases do exit. Unfortunately, the answer seems
to be negative, according to the recent work in [48]. Thus, loosely speaking, a well-
localized discrete shearlet system can form a frame or a tight frame but (most likely)
not an orthonormal basis.

To achieve spatial domain localization, compactly supported discrete shearlet
systems are required. It was recently shown that one can formulate sufficient con-
ditions on y to generate a discrete shearlet frame of compactly supported functions
with controllable frame bounds. This will be discussed in Sect. 5.3.

Finally, similar to the continuous case, we define a discrete shearlet transform as
follows. We state this definition only for the regular case, with obvious extension to
the irregular shearlet systems.

Definition 9. For v € L?(R?), the discrete shearlet transform of f € L*(R?) is the
mapping defined by

[ Iy fGkom) = (f,Wikm),  (ok,m) € Zx Zx 72

Thus, /7, maps the function f to the coefficients .77, f(j, k,m) associated with
the scale index j, the orientation index k, and the position index .

5.2 Cone-Adapted Discrete Shearlet Systems and Transforms

Similar to the situation of continuous shearlet systems, discrete shearlet systems
also suffer from a biased treatment of directions. As expected, this problem can be
addressed by dividing the frequency plane into cones similar to Sect. 4.3. For the
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sake of generality, let us start by defining cone-adapted discrete shearlet systems
with respect to an irregular parameter set.

Definition 10. Let ¢, y, § € L*(R?), A C R?, and A, A C Scone. Then the irregular
cone-adapted discrete shearlet system SH(¢,y, ; A, A, A) is defined by

SH(9,y, A, A, A) = @(0:4) U¥ (y: A) U (71: A),
where

D(p;4) = {0 = 9(-—1):1 € A},
WWiA) = (Vo = a 3y(A1ST (-~ 1)) (a,s,0) €AY,
(5 A) = {Wass = a TP, ST (- = 1) : (a,s,0) € A).

The regular variant of the cone-adapted discrete shearlet systems is much more
frequently used. To allow more flexibility and enable changes to the density of the
translation grid, we introduce a sampling factor ¢ = (cy,¢2) € (R, )? in the transla-
tion index. Hence, we have the following definition.

Definition 11. For ¢, v, € L>(R?) and ¢ = (c1,¢2) € (R)?, the (regular) cone-
adapted discrete shearlet system SH(, y, {;c) is defined by

SH(¢, v, Jr;¢) = @(¢;¢1) U (y;¢) U (r;¢),

where

D(p;c1) = {On = O(- —cym) :m € Z?},
W) = (Wisom = 2 W(Sidy - —Mom) 1 = 0, K] < [27/2],m € 72},
P(Wi0) = {Wjam = 20 W(ST Ay - —Mem) - j > 0|k < [27/%],m € 2%},

_(a 0 ~ [C2 0
MC_<0 C2> and MC_(O Cl>'
If ¢ = (1,1), the parameter ¢ is omitted in the formulae above.

The generating functions ¢ will be referred to as shearlet scaling functions
and the generating functions v, ¥ as shearlet generators. Notice that the system
@(¢;cy) is associated with the low-frequency region, and the systems ¥ (y;c) and
¥ ({r;c) are associated with the conic regions %, U %3 and %> U %}, respectively
(cf. Fig. 4).

We already discussed the difficulties—or even the impossibility—of constructing
a discrete shearlet orthonormal basis. Hence, one aims to derive Parseval frames. A
first step toward this goal is the observation that a classical shearlet, according to
Definition 5, is a shearlet generator of a Parseval frame for the subspace of L?(RR?)
of functions whose frequency support lies in the union of two cones 4] U 3.
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A 4

Fig. 5 Tiling of the frequency plane induced by a cone-adapted Parseval frame of shearlets

Theorem 5 ([30]). Let v € L? (Rz) be a classical shearlet. Then the shearlet system
3. . .
P(y) = {Wjsm =23y (SiAy - —m) 1 j > 0, |k| < [272],m € 2%}

is a Parseval frame for L*(6, U63;)" = {f € L*(R?) : suppf C €1 UG}

Proof. Let y be a classical shearlet. Then (11) implies that, for any j > 0,

> wEPE+RPE=1, [E<1

|k|<[2//2]

Thus, using this observation together with (10), a direct computation gives that, for

a.e. & = (51,52) € 6\ UG,

Y Y WA P =Y Y TP E-nP

720 |k|<[2i/2] 720 |k < 272
=Y Y [hePE+hP=1.
jz0 k| <T20/2]

The claim follows immediately from this observation and the fact that supp  C
112 o

It is clear that, if y is a replaced by W, a result very similar to Theorem 5 holds
for the subspace of L?(%> U%})". This indicates that one can build up a Parseval
frame for the whole space L?(R?) by piecing together Parseval frames associated
with different cones on the frequency domain together with a coarse scale system
which takes care of the low-frequency region. Using this idea, we have the following
result.
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Theorem 6 ([30]). Let v € 1? (Rz) be a classical shearlet, and let ¢ € L? (Rz) be
chosen so that, for a.e. &€ € R?,

DEIP+Y X LA Pe+Y, Y WA Sl =1.

720 <21/ 720 <21/

Let Pc'P(y) denote the set of shearlet elements in () after projecting their
Fourier transforms onto C = {(&,&) € R? : |& /&| < 1}, with a similar definition
holding for Pg'lf’(lf/) where C = R2\ C. Then, the modified cone-adapted discrete
shearlet system ®(9) UPcY (y) UP=¥ (W) is a Parseval frame for L*(R?).

Notice that, despite its simplicity, the Parseval frame construction above has one
drawback. When the cone-based shearlet systems are projected onto C and C, the
shearlet elements overlapping the boundary lines §; = &, in the frequency domain
are cut so that the “boundary” shearlets lose their regularity properties. To avoid
this problem, it is possible to redefine the “boundary” shearlets in such a way that
their regularity is preserved. This requires to slightly modifying the definition of the
classical shearlet. Then the boundary shearlets are obtained, essentially, by piecing
together the shearlets overlapping the boundary lines &; = +& which have been
projected onto C and C. This modified construction yields smooth Parseval frames of
band-limited shearlets and can be found in [37], where also the higher dimensional
versions are discussed.

The tiling of the frequency plane induced by this Parseval frame of shearlets is
illustrated in Fig. 5. The shearlet transform associated with regular cone-adapted
discrete shearlet systems is defined as follows.

Definition 12. Set A = Ny x {—[2//%],...,[2//?]} x Z*. For ¢, y, € L*(R?), the
cone-adapted discrete shearlet transform of f € L*>(R?) is the mapping defined by

f = yﬁ}fd),l]/,lf/f(m/u (j7k7m)7 (.]T7~7’;;l)) = (<f7 ¢m’>7 <f7 Wj,k,m)u <f7 ~;,[;’yh>)7

where
(', (j,kym), (J,k,i)) € Z* x A X A.

5.3 Compactly Supported Shearlets

The shearlet systems generated by classical shearlets are band limited, i.e., they
have compact support in the frequency domain and, hence, cannot be compactly
supported in the spatial domain. Thus, a different approach is needed for the con-
struction of compactly supported shearlet systems.

We start our discussion by examining sufficient conditions for the existence of
cone-adapted discrete shearlet systems which are compactly supported and form a
frame for L?(R?). These conditions can be derived by extending the classical 7,-
equations from the theory of wavelets to this situation (cf. [47]). Before stating the
main result, let us first introduce the following notation.
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For functions ¢, y, iy € L*(R?), we define © : R> x R> — R by

0(&,0) = 9(E)F(& +w)[+61(§,0)+ (&, ),
where

O 0)=Y Y |W(S{AE)||W(S A& + o)

J201k|<[21/2]

and

E.0)=Y Y |W(SAyi&)||W(Sihy &+ o).
720k <[27/2]

Also, for ¢ = (c1,¢2) € (R4)?, let

NI—

RO= 3 (e mTa(e )+ (G0 )i )
meZ*\{0}

+ (LT, m)B(-M; 'm))?,

where

Iy(w) =esssup |$(E)||(E + )| and T (w)=esssupO;(&,w) fori=1,2.
EeR? EeR?

Using this notation, we can now state the following theorem from [49].

Theorem 7 ([49]). Let ¢,y € L*(R?) be such that

$(&1,&) <Cr-min{1,& |7} min{1,|&[ 77}
and
|9 (&1,82)] < G- min{1,[&;|*}-min{1,[& |7} -min{1,|&[ 7},

for some positive constants Cy,Cy < e and o, >y > 3. Define ¥r(x1,x2) = W(x2,x1),
and let Liyg, Leup be defined by

Lins = essinfO(§,0) and Lgp =esssupO(&,0).
LEE]RZ 5€R2

Then there exists a sampling parameter ¢ = (c1,c3) € (RY)? with ¢| = ¢, such that
SH(¢,y, r;c) forms a frame for L*(R?) with frame bounds A and B satisfying

1
|detM,|

[Linf—R(C)] <A<B< [Lsup —l—R(C)] < oo,

1
0< ——
|detM,|
It can be easily verified that the conditions imposed on ¢ and y by Theorem 7
are satisfied by many suitably chosen scaling functions and classical shearlets. In
addition, one can construct various compactly supported separable shearlets that
satisfy these conditions.
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The difficulty, however, arises when aiming for compactly supported separable
functions ¢ and y which ensure that the corresponding cone-adapted discrete shear-
let system is a tight or almost tight frame. Separability is useful to achieve fast al-
gorithmic implementations. In fact, it was shown in [49] that there exists a class of
functions generating almost tight frames, which have (essentially) the form

W(&) =mi(48)9(£1)9(28), & =(81,%) €R?,

where m is a carefully chosen bandpass filter and ¢ an adaptively chosen scaling
function. The proof of this fact is highly technical and will be omitted. We refer the
reader to chapter “Shearlets and Optimally Sparse Approximations” of this volume
and to [11, 53] for more details about compactly supported shearlets.

5.4 Sparse Approximations by Shearlets

One of the main motivations for the introduction of the shearlet framework is the
derivation of optimally sparse approximations of multivariate functions. In Sect. 3.5,
we presented a heuristic argument to justify why traditional wavelets are unable to
take advantage of the geometry of typical functions of two variables. In fact, since
traditional wavelets are not very efficient at dealing with anisotropic features, they
do not provide optimally sparse approximations of images containing edges. As
discussed above, shearlet systems are able to overcome these limitations.

Before stating the main results, it is enlightening to present a heuristic argument
similar to the one used in Sect. 3.5, in order to describe how shearlet expansions are
able to achieve optimally sparse approximations of cartoon-like images.

For this, consider a cartoon-like function f, and let SH(¢, v, ;) be a shearlet
system. Since the elements of SH(¢, y, {/;¢) are effectively or—in case of com-
pactly supported elements—exactly supported inside a box of size 2702 % 27 it
follows that at scale 2~/ there exist about O(2//2) such waveforms whose support is
tangent to the curve of discontinuity. Similar to the wavelet case, for j sufficiently
large, the shearlet elements associated with the smooth region of f, as well as the
elements whose overlap with the curve of discontinuity is nontangential, yield neg-
ligible shearlet coefficients (f, W t.m) (or (f,¥jm)). Each shearlet coefficient can
be controlled by

[ W) | < f Nl Wl < €27397%,

similarly for (f, W« ). Using this estimate and the observation that there exist at
most O(2//?) significant coefficients, we can conclude that the Nth largest shearlet
coefficient, which we denote by |sy(f)|, is bounded by O(N~3/2). This implies that

If = fvllz2 < X Ise(f)P <CN 2,

(>N
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where fy denotes the N-term shearlet approximation using the N largest coefficients
in the shearlets expansion. This is exactly the optimal decay rate for the upper bound
stated in Theorem 2. Even though this is a simple heuristic argument, it provides an
error rate which—up to a log-like factor—coincides exactly with what can be proved
using a rigorous argument.

Indeed, the following result holds.

Theorem 8 ([31]). Let @(¢) UPc¥ (y) U PP () be a Parseval frame for L*(R?)

as defined in Theorem 6, where y € L*(R?) is a classical shearlet and § € Co(R?).
Let f € E2(R?) and fy be its nonlinear N-term approximation obtained by se-

lecting the N largest coefficients in the expansion of f with respect to this shearlet

system. Then there exists a constant C > 0, independent of f and N, such that

If—fvl3 <CN 2(logN)®  asN — .

Since a log-like factor is negligible with respect to the other terms for large N,
the optimal error decay rate is essentially achieved. It is remarkable that an ap-
proximation rate which is essentially as good as the one obtained using an adaptive
construction can be achieved using a nonadaptive system,. The same approximation
rate—with the same additional log-like factor—is obtained using a Parseval frame
of curvelets, see [4].

Interestingly, the same error decay rate is also achieved using approximations
based on compactly supported shearlet frames, as stated below.

Theorem 9 ([55]). Let SH(, v, r;¢) be a frame for L*(R?), where ¢ > 0, and
O, v, € L*(R?) are compactly supported functions such that, for all £ = (&1,&) €
R2, the shearlet V satisfies

(i) [9(&)| < Cy min1, &} min{L|&\| 7} min{L &1 7} and
(i) |5 0(&)| < InEol (1+78)

where a0 >5,y>4,he L (R), Cy is a constant, and the shearlet \y satisfies (i) and
(ii) with the roles of &1 and &, reversed.

Let f € EZ(RZ) and fy be its nonlinear N-term approximation obtained by se-
lecting the N largest coefficients in the expansion of f with respect to the shearlet
Sframe SH(0, v, r;c). Then there exists a constant C > 0, independent of f and N,
such that

If—fvl3 <CN2(logN)®>  asN — oo,

Conditions (i) and (ii) are rather mild conditions and might be regarded as a weak
version of directional vanishing moment conditions.

The topic of sparse shearlet approximations, including extensions to higher di-
mensions, will be the main topic of chapter “Shearlets and Optimally Sparse Ap-
proximations” of this volume.
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5.5 Shearlet Function Spaces

As already mentioned in Sect. 2.2, the study of the smoothness spaces associated
with shearlet coefficients is particularly useful to thoroughly understand and take
advantage of the approximation properties of shearlet representations. Intuitively,
shearlet systems can be described as directional versions of wavelet systems. Hence,
since wavelets are known to be naturally associated with Besov spaces (in the
sense that Besov spaces are characterized by the decay of wavelet coefficients),
it seems conceivable that shearlet systems could be effective at characterizing some
anisotropic version of Besov spaces.

The theory of coorbit spaces was applied as a systematic approach toward the
construction of shearlet spaces in the series of papers [8, 10, 11, 12]. This ansatz
leads to the so-called shearlet coorbit spaces, which are associated with decay prop-
erties of shearlet coefficients of discrete shearlet frames. The main challenge then
consists in relating these spaces to known function spaces such as Besov spaces and
deriving appropriate embedding results. Chapter “Multivariate Shearlet Transform,
Shearlet Coorbit Spaces and their Structural Properties” of this volume provides a
thorough survey of this topic.

5.6 Extensions and Generalizations

A number of recent studies have focused on the construction of shearlet systems
which are tailored to specific tasks or applications.

o Shearlet on bounded domains. Some applications such as the construction of nu-
merical solvers of certain partial differential equations require systems defined
on bounded domains. This could be a rectangle or, more generally, a polygonal-
shaped domain. When shearlets are used for the expansion of functions—
explicitly or implicitly given—defined on a bounded domain, the treatment of
the boundary is crucial. One typical challenge is to set zero boundary conditions
without destroying necessary (directional) vanishing moment conditions. A first
attempt in this direction was undertaken in [57], but many challenges still remain.

e Multidimensional extensions. Many current high-impact applications such as, for
example, the analysis of seismic or biological data require dealing with three-
dimensional data. The computational challenges in this setting are much more
demanding than in two dimensions, and sparse approximations are in great de-
mand. Due to the simplicity of the mathematical structure of shearlets, their ex-
tensions to higher dimensions are very natural. Indeed, some basic ideas were
already introduced in [41], where it was observed that there exist several ways
to extend the shearing matrix to higher dimensions. A new construction yield-
ing smooth Parseval frames of discrete shearlets in any dimensions was recently
introduced in [37]. Several other results have also recently appeared, including
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the extension of the optimally sparse approximation results and the analysis and
detection of surface singularities [10, 33, 34, 35, 36, 54].

In three-dimensional data, different types of anisotropic features occur, namely,
singularities on one-dimensional and two-dimensional manifolds. This situation
is therefore very different from the situation in two dimensions, since anisotropic
features of two different dimensions are involved. This is reflected in the follow-
ing two main approaches to extend the parabolic scaling matrix:

270 0 270 0
02//20 or 02/2 0
0 0 2/ 0 0 2//2

The first choice leads to needle-like shearlets, which are intuitively better suited
to capture one-dimensional singularities. The second choice leads to plate-like
shearlets, which are more suited to two-dimensional singularities. Intriguingly,
both systems are needed if the goal is to distinguish these two types of singular-
ities. However, for the construction of (nearly) optimally sparse approximations
which extend the results of Sect. 5.4, it turns out that the plate-like shearlets are
the right approach [34, 35, 36, 54].

These topics will be further discussed in chapters “Analysis and Identification of
Multidimensional Singularities using the Continuous Shearlet Transform”, “Multi-
variate Shearlet Transform, Shearlet Coorbit Spaces and their Structural Properties”,
and “Shearlets and Optimally Sparse Approximations” of this volume.

6 Algorithmic Implementations of the Shearlet Transform

One major feature of the shearlet approach is a unified treatment of the continuum
and digital setting. The numerical implementations which have been developed in
the literature aim—and succeed—to faithfully digitalize the discrete shearlet trans-
form. This ensures that microlocal and approximation properties of shearlet expan-
sions, which are proven in the continuum realm, can be carried over to the digital
setting.

To date, several distinct numerical implementations of the discrete shearlet trans-
form have been proposed [22, 46, 58, 60, 64] and some additional implementations
were introduced to address specific applications such as edge detection [74]. Fur-
thermore, several attempts were made to develop a multiresolution analysis similar
to the one associated with wavelets, in an effort to develop MR A-based implementa-
tions [41, 46, 58]. We also refer to [28] for useful observations about shearlet-based
numerical shearlet decompositions.

Finally, we remark that numerical shearlet algorithms are available and down-
loadable at the webpages www . math.uh.edu/~dlabate (associated with [22])
and www . ShearLab . org (associated with [60, 64]).
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Let us next briefly describe the different approaches developed so far, by group-
ing these into two categories: the approaches which are Fourier-domain based and
those which are spatial-domain based. All these topics will be discussed in much
more detail in chapters “Shearlet Multiresolution and Multiple Refinement”, “Digi-
tal Shearlet Transforms”, and “Image Processing using Shearlets” of this volume.

6.1 Fourier-Based Implementations

The cone-adapted discrete shearlet transform provides a particular decomposition
of the frequency plane into frequency regions associated with different scales and
orientations, as illustrated in Fig. 5. Hence, a very natural and direct approach to a
digitalization of the discrete shearlet transform is a Fourier-based approach, which
aims to directly produce the same frequency tiling. This approach was adopted in
the following two contributions.

e The first numerical implementation of the discrete shearlet transform was intro-
duced in [22] as a cascade of a subband decomposition, based on the Laplacian
Pyramid filter followed by a directional filtering stage which uses the Pseudo-
Polar Discrete Fourier Transform.

e A different approach, which was introduced in [59, 60], consists of a carefully
weighted Pseudo-Polar transform ensuring isometry followed by windowing and
inverse FFT. This transform is associated with band-limited tight shearlet frames,
thereby allowing the adjoint frame operator for reconstruction.

6.2 Spatial-Domain-Based Implementations

A spatial domain approach is a method where the filters associated with the trans-
form are implemented by a convolution in the spatial domain. This approach is
exploited from different viewpoints in the following four contributions.

e A numerical implementation of the discrete shearlet transform is presented
in [22] where the directional filters are obtained as approximations of the inverse
Fourier transforms of digitized band-limited window functions in the Fourier
domain. With respect to the corresponding Fourier-based implementation also
in [22], this alternative approach ensures that the filters have good spatial local-
ization.

e In contrast to the method in [22], separable window functions—which allow
compactly supported shearlets—are exploited in [64]. This algorithm enables the
application of fast transforms separably along both axes even if the correspond-
ing transform is not associated with a tight frame.

e Yet another approach is adopted in [58], which explores the theory of subdivision
schemes, leading to an associated multiresolution analysis. The main idea here
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is to adapt the construction of a multiresolution analysis for wavelets, which
can also be regarded as being generated by subdivision schemes. This approach
allows the possibility to obtain scaling functions “along the way.”

e Related to [58], the approach developed in [46] introduces a general unitary ex-
tension principle, which—applied to the shearlet setting—determines the condi-
tions on the filters needed for deriving a shearlet frame.

7 Shearlets in Applications

Shearlets were introduced to tackle a number of challenges in the representation and
processing of multivariate data, and they have been successfully employed in several
numerical applications. Let us briefly summarize the main applications below and
refer to chapter “Image Processing using Shearlets” of this volume for a detailed
overview.

e [maging Applications. The sparsity of shearlet expansions is beneficial for var-
ious problems of data restoration and feature extraction. In particular, one class
of imaging applications where shearlets have been proven very successful is im-
age denoising problems and several shearlet-based image denoising algorithms
were proposed, including those in [22, 64], which adapt wavelet thresholding to
the shearlet setting, and the method in [21], which combines thresholding with
minimization of bounded variation. Extensions to these ideas to video denoising
were proposed in [62, 67]. Another class of imaging applications for which the
microlocal properties of shearlets have been successfully exploited is the analysis
and detection of edges [74].

e Data Separation. In several practical applications, it is important to separate data
into their subcomponents. In astronomical imaging, it is very useful to sepa-
rate stars from galaxies and in neurobiological imaging, spines from dendrites.
In both cases, the goal is the separation of point- and curve-like structures. Us-
ing methodologies from sparse approximation and combining wavelet and shear-
let expansions, a very effective method for data separation was developed in
[17, 18, 56].

o [nverse Problems. Shearlet-based methods have also been applied to construct
a regularized inversion algorithm for the Radon transform. This transform is at
the basis of computerized tomography [6]. Similar ideas were also shown to be
useful when dealing with more general classes of inverse problems, such as de-
blurring and deconvolution [69].
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Shearlets and Microlocal Analysis

Philipp Grohs

Abstract Although wavelets are optimal for describing pointwise smoothness
properties of univariate functions, they fail to efficiently characterize the subtle geo-
metric phenomena of multidimensional singularities in high-dimensional functions.
Mathematically these phenomena can be captured by the notion of the wavefront set
which describes point- and direction-wise smoothness properties of tempered distri-
butions. After familiarizing ourselves with the definition and basic properties of the
wavefront set, we show that the shearlet transform offers a simple and convenient
way to characterize the wavefront set in terms of the decay properties of the shearlet
coefficients.

Key words: Microlocal analysis, Radon transform, Representation formulas,
Wavefront set

1 Introduction

One of the main reasons for the popularity of the wavelet transform is its ability to
characterize pointwise smoothness properties of functions. This property has proven
to be extremely useful in both pure and applied mathematics. To give a random
example we mention the beautiful work [16], where the pointwise smoothness of
the Riemann function is studied with a precision that had not been achievable with
other methods.

For multidimensional functions, however, pointwise smoothness does not fully
capture the geometric features of the singularity set: it is also of interest in which di-
rection the function is singular. A useful notion to capture this additional information
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is the wavefront set which has been defined a literature reference to the introduction
chapter of this book. It has its origins in the work of Lars Hérmander on the propa-
gation of singularities of pseudodifferential operators [17, 21].

It turns out that the wavelet transform is unable to describe the wavefront set of
a tempered distribution: even though in general the multidimensional wavelet trans-
form does possess a directional parameter! [1], the fact that the degree of anisotropy
of the wavelet elements does not change throughout different scales implies that mi-
crolocal phenomena occurring in frequency cones with small opening angles cannot
be detected, compare also the discussions in [3].

The purpose of this chapter is to show that shearlets actually can describe direc-
tional smoothness properties of tempered distributions: it turns out that the wave-
front set can be characterized as the point—direction pairs for which the shearlet
coefficients are not of fast decay as the scale parameter tends to zero. Such a re-
sult is of great interest in both theory, since it provides a simple and elementary
analysis tool to study refined notions of smoothness, and practice, where it is used
for the detection of edges in images, compare chapter “Analysis and Identification
of Multidimensional Singularities using the Continuous Shearlet Transform” in this
volume. For real practical purposes such as analysis and classification of edges, still
more refined results are needed [13, 14].

The first proof of this result has been given in [18] for “classical,” bandlimited
shearlets. In [9], an extension to general shearlet generators has been obtained.

1.1 Notation

Whenever possible we use the notation from chapter “Introduction to Shearlets” of
this volume. We write . (R¥) for the space of Schwartz functions [22] and .7 (R¥)’
for its dual w.r.t. to the canonical pairing (-,-),» (R)> the space of tempered distribu-
tions. For k = 2, we simply write ., .%’. We also denote

¢ :={ R :|&|/1&| <3/2}

and
¢ = {E eR: |&1|/|&] <3/2},
the horizontal, resp. vertical frequency cone. For A C R?, we write 4 for its indi-
cator function, i.e.,
_JliféeA

The symbol T shall denote the one-dimensional torus.

! We thank J.-P. Antoine for pointing this out.
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1.2 Getting to Know the Wavefront Set

Recall from Sect. 2.2 of chapter “Introduction to Shearlets” in this volume the defi-
nition of the wavefront set of a bivariate tempered distribution:

Definition 1. Let f be a tempered distribution on R?. We say that 7y € R? is a regular
point if there exists a neighborhood Uy, of 1y such that ¢ f € C™, where ¢ is a smooth
cutoff function with ¢ = 1 on Uy,. The complement of the (open) set of regular points
is called singular support of f and denoted

sing supp(f).

Furthermore, we call (1o, s0) a regular directed point if there exists a neighborhood
Uy, of 1y, a smooth cutoff function ¢ with ¢ = 1 on Uy, and a neighborhood Vj; of
So such that

(@f)*(m)=0((1+|n|)™™) forall n = (n1,m,) such that % €V, and N € N.
(1

The wavefront set WE(f) is the complement of the set of regular directed points.

Remark 1. The definition of the wavefront set as given in (1) excludes the case
so = oo, or N1 = 0. In order to avoid this problem, we can make the same defini-
tion with the coordinate directions reversed in this case. Alternatively, we can let
the parameter s vary in the projective line P'. We will not explicitly state this in all
places below but would like to remark that we can usually restrict our attention to
s € [—1, 1], the other directions being handled by reversing the coordinate directions.

O

The wavefront set is usually defined in the Fourier domain. An intuitive reason for
this definition is as follows: let us assume that we are given a function with a sin-
gularity (think of a jump) in some direction. Then, if we zoom in on the singularity,
all that remains are oscillations in the direction orthogonal to the singularity which
corresponds to slow Fourier decay.

At first sight, this definition might not feel too natural, especially for readers with
not much experience in Fourier analysis. Therefore, in order to get some feeling for
this notion we first consider some examples for which we can immediately compute
the wavefront sets.

Example 1. The Dirac distribution &, defined by (&, ) := ¢(¢) has singular support
{t}. Clearly, at x = this distribution is nonregular in any direction. This is reflected
by the nondecay of & = exp(2mi(-,t)). It follows that WF(&;) C {r} x R. On the
other hand we have WF(&;) D {r} x R since & is regular locally around any point
t' # t. In summary, we obtain

WE(§,) = {1} x R.
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Example 2. The line distribution &, 4, defined by

<6X2:P+C[X15(P> = /]R(p(xlap—i_qxl)dxl

has singular support {(x1,x2) : x = p+¢qx;}. To describe the wavefront set of
Oxy—p+qx, WE cOmpute

A

Ouy=pran (§) = (Bu,=prqn -exp (27i(E,x)))
[ exp@ri(Ein +&alp+gx))dn

— o2mine /Rexp (2mi(&1 +q&2)x1) dxy

= 2Pl 651 +q&=0-

We remark that, despite the fact that the operations above do not seem to be well
defined at first sight, it is possible to make them rigorous by noting that the equali-
ties above are “in the sense of oscillatory integrals”, compare [21]. Essentially, this
means that the equality holds in a weak sense, which is appropriate since we are
dealing with tempered distributions. It follows that SXZZIH’CIXI (&) is of fast decay,
except when & /& = —1/q, and therefore

WE(8,=ptgn) = {(x1,%2) : 22 = p+gx1} x {—1/q}.
&

Before we go to the next example we pause to introduce the Radon transform [7].
As we shall see below, it will serve us as a valuable tool in the proofs of the latter
sections.

Definition 2. The Radon transform of a function f is defined by

Ff(us) = [ flu-som)dn, wseR, @
R
whenever this expression makes sense.

Observe that our definition of the Radon transform differs from the most com-
mon one which parameterizes the directions in terms of the angle and not the slope
as we do. It turns out that our definition is particularly well adapted to the mathe-
matical structure of the shearlet transform. The next theorem already indicates that
the Radon transform provides a useful tool in studying microlocal phenomena.

Theorem 1 (Projection Slice Theorem). With @ € R and .7, denoting the univari-
ate Fourier transform with respect to the first coordinate, we have the equality

F1(Zf(u,9)(0) = f(a(l,s)) VseR. 3)
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Proof.

FA(Bf(u,5)) (@) = /R /R Flu—=s32,30)e~ 2O Qs du

= [ [ rs)e 200 = fo(1,9).

By the Projection Slice Theorem, another way of stating that (fy,s) is a regular
directed point is that

F1(Zof(u,5)) (@) = O(|o| ™) ands €V, forall N € N.

or in other words, that Z¢ f(u,s) is C* in u around s = s9. We can now consider the
next example, the indicator function of the unit ball.

Example 3. We let f = yp with B = {(x1,x2) : x} +x3 < 1}. Clearly we have
sing supp(f) = 9B = {(x1,x2) : x{ +3 = 1}.

In order to describe the wavefront set of f we pick a bump function ¢ around a point
t € dB with 1, /t; = s and look at the Radon transform

us+\/ 1452 —u?

Zof(u,s) = W\/ll:;%ﬂ ©(u — sx7,%7)dx;. 4)
wve2o2

1+

This expression will always be zero unless
uec [ll +sth — E,1 +St2+8]

with an arbitrarily small € > 0 depending on the diameter of ¢ around ¢. To see this,
let us assume that the function ¢ is supported in the set

(11 +[—¢,€]) x (2 + [—¢,€]). (%)
Therefore, for the expression above to be nonzero, we need to require that
Xy Etr+[—¢€,€]
which, by (5) implies that
uet +sth+(1+s)[—¢, €.
By the definition of  we have

1
y I = il )
1+s(2) l—l—s(z)

Hh =
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and therefore 12 will be close to

2 (1 + SS())2
ft4sn)? ="
(11 +st2) 1+ s(z)

It follows that u> — 1 — s? is arbitrarily close to

(1+s50)% — (1 +52)(1+53)
1—|—s(2)

)

which is # 0 whenever s # so. But if u> — 1 — s> stays away from zero, by (4), the
function Z¢@f is C* and therefore (z,s) is a regular directed point for s # s9. The
same argument implies that Z ¢ f is not smooth for s = sy and we arrive at

WE(f) ={(t,s): 1 +13 =1, 10 =s11}.

O

We hope that this last example convinced the reader that indeed the Radon trans-
form is a useful tool for our purposes (compare [3, 18] where similar statements are
shown using much less elementary tools such as Bessel functions and the method of
stationary phase). It also gives a geometrical interpretation of the wavefront set: take
a family of translated lines with a prescribed slope s and compute the integrals of f
restricted to these lines. If these integrals do not vary smoothly with the translation
parameter, then we have a point in the wavefront set.

1.2.1 Shearlets and the wavefront set

Now we will take a first look at the relation between the decay rate of the shear-
let coefficients and directional regularity. Let us consider the classical bandlimited
shearlet y described in the introduction at hand of the previous examples. First, we
briefly recall the classical shearlet construction, see also Definition 1 from chapter
“Introduction to Shearlets” of this volume. We pick functions y1, y» € . such that

supp ¥ C [—%,—%] U [%,%], supp {» C [—1,1] and define

W(E) = 1 (&) (%)

We would like to remark that the specific choices for the supports of the functions
V1, W, have no deeper meaning; the important thing is that {; is supported away
from zero (or in other words that y; is a wavelet) and V, is supported around zero.
In fact, all that is needed is a sufficient number of directional vanishing moments
which imposes the crucial frequency localization property needed for the detection
of anisotropic structures.
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Definition 3. A function y possesses N directional vanishing moments in xi-
direction if R
J(8)

= € L*(R?).

Directional vanishing moments in other directions can be defined in a similar way.

For simplicity, in the present discussion we stick to the classical bandlimited
construction and treat the general case in the following sections. We then have

ass () = ¥ exp (2l €)) ¥ (a1 a2 (& — st )
— o exp(~27i, £)) ¥ (a2 <a1/2 <% —)) o ®
It follows that

1 1 1 1
N 2. o R
SUPP Ya.s © {é ER%: G e { 2a’ 16a] Y [16a’ Za} ’

&

= -5

&

The following two examples are inspired by the discussions in [18, Sect. 4].

S\/E}- (N

Example 4. Let us consider again the distribution & and examine its shearlet coef-
ficients. First consider the case t = 0 and look at

<607 lVa,s,0> = Wa,s,O(O) = a73/4'~//(0)'

On the other hand, for t # 0 we use the fact that y € ., which implies that
Wase O] Sa ¥ (1414, "5 )?) ™, ke,

An elementary calculation shows that, e.g., for s € [—1,1] and ¢ # 0 this expression
is of order O(a) for all k € N. For other directions with slope greater than 1, we use
the shearlet construction ¥ () for the vertical cone and apply the same analysis,
see the introduction. From Example 1, it follows that the wavefront set of & is
characterized precisely by the point—direction pairs for which the shearlet transform
does not decay faster than any power of a:

Proposition 1. Ift = 0, we have

LIy (6)(a,s,t) ~ a3* asa—0.
In all other cases ./ 7 (&) (a,s,t) decays rapidly as a — 0.
¢

Example 5. Here we study the behavior of the shearlet coefficients of the line sin-
gularity distribution v = &y,—x, - As seen in Example 2 we have

~

V= 0—qy = 6§1+q~’§2:0’
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and thus
<Wa,s,t7v> = <(l\/(l,s,l‘70> = <(I\/(1-,SJ’ 6§1+q1§2:0> = ~/]R "Alla,x-,l(_q§2552)d§2-

Inserting (6) gives

Vass V) = @/ [ exp(=2i(=qnEa+1:82) 01 (~age) Vo
()

_aq” - [ (2mia ! (18- 10t ) ) wn(eie
()
)l (4)

Since y; € Z(R), we have

i@ <G (142", vkeN

4] <a1 <l‘1 — étz)) = O(Qk), Vk e N,

whenever #; # %,IZ' Let us now assume that 1 = él‘z- We distinguish two cases,

and thus

namely s # _cl/ and s = —é. First assume that s # —é. Then, for a sufficiently

small, the expression
1
(e ()
q

will always be zero due to the support properties of . By (8) we again have the
estimate
(V. Wass) =0(d"), VkeN.

We are left with the final case t; = (lltz and s = _cl/ where we have
—1/4
a N _
(V- Vass) = =——¥1(0)92(0) ~a oA
Summarizing, we get
Proposition 2. Ift; = étz and s = _cl/’ we have

LI y(v)(a,s,t) ~ a4
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Inall other cases ./ 7y (v)(a,s,t) decays rapidly as a — 0. In other words, WF(Vv)
is given precisely by those indices (s,t) for which . 7 (V) does not decay rapidly
with a.

&

Example 6. With a little more work, one can show the following result related to
Example 3, compare [18, Sect. 4.4]. We let f = yp with B the two-dimensional unit
ball. The following result (which we give here without proof) holds:

Proposition 3. If (t,s) € WF(f), then we have
S Ay (f)ayst) ~al.

In all other cases ./ 7 y(f)(a,s,t) decays rapidly as a — 0.
¢

The previous examples have shown that at least for very simple singularity distri-
butions the wavefront set can be precisely described by the asymptotic behavior of
the shearlet transform coefficients. It is the purpose of the remaining chapter to for-
mulate and prove this fact in a more general setting. But first we take a look at a
simpler transform:

1.2.2 Wavelets and the wavefront set

Also two-dimensional wavelets possess a directional parameter, and one might
wonder whether the anisotropic scaling underlying the shearlet transform is really
necessary. We would like to illustrate at hand of a simple example that it actually
is. The discussion is inspired by [1] and [3, Sect. 6]. Similar to the one-dimensional
setting, we can construct a two-dimensional wavelet transform by starting with a
function y € . satisfying the admissibility condition

[ .,
JR2

45
Now we define functions y, ¢, (a,0,t) € Ry x T x R? by
_ Rg(x—1t
vty =a (),

Ry denoting rotation by 6 € T. Define the two-dimensional wavelet transform of a
tempered distribution f € .%’ by

WﬁD(f)(av 9,1‘) = <f7 Wa,e,l>'
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Using this definition it is possible to get, up to a constant, a representation formula
which represents f as a superposition of the y ¢,’s with the corresponding coeffi-
cients given by #,7°(f)(a,6,1). We have

d
/RZ/T/R+ Wﬁ”(f)(a,e,t)fa—g‘dedtzc@D/Rz £ () 2dx,

with some constant C%,D , see [1, Proposition 2.2.1]. One possibility for the con-
struction of ¥ would be to start with a usual wavelet § and define y(xj,x;) :=
(10x1,x2/10). This gives an anisotropic basis function y and the parameter 6 in
the two-dimensional wavelet transform gives a notion of directionality. A natural
question to ask is whether this much simpler transform is able to characterize the
wavefront set of a tempered distribution.

Example 7. Let us start with a simple point singularity &. Then we have
Ro(—t
WV?D(a, 0,0)=a 'y (M) =0(d") VkeN,

a

whenever ¢ # 0. If t = 0 we have
#y"(a,0,0) ~a .

It follows that the two-dimensional wavelet transform is able to describe the wave-
front set of &y. &

Of course, in terms of describing anisotropic notions of regularity, the point dis-
tribution & is irrelevant. Let us see what happens if we analyze the simple line
singularity v from Example 5.

Example 8. We consider the line distribution v = d,,— and its two-dimensional
wavelet transform at the point # = 0 lying on the singularity line. We have

(V,¥a00) = (V, Va0.0) :a/R‘f/(acos(e)él,—aSiH(e)él)d&
:/le/(cos(e)él,—sin(@)él)dél — A(0).

The function A(0) varies smoothly with 6 and in particular there is no way to
sharply distinguish between the singularity direction corresponding to 6 = 0 and
other directions nearby. In particular for 6 near 0, the decay rate of W&D (v)(a,6,0)
isonly O(1). &

The previous example implies that for the description of truly anisotropic phenom-
ena, the two-dimensional wavelet transform is not suitable:

Anisotropic scaling is necessary to describe anisotropic
regularity!

Note that wavelets can characterize the singular support of a tempered distribution,
see, e.g., [2] and the references therein.



Shearlets and Microlocal Analysis 49

1.3 Contributions

The main result that we would like to present is the fact that the wavefront set can
be characterized by the magnitude of the shearlet coefficients as follows:

Theorem 2. Let v € . be a Schwartz function with infinitely many vanishing
moments in xi-direction. Let f be a tempered distribution and 9 = 9, U D,
where 21 = {(t9,50) € R*> x [=1,1] : for (s,t) in a neighborhood U of (so,1),
|7y f(a,s,t)| = O(a") for all k € N, with the implied constant uniform over
UY and 25 = {(ty,s0) € R* x (1,50 : for (1/s,t) in a neighborhood U of (so,to),
|7 Ay f(a,s,t)| = O(dX) for all k € N, with the implied constant uniform over U }.
Then
WE(f) = 2.

The proof of this result will require some preparations. In particular, we need to
study continuous reconstruction formulas which allow to reconstruct an arbitrary
function from its shearlet coefficients. For classical shearlet generators, such a for-
mula is given by Theorem 3 from chapter “Introduction to Shearlets” in this volume.
In Sect. 2, we develop analogous formulas for arbitrary shearlet generators. Then,
using these representations, in Sect. 3 we prove our main result, Theorem 2. In ad-
dition, Fig. 2 provides an illustration of the result.

1.4 Other Ways to Characterize the Wavefront Set

The shearlet transform is not the only decomposition that is capable of character-
izing the Wavefront Set. As an example, we mention the so-called FBI transform
which is defined by

[ T8 h) == oy (fexp (—2milx — -||*/2h) exp (2mi(x — -, &) /) ,

where x,y € R? and £ is a semiclassical parameter (see [21] for more information on
semiclassical analysis) and o, is some parameter. This transform can be interpreted
as a semiclassical version of the Gabor transform [8] where the semiclassical Fourier
transform is defined by

Fo &)= [ e)exp (2mite.) /).

Heisenberg’s uncertainty principle asserts that a time—frequency window must have
area at least 4. Therefore, by letting 7 — 0 the time—frequency localization gets arbi-
trarily good which makes the FBI transform a useful tool in microlocal analysis. An
important result is that the decay rate of T f(x,&,h) for h — 0 determines whether
the pair (x,&, /&) lies in the wavefront set of f [21].

Another transform which—being based on parabolic scaling—is much closer to
the shearlet transform is the curvelet transform [3]. The curvelet transform is also
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capable of characterizing the wavefront set. Another transform based on parabolic
scaling with analogous properties is the transform introduced by Hart Smith in [23].

2 Reproduction Formulas

A crucial role in the proof of Theorem 2 will be played by so-called reproduction
formulas which allow to reconstruct an arbitrary function from its shearlet coeffi-
cients. The first such formula is given in [18] for classical shearlet generators and
further studies can be found in [ 10]. We will follow this latter work in our exposition.

Example 9. To give some motivation, we mention the continuous wavelet transform
which is defined by mapping a function f to its transform coefficients

Wll/f(aab) = <f7 Wa,b>7
where

Vap(-) i=a Py (;b) ,a,beR.
a

It is well known that whenever the Calderon condition

cwvav ._ / P (o)
v ko

holds, we have the reconstruction formula

do <

1 g da
f:w/R/RWw(a,b)wayb;db.

The measure %db comes from the fact that the wavelet transform carries the struc-
ture of a group representation of the affine group for which this measure is the left
Haar measure [15]. Another way to see why this measure is natural in the wavelet
context is that the operations of dilation by a and translation by » map a unit square
in (a,b)-space to a rectangle with volume a~!. We also want to mention that it is not
necessary to consider the wavelet transform over all scales a. Under some assump-
tions on ¥ one can show that there exists a smooth function @ such that

r= o ([ #etan o [ o0 nTmw). ©

See [6] for more information on wavelets. <>

We would like to find conditions for a formula similar to (9) to hold for the shearlet
transform. In the case of the full shearlet transform where we have a group struc-
ture at hand, such a formula follows from standard arguments, see, e.g., chapter
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“Multivariate Shearlet Transform, Shearlet Coorbit Spaces and their Structural
Properties” in this volume.

Remark 2. The group structure provides us with the natural (left-) invariant measure
for the shearlet transform: it is given by %?dsdt. A heuristic explanation for the
power of —3 in the density is the fact that this measure divides the parameter space
into unit cells of side a by v/a in space (hence a factor a—3/?), unit intervals of length
\/E on the space of directions (hence, a factor \/E), and finally a factor of a ! since
a is a scale parameter, see also [4].

In Example 9, we have seen an integral formula which is a C¥3V-multiple of the

identity. In the shearlet setting the corresponding constant arises in the following
admissibility condition, compare also [5]. In the following, we will assume that
v satisfies this condition. All the results regarding the resolution of the wavefront
set also hold without this assumption, but in that case we would have to split the
frequency domain into four half-cones depending on the signs of the coordinates

SIESH

Definition 4. A function vy is called admissible if

//0 |V|/§ 2 dGidZ, —//mh’(é E d&1d&, < oo (10)

For our purposes it is necessary that the directional parameter varies only in a com-
pact set, otherwise the implicit constants in Theorem 2 would deteriorate. Therefore,
we would like to find representations similar to (9) for the cone-adapted shearlet
transform.

From now on, we will assume that the shearlet y possesses infinitely many direc-
tional vanishing moments, compare Definition 3. The main result is as follows:

Theorem 3. We have the representation formula

2 1
_ -3 . .
Cof = [, [, | #Hus@s)ussa dadsar+ [ (1,0 =)@~

(1D
which is valid for all f € L*(%€)" with a smooth function ® and Cy being the con-
stant from the shearlet admissibility condition, see Definition 4. An analogous state-
ment is true for the vertical cone €.

An important role in the proof of this theorem will be played by the function

= [ [[9(ara&-sen)[aaaas. a2

The reason for this fact is given in the next lemma:

Lemma 1. The representation (11) holds if and only if

Ay(E)+|DE) =Cy forallE €. (13)
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Proof. First we note that (11) is equivalent to

2 rl
= [ [ [ 1 v Padadsar

+ L1 o¢—n)Pan. (14)

This follows from polarization. Taking the Fourier transform of both sides in (14)

yields
2112 2 ! A A 2 _3
Cyllfllz = ‘<f7Wa7s,t>’ a “dadsdr
R2J-2Jo

+ [ I @ -0y a
- /]Rz /2 /1<f’ VA]G»%ﬁmaﬁdadsdt

+ [ U @(=0) ) F(@( =) ar

Plugging in the explicit formula for the Fourier transform lets us rewrite the above
equation as follows:

:/Rz /2 /1 Rzf(g)a3/4672ﬂi(faé>V’}(agl,al/Z(éz_Sgl))dg
/f Ja* e 2R gy (amy @' (1 — smi))dna > dadsds
+ - sz E)e—2mi(E) d(E)dE
[ Jm)em2m T d(n)dndr

P L o svn6 S

Xf( )a 34 (am al/z(nz—Sm))dndidta%dads
s [ [Lexn-amitn &) f& B @ Fmd(m)agand

An application of Parseval’s formula yields

Cyllfl (/ / ’ll/ aéy,a'*(& s&))‘za3/2dads+]@(€)]2>.

This implies the statement. O
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Due to the previous lemma, the goal in proving Theorem 3 is to show that the (more
precisely: any) function @ defined by (13) is smooth. To this end, it suffices to
show that

. 2 _
[DE=0(E[™) for&e®, & o
Before we do this, we would like to understand the function Ay, better. It turns out

that if we allow to integrate over R x R instead of [—2,2] x [0, 1], the integral is
equal to the admissibility constant Cy,.

Lemma 2. We have

=1 ).

Proof. We make the substitution 1, (a,s) = —a&;,m2(a,s) = a'>(& — s&,). The
Jacobian of this substitution equals a'/2E2 = a'/? (N1 /a)? = a3/?n? which shows
the desired result. 0O

¥ (atr.a"2(& —5) [« daas. (15)

Now, we can prove the Fourier decay of @.

Lemma 3. We have
|DE)*=0(&™), forallNeNand|&l|/|&] <3/2. (16)
Proof. By Lemma 2, we have that
A 2 . B
|| = (/ W (a&1,va(& — 5&))[Pa > dads
acRy, |s|>2
+/ [ (a1, Va(& —s€1))|2a3/2dads) :

a>1, |s|<2

We will analyze these two integrals separately, starting with the second one. Due to
the smoothness of y and the fact that s only varies in a compact set, we can estimate

[ va& - ) Padads 5 [ (el N2
a>1, |s[>2 Ja>1
<lal™ g,

The last inequality follows since we can always estimate |£;|~! by |£|~! due to the
fact that |&;|/|&1] < 3/2. We turn to the estimation of

[ 19 (ats, /@& — s&1)) Pa/dads.
JaeRy, [s|>2
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First, we treat the case a > 1 by estimating

[ vaG - sq)PaPdads S [ a N (& -se)
a>1,|s|>2 Ja>1,|s|>2
xa 3/ dads
= [ E g s
Ja>1,|s|>2
xa3?dads
<[ jara -l
a>1,|s|>2
xa>?dads < |E|7N.

Now we come to the last case where we will utilize the fact that y possesses in-
finitely many moments as well as the smoothness of y in the second coordinate.

/a<1 I5>2 |ll7(a§1; \/E(éz — sél)) |2a73/2dad5

S dlaMatig -
a<l, |s|>2
xa~**dads
oL — 2L
<[ aMEltat )
a<l, |s|>2
xa~3dads

for any L, M, in particular for L = N 42 and M = L+ 4 which gives that
[ (e Va(& - s&)Pa > dads 5 (&)Y
Ja<l, |s|>2

Summing up all three estimates proves the lemma. O

Now we have collected all the necessary ingredients to prove Theorem 3.

Proof (of Theorem 3). By Lemma 1, all we need to show is that any @ defined by
(13) is smooth. But this is established by Lemma 3. O

Remark 3. The assumptions in Theorem 3 can be weakened considerably, see [10].
In that paper, it is also shown that it not possible to obtain useful representation
formulas without first projecting to a frequency cone. In [12] slightly different con-
tinuous representation formulas are considered which are called atomic decompo-
sitions, see also [2, 23] where similar constructions are introduced for the curvelet
transform. <
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3 Resolution of the Wavefront Set

In this section we prove our main result, Theorem 2. The proof turns out to be
rather long but nevertheless quite elementary. Intuitively it is not too surprising that
the shearlet transform is capable of resolving the wavefront set since every shearlet
element only interacts with frequency content which is contained in a cone that gets
narrower as the scale increases. The difficult part is to overcome the technical details
in making this intuition rigorous. To this end, the Radon transform will turn out to
be a valuable tool.

We divide this section into three parts. In the first part, we prove one half of
Theorem 2, namely, the fast decay of the shearlet coefficients corresponding to a
regular directed point. This turns out to be the easier part. To prove the converse
statement, we need to study the notion of the wavefront set a little more in the
second part before we can tackle the full proof of Theorem 2 in the third part.

In the results that we present here, the choice of parabolic scaling is not
essential—it could be replaced by any anisotropic scaling with corresponding di-
lation matrix diag (a,a5), 0<8<1.

3.1 A Direct Theorem

We start by proving one half of Theorem 2, namely we show that if we are given a
regular directed point of f, then only the parameter pair (s,#) corresponding to this
point and direction can possibly have a large interaction with f. Such statements are
usually called direct theorems (or also Jackson theorems).

Remark 4. The corresponding result for the wavelet case states that if a univariate
function is smooth in a point then the wavelet coefficients of f associated with
the location of that point decay fast with the scale, provided that the underlying
wavelet has sufficiently many vanishing moments. The proofs in the wavelet case
are considerably simpler, see e.g., [20]. &

Theorem 4 (Direct Theorem). Assume that f € ' and that (fy,s0) is a regular
directed point of f. Let y € .7 be a test function with infinitely many directional
vanishing moments. Then there exists a neighborhood Uy, of to and Vg, of s such that
we have the decay estimate

S Hyf(a,s,t) =0(d") forall N € N. (17)

Proof. In the proof, we will denote by N an unspecified and arbitrarily large integer.
We can without loss of generality assume that f is already localized around #, i.e.,
f = @f where ¢ is the cutoff function from the definition of the wavefront set which
equals 1 around #9. More specifically, we prove that

(1= @) f Wasa) =0 (d"). (18)
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Since we have assumed that y is in the Schwartz class, we have for any P > 0 that

Wyl S 1+ k)" (19)
By definition we have
_ X1 —h)+sxo—1H) xo—0H
Wa,&l(xlvxz):a 3/4'4/(( ) a ( )7 al/? ) (20)

Now we note that in computing the inner product (18) we can assume that |x—¢| > &
for some 6 > 0 and ¢ in a small neighborhood Uy, of #y, since (1 — @) f = 0 around

to. By (19), we estimate
_ a ! sa”! -
ol s (1+)(4) 22 ) -0

_sa2\ || -
§a3/4<1+H<g ;fl/z )‘ |x—t|>

< g (1 +C(s)a’1/2|x—;|)7p _0 (a—3/4+P/2|x— t|*P)

1/2
for [x—t| > 6 and C(s) = (1 + % + (s> + %) )1/2 (compare [18, Lemma 5.2]).
Let us for now assume that f is a slowly growing function (i.e., a function with
at most polynomial growth). Then we can estimate

(1= @) W) Sa 2 [ et 1= g/ )i

le—t|>6

— 0(a"), @n

fort € Uy, and P large enough, which yields (18). For a general tempered distribution
f, we use the fact that f can be written as a finite superposition of terms of the form
DPg, where g has slow growth, D denotes the total differential and B € N2 [22].
Then we can use integration by parts together with the fact that also the derivatives
of y obey the decay property (19) to arrive at the general case.

Now, assuming that f = ¢f is localized, we go on to estimate the shearlet co-
efficients |{f, Wa )| To do this, we utilize the Fourier transform. Furthermore, we
assume that f € L?(IR?). The general case can again be handled by repeated partial
integrations, at the expense of some (finitely many) powers of a. First note that the
Fourier transform of vy, s, is given by

Vass (8) = exp(=2milr, ) ¥ (ak1a' (& —5E)) . @)
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Now, pick % < o < 1 and write
(vl = (o) <@ [ 1768 [0 (a&r.a (=5 )|
R

_ A / LA / , (23)
& |<a® &1]>a e

A B

Since y possesses M moments in the x; direction which means that

W(61,6) =&6(81,8)
with some 6 € L?(R?), we can estimate A as
A=t [ 168)]|p (a6 -5k ) ag
=@l [ aa 768 [0 (aga e 58 ag
< [ |7 8] (a8 PG —st) ) |ag

< @M F] Basa]) < @M 7L [Buse |, = a Ml f 2 6112
=0(d") (24)

with M large enough. In order to estimate B, we make the following substitution:

() (8)-(§). et

B=a73/4/51|>7a <§1 ‘5+al/2§z>

Now we shall use that (#o, so) is a regular directed point of f. This means that there
is a neighborhood (s — €,59 + €) such that

Then
w(&.&)e e

Fm) < (14 |n)® forall%e(so—e,so—i-e). (26)

Looking at (25), we now consider % with

m = é, N = 551 +a '?& and é >a ¢
a a a
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and get the estimate
s—a“71/252§ %:s—i—a*l/z&g §s+a“*‘/2§2. 27)

1 1
By (26), we have that

~ —R
f<§l “&ita 1”5) S <1+'%1'> (28)

for s in a neighborhood Vj, of s, @ >a~% and |Eg| < €'a'/?% for some €’ < €.
Now we first split the integral B according to

B = 5173/4/~
&1l /aza=*

f (51/07 5—151 ‘Hfl/zgz) ‘ “i/ (51752) ‘ dédé,

~3/4 / ] a3 / ] (29)
&1l /aza=, |&|<e/al /2~ (&1l/aza= |&[>¢/al /2~
By By
By (28), we can estimate B according to
B =0 (a3 |y, ) = 0(a") (30)

whenever R is large enough.
It only remains to estimate B,. For this, we will use the fact that % v € L*(R?).
This implies that

By<a ¥ / ] ]
& | /a>a= |&|>¢gal /2~

f (51/07 251 +a71/2€~2)ll7(51=52) ’ d&d&

oL AN L
o [ (e th v 8) & (S (6.8 |akats
< (8/)7L —3/4+(a—1/2)L (31)
/ ‘f & /a, —51-1-61 128, }‘ TV (51752) déd&,
:(g/)L(oc 1/2)L <|f‘ ‘ aLW‘”l ‘
< (gl)La(al/Z)L|f||2Ha_x%w (aN) (32)

Putting together the estimates (21), (24), (30), and (32) we finally arrive at the de-
sired conclusion. O
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Remark 5. Observe that in the proof of the direct theorem, it is nowhere essential
that we have parabolic scaling of a in the first and a'/2 in the second coordinate.
All the results that we present in this chapter hold equally well for any anisotropic
scaling of a in the first coordinate and a® in the second coordinate where 0 < § < 1
is arbitrary, see also the discussion at the end of [18]. This stands in contrast to
the results on Fourier integral operators [12] and sparse approximation of cartoon
images [11, 19], where the parabolic scaling plays an essential role. {

3.2 Properties of the Wavefront Set

Here we prove to basic results related to the wavefront set. The first result concerns
its well definedness. Recall that the definition of a regular directed point involves a
localization by a bump function. The first thing we need to show is that the property
of being a regular directed point does not depend on the choice of such a func-
tion. The second result concerns the frequency side and states that a point—direction
pair comprises a regular directed point of f if and only if it is a regular directed
point of the frequency projection of f onto a cone containing the direction of the
point—direction pair. These results might seem obvious but they need to be proven,
nevertheless.
We start with the first statement.

Lemma 4. Assume that (ty,so) is a regular directed point of [ and @ is a test func-
tion. Then, (fy,s0) is a regular directed point of Qf.

Proof. Assume that (z,so) is a regular directed point of f and let & be such
that & /& = 50 (if & = 0 we need to reverse the coordinate directions, compare
Remark 1). Then we can write & = rey where ey denotes the unit vector with slope
so and ¢ proportional to |£|. What we want to show is that

@f(teg) =0 (|t| ™).

Since pointwise multiplication transforms into convolution in the Fourier domain,
this is equivalent to

o flteo) = [, Flreo—E)p(E)E =0 (™). (33

Since (f9,s0) is a regular directed point, by definition there exists 0 < § < 1 such
that teg + By is still contained in the frequency cone with slopes s € Vi, forall € R.
Here, Bs denotes the unit ball in R? with radius § around the origin. After picking
J, we can split the integral in (33) into

[ fu=0ene+ [ -0

Jigl>a1
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We start by estimating the first term. By assumption we then have that

flteo—&)=0(teo— &™) =0(t| ™),

and this suffices to establish that
[, Fe-8)pE)aE =01 ™).
|E| <ot

Now the second term. As before in the proof of Theorem 4, we assume that f is
a slowly growing function. Again, this is no restriction since any tempered distri-
bution is a finite sum of derivatives of slowly growing functions. To get rid of the
derivatives, we simply do some integrations by parts in the integral (33) and shift
them to @. Since @ is still a test function, this does not do any harm. Now we can
establish the second part as by estimating

/‘5‘>6t.f(f€0—§)¢(§)d§ S [, 0= E11E1 g

oy I Mas

with M arbitrary and L the (finite) order of growth of f . Picking M sufficiently large
and using the fact that || 2 |¢| we arrive at the desired estimate. O

The second basic result that we want to establish is that a frequency projection onto
a cone does not affect the set of regular directed points.

Lemma 5. Assume that (ty,s0) is a regular directed point of f. Let 6y be a cone
containing the slope so. Then (ty,s0) is a regular directed point of pcgo f, where pcgo
denotes the frequency projection of f onto the frequency cone 6. The converse also
holds true.

Proof. To show this, we first assume that (¢, so) is a regular directed point of f. By
definition, we then can pick a bump function ¢ such that ¢ f has fast Fourier decay
in a frequency cone around sy, i.e.,

¢+ F(8)=0(IEI™), &/&1 € Vi,

By shrinking the neighborhood Vj, of s¢ if necessary, we can assume without loss
of generality that for some small 5 > 0 we have the inclusion (see Fig. 1b)

{n+B5|Tl|I nz/”l‘llEVsO}C(f(). (34)

The inclusion (34) implies that

ey =In—<&l>dnlm/m € V. (35)
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Write
o) = [ xafn—E0(E)E+ [ 167N —E)P(E)E.

The statement is proven if we can show that

L xaFn=8p(@dE =0 (In| ™), forma/m eV G6)

But this follows by writing (36) as

/ xes F(E)P(n —&)dE
and using (35) together with the fact that
¢p(n-&)=0(n-¢&I™).
O

The last result in particular implies that in order to study the Wavefront Set of a
tempered distribution f we can restrict ourselves to studying the Wavefront Sets
of the two frequency projections Py f, Py f separately. This also holds true for the
shearlet coefficients of a tempered distribution:

Lemma 6. Assume that f is a tempered distribution. Let (1y,50) be a point—direction
pair and 6y a frequency cone around the direction with slope so. Then we have the
equivalence

LI yf(a,s0,t0) = O(aN) & S Hy (ﬁggof) (a,s0,t0) = O(aN) )

Proof. By linearity of the shearlet transform, we have
LAy f(a,50,00) = S Ay (Pe,f) (a,50,00) = Sy (ﬁ%gf) (a,50,10).

But clearly (19, s0) is a regular directed point of chg f. Therefore, by Theorem 4 we
can establish that

S Ay (ﬁﬁg.f) (a,50,10) = O (a")

which proves the statement. [

3.3 Proof of the Main Result

We are almost ready to tackle the second half of Theorem 2. First we need the
following localization lemma.
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Lemma 7. Consider a tempered distribution f and a smooth bump function ¢ which
is supported in a small neighborhood Vy, of ty € R2. Let Uy, be another neighbor-
hood of ty with V;, CC Utoz. Consider the function

o= - Vi) 90 Wi (v)adadsdr
teU,‘o , s€[—2,2], a€l0,1]

Then
g&)=o(¢l™"), gew. (37)
Proof. Consider for s € [—1, 1] the Radon transform

I(u) == Rg(u,s).

By the projection slice theorem we need to show that

(N) _(d N
W = IeL'(R 38
which implies that

wa(a)) = ng(a),sa)) <lI,

and therefore since |s| < 1, this implies (37). By the product rule, I (V) can be written
as a sum of terms of the form

d \"/ y
/IEU(IO)C7SE[*2,2]7ae[071] s W“’S’t>/R <al) o(u—sx,s)a

d \"
(E) v (u— sx,x)dxa>dadsdr.
1

a,s.t

By the support properties of ¢, the points y := (u — sx,x) must lie in V (¢o) for this
expression to be nonzero. With the same argument as in the beginning of the proof
of Theorem 4, leading to (18), we can establish that

d \" N N

— =0 —t7). 39

( o ) v 0)=0(a"y-1") (39)
a,s,t

Since we can assume that y € V;, and ¢ € Uy, we obtain (see Fig. la)

ly—t|Z |t —tol, (40)

which, together with (39), establishes the desired claim. Note that by Fubini’s theo-
rem the application of the Radon transform is justified a posteriori. 0O

2 With the notation A CC B, we mean that a tube of diameter & around A is still contained in B for
some 6 > 0.
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a

6o

m2/m €Vy,

o0

Fig. 1 (a) Illustration of the proof of (40). (b) Illustration of (34)

Theorem 5. Assume that f € . is a tempered distribution and that for (sg,ty) €
[—1,1] x R we have in a neighborhood U of (so,t), |-/ yf(a,s,t)| = O(a")
for all N € N, with the implied constant uniform over U. Then (sg,ty) is a regular
directed point of f. An analogous result holds for % € [-1,1] and the shearlet

for the vertical cone €.

Proof. First we assume without loss of generality that f has its Fourier transform
supported in %. Otherwise we continue with the frequency projection Py f and in-
voke Lemmas 5 and 6 to arrive at the theorem.

By Theorem 3, we can represent f as

2l
= -3 - — R
S R

modulo an irrelevant constant. A further simplification can be obtained by noting
that [pa (f, @ (- —1))@(- —1)dr is always smooth, since

([Ltret-met-na) ©=7@IeEE=-o(™)

by Lemma 3 (this holds if £ is a slowly growing function, the general case is handled
by integration-by-parts as usual). Therefore, all we need to show is that (19, so) is a
regular directed point of

2 1
/ / / LAy f(a,s,t) l//a“wa%dadsdt.
R2J-2J0 '
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To this end, we multiply this expression by a smooth bump function ¢ localized
around 7y and note that by Lemma 7 we actually only need to show that (¢, s) is a
regular directed point of

2 1
hi= / / / y%‘/’f(%Svt)(P‘Vms,ta%dadsdt’
Uy /=270

where Uy, is a compact neighborhood of #y. To show this, we will establish that
1™ (u) e L'(R),

where
I(u) := Rh(u,so).

With the same computations as in the proof of Lemma 7, we see that 1 ™) consists
of terms of the form

d\"/ :
4 _ -J
/IGU,O,se[Z,Z], acf0,1] (s Vasa) /R (dxl ) ¢lu—sox,s)a

d\"
(E) |V (u — sox,x)dxa > dadsdr.
1

a,s,t

By making Uj, (and the support of @) sufficiently small, we can establish the exis-
tence of € > 0 such that for all t € Uy, and s € [so — €, 50+ €] we have (s,1) € U. We
now split the above integral according to s € [so — €,50 + €] and |s — so| > €. For the
first part, we invoke the fast decay of the shearlet coefficients of f for (s,7) € U to
see that

d\"/ 7,.
~/t€Ut07 s€[so—&,s0+€], acl0,1] <f, WG,S,I> ~/]R <al) (P(M o S)a l

d\"
(E) 73 (u — sox,x)dxa >dadsdr = O(1). (41)
1

a,s,t

In order to handle the case |s —so| > €, we note that the corresponding integral can
be written as

(fs Wasa >a7j

~/t€U,0 , s€[so—&,s0+¢€], ac[0,1]

d\"/ d\"/ 4
74 (&) (p<<al) l//) (u,80)a “dadsdr.  (42)
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Note that we can write

d \"/ d \" <
K <al) ¢ <al> v (“aSO):<6u,s076a,s,t>7 (43)

where

and )
N d \NJ
5,4730 = al (P5x1 =u—s0x2

The Wavefront Set of Su,xo is given by
{(x17x27s) L X =U—Soxp, §= SO} )

as can be seen from the computations in Example 2. Since the function 6 satisfies
the assumptions of Theorem 4, we can apply this result and obtain that

<6u,soa 9a,s,t> = yjfegu,so (a,s,t) = O(GN)-

By (43), this implies that also the expression (43) is bounded. Together with (41),
this proves that / (V) is bounded and therefore in L; since it is compactly supported.
This proves the theorem. The argument for the dual cone follows from obvious
modifications. 0O

Putting together Theorems 4 and 5, we have finally proved Theorem 2:
Corollary 1. Theorem 2 holds true.

Remark 6. Itis possible to weaken the assumptions in Theorem 2 considerably if one
is only interested in determining directional regularity of a finite order, as opposed
to our definition where Fourier decay of arbitrary order is asked in the definition of a
regular directed point. In that case, only finitely many vanishing moments and only
finite smoothness of  are required. The details are given in [9].

Remark 7. The shearlet transform (and similar related transform like for instance the
curvelet transform) are able to characterize even finer notions of microlocal smooth-
ness. We say that that f € .’ belongs to the microlocal Sobolev space H*(fy,so)
if there exists a smooth bump function ¢ € . around ¢y and a frequency cone ¢,
around sq such that
| 1EP @) ©)F ag <.

50

Define the shearlet square function

g a 1/2
83 (f)(t,5) = (/01 yyﬁw(f)(a,s,t)yQZG%) _

a
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Sflxy) y(x,y)

yﬁ}?f(d'ﬁj} 0?x$y)

Fig. 2 This figure illustrates the main result, Theorem 2. On the top left, we show the function f
to be analyzed—a rotated quadratic B-spline curve which has curvature discontinuities at integer
points. Therefore, the wavefront set of f consists of the origin with all directions attached and the
tangents of concentric circles with integer radius. The fop right shows the analyzing shearlet which
is of tensor product type. The two figures at the bottom show the magnitudes of the shearlet coeffi-
cients corresponding to two different directions—the horizontal direction on the bottom left and the
diagonal direction with slope 1 on the bottom right. It is evident from these pictures that only the
parameters corresponding to points of the wavefront set have nonnegligible shearlet coefficients

Then it holds that
f € H%(t,50) & S5(f) € LP(A),

for a neighborhood .4 of (fg,so). The proof is similar to the proof of the corre-
sponding curvelet result [3] and will be given elsewhere. <>
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Analysis and Identification of Multidimensional
Singularities Using the Continuous Shearlet
Transform

Kanghui Guo and Demetrio Labate

Abstract In this chapter, we illustrate the properties of the continuous shearlet
transform with respect to its ability to describe the set of singularities of multidi-
mensional functions and distributions. This is of particular interest since singulari-
ties and other irregular structures typically carry the most essential information in
multidimensional phenomena. Consider, for example, the edges of natural images
or the moving fronts in the solutions of transport equations. In the following, we
show that the continuous shearlet transform provides a precise geometrical charac-
terization of the singularity sets of multidimensional functions and precisely char-
acterizes the boundaries of 2D and 3D regions through its asymptotic decay at fine
scales. These properties go far beyond the continuous wavelet transform and other
classical methods, and set the groundwork for very competitive algorithms for edge
detection and feature extraction of 2D and 3D data.

Key words: Analysis of singularities, Continuous wavelet transform, Shearlets,
sparsity, Wavefront set, Wavelets

1 Introduction

A well-known property of the continuous wavelet transform is its special ability to
identify the singularities of functions and distributions. This property is a manifes-
tation of the locality of the wavelet transform, which is extremely sensitive to local
regularity structures. Specifically, if f is a function which is smooth apart from a
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discontinuity at a point xg, then the continuous wavelet transform of f, denoted
by #y f(a,t), exhibits very rapid asymptotic decay as a approaches 0, unless  is
near xo [14, 16]. The complement of the set of locations where %y, f (a,r) has rapid
asymptotic decay, as a — 0, is called the singular support of f, and it corresponds,
essentially, to the set where f is not regular. Indeed, an even finer analysis of the lo-
cal regularity properties of f, expressed in terms of local Lipschitz regularity, can be
performed using the wavelet transform. This shows that there is a precise correspon-
dence between the Lipschitz exponent o of f at a point xo (where o measures the
regularity type) and the asymptotic behavior of #y, f(a,xo) as a — 0 (see [10, 11]).
This is in contrast with the traditional Fourier analysis which is only sensitive to
global regularity properties and cannot be used to measure the regularity of a func-
tion f at a specific location.

However, despite all its good properties, the wavelet transform is unable to pro-
vide additional information about the geometry of the set of singularities of f. In
many situations, such as in the study of the propagation of singularities associated
with PDEs or in image-processing applications such as edge detection and image
restoration and enhancement, it is extremely important not only to identify the lo-
cation of singularities, but also to capture their geometrical information, such as
the orientation and the curvature of discontinuity curves. We will show that, to this
purpose, directional multiscale methods such as the shearlet transform provide, in
a certain sense, the most effective solution, thanks to their ability to combine the
microlocal properties of the wavelet transform and a sharp sensitivity for directional
information.

In fact, it was shown that the continuous curvelet and shearlet transforms can be
used to characterize the wavefront set of functions and distributions [1, 4, 12]. Fur-
thermore, as will be discussed in this chapter, the continuous shearlet transform can
be used to provide a very precise geometric description of the set of singularities,
together with the analysis of the singularity type. Not only do these results demon-
strate that the continuous shearlet transform is a highly effective microanalysis tool,
going far beyond the traditional wavelet framework; they also set the theoretical
groundwork for very competitive numerical algorithms for edge analysis and detec-
tion, which will be discussed in chapter “Image Processing using Shearlets” of this
volume (see also the work in [18]).

In order to illustrate the properties of the shearlet transform with respect to the
analysis of singularities, let us start by presenting a few simple examples. This will
introduce some general concepts which will be further elaborated in the rest of the
chapter.

1.1 Example: Line Singularity

In many signal and image-processing applications, there is a particular interest in
functions which are well localized, that is, they have rapid decay both in R"” and
in the Fourier domain. Since functions which have rapid decay must have highly
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regular Fourier transform and vice versa, it follows that well-localized functions
must also exhibit good decay both in R" and in the Fourier domain. Hence, one way
to obtain well-localized functions is to define them in the Fourier domain so that they
have both compact support and high regularity. In particular, we are interested in
affine families of functions on R” of the form vy, (x) = [detM| /2y (M~ (x 1)),
where t € R"” and M € GL,(R). Indeed we have the following observation stating,
essentially, that if { has compact support and high regularity, then the functions
Y, are well localized.

Proposition 1. Suppose that y € L*(R") is such that { € CZ(R), where
R =supp @ C R"™. Then, for each k € N, there is a constant C; > 0 such that, for
any x € R", we have

Wt ()] < Ci|detM| 2 (1+ M (x—1)2) .

In particular, Cr = km(R) (|l + [| AXP||e0), where N =31 | a%zz is the frequency
domain Laplacian operator and m(R) is the Lebesgue measure oflR.

Proof. From the definition of the Fourier transform, it follows that, for every x € R",

()| < m(R) [ (D

An integration by parts shows that

[ 2@ ag = —2n P y()
and thus, for every x € R",
@r ) [y ()| < m(R) | A |- 2
Using (1) and (2), we have
(14 2 ] ¥) [y )| < m(R) ([ 9]+ | A5, 3
Observe that, for each k € N,
(14 )k < (14 2r)2 ) <k (1+ 2rlx)?).
Using this last inequality and (3), we have that for each x € R”
[W)| < km(R) (14 [x?) 7 ([l + | 4|

The proof is completed using a simple change of variables. O
It is clear that Proposition 1 applies, in particular, to the continuous shearlet sys-

1/2
) ,fora>0,seR,r e R2 (provided

a —a N

0 al/Z
that y satisfies the assumptions of the proposition).

tems { Wy st = Way, 1 1 Where My, =
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X,

O(a)

™~

0o@@™)

Fig. 1 Linear singularity. Left: The continuous shearlet transform of the linear delta distribution
v, has rapid asymptotic decay except when the location variable ¢ is on the support of v, and the
shearing variable s corresponds to the normal direction at #; in this case ijva (a,s,t) ~ a/ 4
as a — 0. Right: The continuous shearlet transform of the Heaviside function has rapid asymptotic
decay except when the location variable ¢ is on the line of x; = 0 and the shearing variable s

corresponds to the normal direction to this line; in this case .77, v, (a,s,t) ~ @ asa—0

In the following, we will assume that v, the generator of the continuous shearlet
system, is a classical shearlet, according to the definition in chapter “Introduction
to Shearlets” of this volume. That is, for & = (£,&) € R?, & # 0, we have

W(E) = 0 (&) v (%)

where

e i € CZ(R), supp iy C [—2,—%] U [%,2], and it satisfies the Calderdn condition

/w|lf/1(aa))|2%:1,fora.e.a)eR. 4)
0
o ¥r € CZ(R), supp ¥ € [~ 2, 2], and [[ya]> = 1. 5)

Since § € C°(R?), it follows that y € .#(R?) and, therefore, the continuous shear-
let transform of f, denoted by

‘%%ﬂwf(avsvt):<fywa,s,t>a (a,s,t)€R+xR,xR2,

is well defined for all tempered distributions f € .’. Hence, we can examine the
continuous shearlet transform of the delta distribution supported along the line
X1 = —pxy, which we denote by v, (x1,x2) = 8(x; + px2), p € R and is defined by

(Vp, f) Z/Rf(—sz,m)dxz.

The following simple result from [12] shows that .77, v, (a,s,1), the continuous
shearlet transform of v, has rapid asymptotic decay, as a — 0, for all values of
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s and ¢, except when ¢ is on the singularity line and s corresponds to the normal
orientation to the singularity line (see Fig. 1). Here and in the following, by rapid
asymptotic decay, we mean that, given any N € N, there is a Cy > 0 such that
| Sy vp(a,s,p)| < Cya, asa— 0.

Proposition 2. Ift; = —pt, and s = p, we have
1
lim a? .74, t) #0.
lima wVpla,s,t) #
In all other cases,

lima NS4, vy(a,s,t) =0, forall N >0.

a—0

Proof. Recall that the Fourier transform of v, is given by
Op(élaéz) = //5()61 —i—pxz)e*Z”i(f;x) dx, dx;

7/ —27ixy (& —p &) dx; =06(&—péy) = %)(élaéﬂ.

That is, the Fourier transform of the linear delta on R? is another linear delta on R2,
where the slope —% is replaced by the slope p. Hence, a direct computation gives:

FHyvp(a,s,t) =

ast>

(Vp,
/uv (&P A
Wakr,apé —/as§)e 2 (1Fr0) 4,

/ (&1,a” 21751—61 2s§1) Z”i“7151(11+1712)d§1

1

/ P (&) PalaH (p—s))e 2 Gl gy

1

=a 1 (a2 (p—9)) yi(—a ' (t+pn)).

| \
\

H
m

||
m

Recall that {, is compactly supported in the interval [—1, 1]. It follows that, if s # p,
then n(a~'>(p —5)) — 0 as a — 0 since |p — s| > +/a for a sufficiently small.
Thus, lim,_,0 .75, vp(a,s,t) = lim,_o(Vp , Ya,s;) = O for s # p. On the other hand,
if ) = —pty and s = p, then Y (a~'/?(p —5)) = ¥»(0) # 0, and

1

PN BN | 1
(Vp s Wass) =a *¥n(a 2(p=9) y1(0) ~a 4, asa— 0.
Finally, if t; # —pt,, Proposition 1 implies that, for all N € N,
(Vps Was.a)

<a 1@ (p—9)wila (1 +pn))|
<Cya i n(a t(p—s))(1+a 20 +pn)?) N ~a®-

F.

,asa—0. O
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As another example of line singularity, we will consider the Heaviside function
H(x1,x2) = Xx,>0(x1,x2). Also in this case, as the following result shows, the con-
tinuous shearlet transform has rapid asymptotic decay, as a — 0, for all values of s
and ¢, except when ¢ is on the singularity line and s corresponds to the normal ori-
entation to the singularity line (see Fig. 1). Notice that, using an appropriate change
of variables, this result can be extended to deal with step discontinuities along lines
with arbitrary orientations.

Proposition 3. If 1 = (0,1,) and s = 0, we have

lima~ 454%”1,,H(a 0,(0,12)) #0.

a—0

In all other cases,

lima N.%¢,H (a,s,t) =0, forallN > 0.

a—0

Proof. Observe that %H = 8y, where 0 is the delta distribution defined by

(61,9) /(1) 0,x2)dxz,

and ¢ is a function in the Schwartz class .# (R?) (notice that here we use the notation
of the inner product (, ) to denote the functional on .#’). Hence

H(&1,8) = (2ni&) ' 61(81,6),

where 31 is the distribution obeying

(81.6) = [ 6(&1.0)dz.
The continuous shearlet transform of H can now be expressed as
SHyH (a,s,t) = (H, Wass)
— [ (miE) 181 (€) P §)d
= [ @ri&) Fui(&1,00d8,
= /ﬂ% %W(afl)%(a%) emiein g¢,

3/4

_ar = Zﬂlu[l %
-~ 2mi Yol /Wl u

where ¢ is the first component of ¢ € R,
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Notice that, by the properties of i, the function J;(v) = [p Wy (u) e du
decays rapidly, asymptotically, as v — . Hence, if #; # 0, it follows that  ( %)
decays rapidly, asymptotically, as @ — 0, and, as a result, .77¢,H (a,s,t) also has
rapid decay as a — 0. Similarly, by the support conditions of s, if s # 0 it follows

that the function lflz(a’%s) approaches 0 as a — 0. Finally, if 1; = s = 0, then

_ 1 — —  du
a 3/4Y%1,,H(a,0,(0,t2)):ﬁWZ(O)/le(u) S s0. 1

1.2 General Singularities

The two examples presented above show that the continuous shearlet transform de-
scribes, through its asymptotic decay at fine scales, both the location and the ori-
entation of delta-type and step-type singularities along lines. As will be discussed
below, this result holds in much greater generality. In particular, away from the sin-
gularities, the continuous shearlet transform has always rapid asymptotic decay. At
the singularity, as the examples suggest, the behavior depends (1) on singularity
type and (2) on the geometry of the singularity set.

For the dependence on the singularity type, both examples show that nonrapid
decay occurs at the singularity, in the normal orientation. However, for the step sin-
gularity, we found that, as @ — 0, 5%, H (a,0,(0,1)) ~ a>/* (slow decay), whereas
for the delta singularity we found .75, v, (a,s,t) ~ a~'/* (increase). This shows
that the sensitivity on the singularity type is consistent with the wavelet analysis as
presented in [10, 11]. Recall, in fact, that if f € L>(R) is uniformly Lipschitz o in
a neighborhood of ¢ and { is a nice wavelet, the continuous wavelet transform of f
satisfies

Wy f(at) < Ca% /2,

which shows that the decay is controlled by the regularity of f at 7. This analysis
extends to the case where f has a jump or delta singularity at ¢, corresponding to
o =0 and o = —1, respectively. This yields that %7 f(a,t) has slow decay a'l? if
¢ is a jump discontinuity, while it increases as a /2 if ¢ is a delta-type singularity
(cf. [15]).

That the qualitative behaviors of the decay of the continuous shearlet transform at
the singularity is similar to the continuous wavelet transform should not be surpris-
ing since the continuous shearlet transform preserves the microlocal features of the
continuous wavelet transform. Additional observations about this aspect are found
in [5, 12].

On the other hand, the ability of the continuous shearlet transform to detect the
geometry of the singularity set goes far beyond the continuous wavelet transform
and is its most distinctive feature. As a particular manifestation of this ability, we
will show that the continuous shearlet transform provides a very general and elegant
characterization of step discontinuities along 2D piecewise smooth curves, which
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O( a3/4)

O ( a3/4)

Fig. 2 General region S with piecewise smooth boundary dS. The continuous shearlet transform
of B = xs has rapid asymptotic decay except when the location variable 7 is on dS and the shearing
variable s corresponds to the normal direction at #; in this case .77%, B(a,s,t) ~ a*/*, as a— 0. The
same slow decay rate occurs at the corner points, for normal orientations

can summarized as follows (see [6, 7]). Let B = ys, where S C R? and its boundary
dS is a piecewise smooth curve.

o If r ¢ JS, then /7 B(a,s,t) has rapid asymptotic decay, as a — 0, for each
seR.

e If7 € dSand dSis smooth near 7, then .74, B(a, s,t) has rapid asymptotic decay,
as a — 0, for each s € R unless s = s is the normal orientation to dS at p. In this
last case, /7y, B(a,so,t) ~ a%, asa — 0.

e If7is a corner point of dS and s = 59, s = s; are the normal orientations to 9§ at
t, then S5y B(a,so,t), S yB(a,s1,t) ~ ai, as a — 0. For all other orientations,
the asymptotic decay of .77, B(a, s,t) is faster (even if not necessarily “rapid”).

This behavior is illustrated in Fig. 2.
The proof of this result and its generalization to higher dimensions will be the
main content of the sections below.

2 Analysis of Step Singularities (2D)

In this section, we describe how the shearlet framework is employed to provide
a characterization of the step singularities associated with functions of the form
B = s, where S is a bounded region in R?, and the boundary set 9 is piecewise
smooth.
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Before presenting this result, let us discuss the properties of the continuous shear-
let transform that are needed for this analysis. As already noticed in chapter “Intro-
duction to Shearlets” of this volume, the continuous shearlet transform exhibits a
directional bias which is manifested, in particular, by the fact that the shearlet de-
tection of the line singularity given by Proposition 2 does not cover the case where
the singularity line is , = 0. In this case, in fact, to be able to capture the correct
orientation, the shearing variable should be taken in the limit value s — co. As also
discussed in chapter “Introduction to Shearlets” of this volume, this limitation can
be overcome by using the cone-adapted continuous shearlet systems.

Hence, for & = (£1,&) € R?, we let y), y(") be defined by

P(ELE) = (&) Pa(2), 9(EL8) = (&) Pa(

a —a'l%s a2 0
Mas - ; Nas - )
0 al/? —al?sa

we define the systems of “horizontal” and “vertical” continuous shearlets by

);

mzw

and, for

{y/as, |det Mus|~ 21;/ DM (x—1):0<a<l -3 <s<31eR?,

{Wa st |detNas|77W(h (Na; (x—1)): 0<a< ?11’ _% <s< %7t € Rz}-

Notice that, in the new definition, the shearing variable is now allowed to vary over
a compact interval only. In fact, as also described in chapter “Introduction to Shear-
lets” of this volume, each system of continuous shearlets spans only a subspace of
L*(R?), namely, the spaces L>(2")" and L>(2)", where ") and 22(")

the horizontal and vertical cones in the frequency domain, given by

= {(&1,&) €R*:|&| > 2and |2] < 1}
= {(&,&) €R?:[&] > 2and | B > 1}.

Hence, we will define a continuous shearlet transform which uses as analyzing ele-
ments either the “horizontal” or the “vertical” continuous shearlet system. That is,
for0<a<l1/4,seR,t€ R2, we define the (fine-scale) cone-adapted continuous
shearlet transform as the mapping from f € L*(R?\ [-2,2]?)" into %%, f which
is given by

IAN fla,s,t) = (Fulh), ifls| <1
%(Vf( 0= (), i s > 1.

The term fine scale refers to the fact that this shearlet transform is only defined for
values 0 < a < 1/4. In fact, for the analysis of the boundaries of planar regions, we
will only be interested in deriving asymptotic estimates as a approaches 0.

Finally, we will still assume the shearlet generators y) y(") are well-localized
functions. However a few additional assumptions with respect to Sect. 1.1 are

IHyf(a,s,t) = {
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needed. For completeness, we summarize below the complete set of assumptions
on the functions 1, y,. We assume that:

e Jy € CT(R), supp ¥y C [2,—3]U[3,2], is odd, nonnegative
on [},2] and it satisﬁes/ [ {1 (ad)
0

e € CZ(R), suppyn, C [—%, %], is even, nonnegative,

d
|Z§ =1, forae. & €R; (6)

decreasing in [0, %), and ||y»|. = 1. (7

Before presenting the proof of the general characterization result, it is useful to
examine the situation where S is a disc. In this case, thanks to the simpler geometry,
it is possible to use a more direct argument than in the general case.

2.1 Shearlet Analysis of Circular Edges

Let Dy be the ball in R? of radius R > Ry > 0, centered at the origin, and let Bg =
Xpg- It was shown in [6] (by refining an incomplete proof in [12]) that the continuous
shearlet transform of Bg exactly characterizes the curve 0 Dg.
Theorem 1. Let 1 € P= {t = (11,12) € R*: [2[ < 1}.
Ift =1ty = R(cos 6y,sin 0y), for some |6p| < §, then
lim a3 .7, Bg(a, tan 6, 19) # 0. (8)

a—0t
Ift =ty and s # tan 0y, or ift ¢ dD(0,R), then

lim a N %#,Bg(a,s,t) =0, forall N> 0. 9)

a—0t

Proof (Sketch). We only sketch the main ideas of this proof, since this result is a
special case of Theorem 2, which will be presented below. Also, we will consider

the system of horizontal shearlets {wﬁ@,} only, since the analysis for the vertical
shearlets is essentially the same. For simplicity of notation, we will drop the upper-
script (h).

A direct computation gives:

y%WBR(Cl,S,t) = <§R7 Wa,s,t)
=al /R/R Pn(a&r) Ya(a 2 (% —5))eX™EN) Br(&1, &) dE A&, (10)

For R = 1, the Fourier transform B; (&1,&) is the radial function:

Bi(&1,&) =& (2m|é)),
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where J; is the Bessel function of order 1, whose asymptotic behavior satisfies [17]:

T

n(emigl = 1 1EI* cos (20121 -3 ) 4021 as ] o

It is useful to express the integral (10) using polar coordinates. For |;—f| <1, s < %

and %R <r<2R,wewriter = (t1,t) as r (cos 0y, sin 6y ), where 0 < |G| < %. Thus,
we have:

y%WBR(a,S,r, 90)

oo 27T . ~
—at [ [ in(apcos0)in(a (tang — )X PO WR? By (Rp)dopdp
0 Jo

Nl

oo 2T .pr ~
:Rz"f%/o /0 V1 (pcos®)yn(a (tane—s))ezm%“s“’*"“)Bl(%depdp

= Rzaf% /o n(p,a,s,r, 9())§1 (ij) pdp, (1

where

2 . pr
n(p.a,s,r,00) = | Wi(pcos®)Pa(a?(tand —s))e>ms os(6-60) g
0

= nl(paaasarv 60) - n2(p7avsvr7 90)5

and

M(p.a,s.r,60) = [ - ¥i(pcos®) Yn(a 2 (tan® — s))e2miF <s0-f)gg;  (12)

]

Bl

M2(p,a, 5,1, 6) — / * Yi(pcosd) n(a* (tanf —s))e HE«O-®) 4g. (13)
2

In the last equality, we have used the fact that {J; is odd. Hence, using the asymptotic
estimate for J;, for small a we have:

Nl—

R

SHyBr(a,s,r,6)) = ai — (I(a,s,r,00) + E(a,s,r,0)),

where

I(a,s,r,@o):/ n(p,a,s,r,06) cos(anP—¥> p*%dp,
0 a

- —3)2
Elasr ) = [ n(p,a,s,r,eow((%) )p%dp.
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At this point, taking advantage of the assumptions on the support of {; and {»,
one can show that, as a — 0, we have that

aPE= O(agfﬁ) -0

uniformly for s,r,R, for each § € (0,1).

It follows that the asymptotic behavior of .#7¢,Bg(a,s,r,6), as a — 0, is con-
trolled by the integral I(a, s, r, 6p). The rest of the proof is divided into several cases,
depending on the values of s and r, which we briefly summarize.

Case 1: s # tan ) (non-normal orientation)

In this case, since the derivative of the phase of the exponential in the inte-
grals (12) and (13) does not vanish, an integration by parts argument shows that
In(p,a,s,r,00)| < Cyd", for any N > 0. This implies that I(a,s,r,6y) has rapid
asymptotic decay, as a — 0.

Case 2: s =tan 6y, but » # R (away from the boundary)

The original argument in [6] was rather involved. Lemma 2, which is used in the
general result, provides a simpler proof for this situation.

Case 3: s =tan6), r = R (normal orientation)
Setting s = tan 6y and t = R(cos 0y, sin ), a direct computation leads to the ex-
pression:
.3 . .3
lima |56y Bg(a,s,t)| = lima  |.75¢,Bg(a,tan 6y, R, 6y)|
a—0 a—0

3mi

e 4 [ l—
= =55~ [ wpcosen)pthlp.Ridp (14
e% A 1
+ T/0 Vi(pcoso)p hip,R)dp|, (15)
where 1
R ! .
h(p,R) = ?2 W (usec? By) e PR dy.
J—1

Combining (14) and (15) and using the fact that {; is even, it follows that
lima 3 |-#yBr(a,tan 6y, R, 6y)|
a—0

. 1
:_ViR / W1 (p cos go)p*%/lsz(usecz 6o) (sin(npRuz)—l—COS(”PR”z)) dudp|.
o 0

The proof is completed using the fact that ¥, is decreasing and applying the follow-
ing Lemma, which is also found in [7].
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Lemma 1. Let v, € L*(R) be such that ||ys||2 = 1, supp Y C [—1,1] and W, is an
even function and is nonnegative and decreasing on [0, 1]. Then, for each p > 0, one
has

/01 Vo (u) (sin(mpu?) + cos(mpu?)) du > 0.

2.2 General 2D Boundaries

As indicated above, the characterization result for the boundaries of 2D regions
holds for general bounded planar regions S C R? whose boundary is piecewise
smooth.

More precisely, we assume that the boundary set of S, denoted by 9, is a sim-
ple curve, of finite length L, which is smooth except possibly for finitely many
corner points. To precisely define the corner points, it is useful to introduce a
parametrization for dS. Namely, let o/(¢) be the parametrization of dS with re-
spect to the arc length parameter 7. For any ) € (0,L) and any j > 0, we as-
sume that lim, - al(t) = aV)(ty) and lim, alW(t) = al(1y) exist. Also,
let n(z~), n(z") be the outer normal direction(s) of dS at o(r) from the left and
right, respectively; if these two are equal, we write them as n(¢). Similarly, for the
curvature of 9, we use the notation x(z7), k(t*), and x(r).

We say that p = o(to) is a corner point of S if either (1) o' (ty ) # +o/(17)
or (2) o/(ty)=+0d(t;), but k(t; ) # k(t; ). When (1) holds, we say that p is a
corner point of first type, while when (2) holds, we say that p is a corner point of
second type. On the other hand, if o/(7) is infinitely many times differentiable at 7o,
we say that o/(ty) is a regular point of dS. Finally, we say that the boundary curve
o(t) is piecewise smooth if the values o) are regular points for all 0 <t <L,
except for finitely many corner points.

Notice that it is possible to relax the assumptions on the regularity, by assuming
that the regular points of dS are M times differentiable, for M € N, rather than
infinitely differentiable. All the results presented below can be adapted to the case
of piecewise M boundary curves, for M > 3.

Let p = o(tg) be a regular point and let s = tan(6) with 6y € (-7, 7). Let
O(6y) = (cos By,sin By). We say that s corresponds to the normal direction of dS at
pif ©(6y) = £n(zp). We can proceed similarly when o(#y) is a corner point. In this
case, however, there may be two outer normal directions n(z, ) and n(z ).

We are now ready to state the following results from [7].

Theorem 2. Let B = ys, where S C R? satisfies the properties described above.
(i) If p ¢ 9S then

lim a V .%%,B(a,so,p) =0, forall N > 0. (16)

a—0t
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(ii) If p € dS is a regular point and s = sy does not correspond to the normal
direction of dS at p then

lim a ~ .%%,B(a,so,p) =0, forall N > 0. (17)

a—0t

(iii) If p € S is a regular point and s = sy corresponds to the normal direction of
dSs at p then

lim a3 SHyB(a,so,p) # 0. (18)

a—0t
In the case where p € dS is a corner point, we have the following result.
Theorem 3. Let B = x5, where S C R? satisfies the properties described above.

(i) If p is a corner point of the first type and s = so does not correspond to any of
the normal directions of dS at p, then

lim a3 S,B(a, s0, p) < . (19)
a—0t

(ii) If p is a corner point of the second type and s = sy does not correspond to any
of the normal directions of S at p, then

lim a3 .#,B(a,s0, p) #0. (20)

a—0t

(iii) If s = s corresponds to one of the normal directions of dS at p then

lim a7 SHyB(a,so,p) #0 21)
a—0T
Theorem 2 shows that, if p € dS is a regular point, the continuous shearlet trans-
form decays rapidly, asymptotically for a — 0, unless s = so corresponds to the
normal direction of dS at p, in which case

SHyB(a,so,p) ~ O(a%), asa — 0.

This result contains the situation where B is a disk, as a special case.

Theorem 3 shows that, at a corner points p, the asymptotic decay of the continu-
ous shearlet transform depends both on the tangent and the curvature at p. If s = s
corresponds to one of the normal directions of dS at p, then the continuous shearlet
transform decays as

SHyB(a,so,p) ~ O(a%), asa — 0.

This is the same decay rate as for regular points, when sy corresponds to the normal
direction (but now there are two normal directions). If p is a corner point of the
second type and s does not correspond to any of the normal directions, then

SHyB(a,so,p) ~ O(a%), asa — 0,
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which is a faster decay rate than in the normal orientation case. Finally, if p is
a corner point of the first type and sp does not correspond to any of the nor-
mal directions, then, by the theorem, we only know that the asymptotic decay of
|-y B(a, s, p)| is not slower than O(a% ); however, the decay could be faster than

9 . e . .
O(a#). For example, as shown in [7], if p is a corner point of a half disk, when s
does not correspond to the normal directions, we have that

-z:-\»o

SHyB(a,so,p) ~ O(a?), asa— 0.

However, when p is corner point of a polygon S and sy does not correspond to the
normal directions, for any N € N, there is a constant Cy > 0 such that

| B(a,s0,p)| < Cna", asa— 0.

2.3 Proofs of Theorems 2 and 3

It is clear that the proof used for the disk in Sect. 2.1 cannot be extended to this case
directly since that argument requires an explicit expression of the Fourier transform
of the region B. Instead, using the divergence theorem, we can express the Fourier
transform of our general region B C R? as

3 %2 1 —2mi(& x
B(&) = xs(8) = T2iE] Jas© 2789 9(6) - n(x) do (x)
_ 1 L —2mip O(0)-a(t) .
- _27rip/o e ©(6)-n(r)dr (22)

where £ = p©(0), ©(0) = (cos0,sin 0). Notice that this idea for representing the
Fourier transform of the characteristic function of a bounded region is used, for
example, in [13].

Hence, using (22), we have that

SHyB(a,s,p)
= (B, Wasp)
2
—/ / B(p,0) 9%, (p.0) pdpde

2r
27(1/ / / ‘l/a&pp 6)e mpol@)ret) g ©(0)-n(r)drdpde, (23)

where the upper script in qfﬁ‘? p is either d = h, when |s| < 1, ord = v, when [s| > 1.

The first useful observation is that the asymptotic decay of the shearlet transform
SHyB(a,s,p),as a— 0,is only determined by the values of the boundary S which
are “close” to p. To state this fact, for € > 0, let D(g, p) be the ball in R2 of radius
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¢ and center p, and D(g, p) = R?\ D(g, p). Hence, using (23), we can write the
shearlet transform of B as

ﬂ%ﬁ,B(a,s,p) =1 (a,s,p) +12(a,s,p),

where
Ii(a,s,p)
B 2m/2n/ /{)SQDEP »(p,0)e 2P0 g(9) . n(r)drdpdo, (24)
L(a,s,p)
27r1/2”/ /asmz e.p) Aa(fls,p (p,0)e 2mPO0) g (0) n(r)drdpde. (25)

Thus, the following Localization Lemma shows that I, has rapid asymptotic decay,
at fine scales.

Lemma 2 (Localization Lemma). Ler I(a,s, p) be given by (25). For any positive
integer N, there is a constant Cy > 0 such that

|la(a,s,p)| < Cya?,
asymptotically as a — 0, uniformly for all s € R.

Proof. We will only examine the behavior of I (a, s, p) for |s| < 1 (in which case, we
use the “horizontal” shearlet transform). The case where |s| > 1 is similar. We have:

_ 1 o o 21ipO(0)-u(r)
L(a,s,p) = Tom /astc ) / / llfas,p p,0)e ©(6)-n(t)dtdpdo

—a3/4 27 12
= 0 0)Yn(a /~(tanb —
- /{W o /0 /0 1 (ap cos8) ¥ (a~/*(tan & — 5))

2P O(6)p dp d@e—27ipO(0)-a(r) O(0) -n(r)dr
g1/

2m oo
= . 1 cos0) Un(a '/ (tan O —
=/ e | [ e cose) a2 ano )

x 25 0(0) (=) @ (@) . n(r)dp d§ dr.

By assumption, ||p — a(r)|| > € for all o(r) € dSND(e, p). Hence, there is
a constant C,, such that infycy5pee ) [P — x| = Cp. Let & = {0 : [tanB —s| <
a%}, J1={6:16(0)-(p—x)| > \C/—%}ﬂf, and % = .7 \ .Z]. Since the vectors
©(0),0'(0) form an orthonormal basis in R?, it follows that, on the set .#;, we have
©'(0) - (p—x)| > f Hence, we can express the integrals /; as a sum of a term
where 6 € .#) and another term where 6 € .%, and integrate by parts as follows.
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On .7, we integrate by parts with respect to the variable p; on .#, we integrate
by parts with respect to the variable 0. Doing this repeatedly, it yields that, for any
positive integer N, |L(a,s,p)| < Cy a?, uniformly in s. This finishes the proof of
the lemma. O

Let () be the boundary curve 95, with 0 < ¢ < L. We may assume that L > 1
and p = (0,0) = o(1). When p is a corner point of 95, we can write

€ =0dSND(e,(0,0)) =¢ UET,
where
¢ ={at):1-e<t<1}, € ={a):1<t<1+¢}. (26)

When p is a corner point of dS and s corresponds to one of the normal directions
of dS at p, it will be useful to replace the portion of dS near p by the Taylor poly-
nomials of degree 2 on both sides of p. Notice that these two polynomials are not
necessarily the same since p is a corner point.

On the other hand, for regular point p € 9, rather than using the arclength rep-
resentation, we let €7 = {(G"(u),u), 0 <u<e}and ¢ = {(G (u),u), —€ <
u <0}, where G (1) and G~ (u) are smooth functions on [0, €] and [—¢,0], respec-
tively. Without loss of generality, we may assume that p = (0,0) so that uy = 0 and
G(0) = 0. Hence, we define the quadratic approximation of S near p = (0,0) by
dSo = (Go(u),u), where Gy is the Taylor polynomial of degree 2 of G centered at
the origin, given by Go(u) = G'(0)u+ 1G”(0)u®. Hence, we define By = xs,, where
So is obtained by replacing the curve dS in B = s with the quadratic curve dSy
near the point p = (0,0). If p is a corner point, then Sy is obtained by replacing the
curve dS near p in B = s with both the left and right quadratic curves 05y near the
point p. For simplicity, we only prove the following result for a regular point p. The
argument for a corner point p is similar.

Lemma 3. For any |s| < 3, we have

lim a3 |7t B(a,s,0)) — Sy Bo(a,s,0)| =0

a—0t

Proof. Notice that, since we assume |s| < %, we use the system of “horizontal”
shearlets only.

Let y be chosen such that % <y< % and assume that a is sufficiently small, so
that a¥ < €. A direct calculation shows that

[ty Ba.0) = S Bo(a,s,0)| < [ W0 s = 2, (0|
= Ti(a) + Ta(a),
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where x = (x1,x,) € R? and

3
_ 4/ 025 (0) — s, (),
aV 00
3
) —a / 0 s (6) — s () dx.
(a?,(0,0))
Observe that:
Ti(a) < Ca~l / |25 (x) — x5, (x)] dx.
D(a?,(0,0))

To estimate the above quantity, it is enough to compute the area between the regions
S and Sp. Since Gy is the Taylor polynomial of G of degree 2, we have

Tl(a)§Ccf% / |x|3dx§Ca4Y7%

[x|<a”

. . 3
Since y > 2, the above estimate shows that T (a) = o(a?).

The assumptions on the generator function 1//("> of the shearlet system {I/ICE’?,}

imply that, for each N > 0, there is a constant Cy > 0 such that |y (x)| <

Cy (14 [x>)7™N. It is easy to see that (M,)~' = A, B, where By = ((1) :) and

_1
0 a2

Co > 0 such that ||Byx||? > Col|x||?, or (x1 + sx2)? +x3 > Co(x] +x3) for all x € R2.
Thus, for a < 1, we can estimate T»(a) as:

al o
A, = ( ) Also, it is easy to verify that, for all |s| < %, there is a constant

3

B <cat [ W) (M) d
D¢ (a?,(0,0))
-N

< Cya 3 / (1 + (a M (xy +sx2))* + (af%xg)z) dx

D¢(a?,(0,0))

-N

<Cyal / (@20 +50) + (@ 20)?)  de

De(a,(0,0)
=CNaN7% / (2 +x3) NVdx

Jpear,00)
= CNaNf% /wrlszdr

a¥

— Cya®NGY) i

where the constant Cy was absorbed in the constant Cy.
3
Since y < % and N can be chosen arbitrarily large, it follows that 73 (a) = o(a?%).

We can now proceed with the proof of Theorem 2. Here and in the proof of
Theorem 3, it will be sufficient to examine the case of the horizontal shearlets only.
The case of the vertical ones can be handled in essentially the same way.
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Proof of Theorem 2

e Part (i) This follows directly from Lemma 2.

e Part(ii) Assume that s = sy does not correspond to any of the normal directions
of dS at p = (0,0).

We write so = tan 6y, where we assume that |6y| < F. Otherwise, for the case
% < |6g| < Z, one will use the “vertical” shearlet transform, and the argument is
very similar to the one we will present below. Hence, we have that

I1(a,50,0) = —%/ Vi (p cos 8) ¥ (a/*(1an 6 — tan 6y))K (a, p, 0) dO dp,
0 JO
where
1+e .
K(a,p,0) = / ¢ 2750(0)a() 9 (9) . n(r)dr.
1—-¢

Letting G(t) € Cj(R) with G(r) = 1 for [t — 1| < £ and G(t) = 0 for [t — 1| > 3£,
we write
Ii(a,50,0) = I11(a,s0,0) 4 I12(a,s0,0),

where
cf% o0 ZﬂA R 1
Ill(a,so,O):—%/o/o 1 (p cosB) P (a3 (tan 6 — tan 6))K (a, p, 0) dO dp,
a i = N
Ilg(a,so,O):—%/o [ 1 (peos6) pala (1an 6 —tan60))Ka(a.p. 0)d0 dp.
and
1+¢ .
Ki(a,p,0) = /1 - e~27180(0)0() ©(9) . n(1)G(r) dr
1+e .
Kafap.0) = [ e mE00 0 0(9) n(r) (1-G()) dr.

From the definition of G(t), we have 1 —G(t) = 0 for |t — 1| < £. Since the
boundary curve {o(t), 0 <t < L} is simple and p = (0,0) = (1), it follows that
there exists a ¢y > 0 such that [|ct(r)|| > co for all r with § < |r— 1] < . Replacing
the set D°(g, p) by the set {a(t), § < |t — 1] < &}, one can repeat the argument of
Lemma 2 for I12(a, so,0) to show that |I}5(a,s0,0)| < Cya" for any N > 0.

Recall that, when a — 0, we have 6 — 6. Since sy does not correspond to the
normal direction at p, one can choose € sufficient small so that ©(0) - o/ (¢) # 0 for
|t — 1] < € and for all small a (and hence for 0 near 6). Also from the assumption
on G(t), it follows that G (1 — &) = 0 and G (1 + &) = 0 for all n > 0. Writing

~2miLO(0)-alr) _ —a —2miL0(0)-alr)’
¢ 211p0(0) - o/ (1) (e ) !
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it follows that

1+e Py} ) r@(0)- -n(t
Ki(a,p,6) = _27?ip /175 (e 21i20(0) oc(t)) ( )' ()G(t)dt

+K3(d,P,9)}

= —K 0
zn.p 3 (a7 p’ )7
where we used the fact that G(1 —€) =0, G(1+¢€) =0.
Repeating the above argument for K3(a, p, 0) and using induction, it follows that
for all N > 0 there exists a Cy > 0 such that |K(a,p,0)| < Cyd" and, hence, that
|111(Cl,S(),O)| < CNaN.

e Part (iii) We may assume that p = (0,0) and s = tan 6 for some |6| < . Let
S, G, Sy, Gy be defined as in Lemma 3. Thus, according to Lemma 3, on the curve

. o . 3
¢, one can use Go(u) to replace G (u) since the approximation error is o(a?).
For simplicity of notation, in the following we will use G to denote G™.

Using polar coordinates, we can express [ (a,0,0), evaluated on Sy, as

1(a,0,0) =— // Ui (pcosO)in(a %(tane—taneo))

2ma4

« / ~2mi8(c0s 0Go(0)+5in0 ) (_ 05 9 4 5in O Gy (u)) dudOdp.
—&

By Lemmas 2 and 3, to complete the proof it is sufficient to show

lim a 411(a 0,0) #0.

a—0

Let Hg (1) = cos 0Go(u) + usin@ and A = 1 G"(0). Since s = tan 6 corresponds to
the normal direction of Sy at p = (0,0), it follows that H’60 (0) = 0. This implies that

G'(0) = —tan 6y, so that Hg(u) = cos O (—u tan 8y + Au®) + u sin @ = Au’cos 6 +
u(sin @ — cos 6 tan 6y ). We will consider separately the cases A # 0 and A = 0.

Case 1: A # 0. In this case, we may assume that A > 0 since the case A < 0 is
similar. We have that

/s e,zn’i%(Go(u) cos @+usin6) (_ cos O + Gf)(u) sin 9) du
—&

pri (sinefcusglaneo)z € DY) - 2 ) .
=eca 24 cos 0 O COSG(ZAM sin @ — cos 6 — sin O tan ) du
—&

= Ko(e,a)—i—Kl(@,a),
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where ug = —W = —5-(tan® — tan 6),
pri (tan 0 —tan ) € DY) - 2
Ko(0,a) = —(cosB +sin 6 tan 6y) e 2x a / e 2mig eosO Alu—up)” gy
—&

prrmi (tan6— tanﬂo) € YY) - 2
K1(0,a) = 2Asinfe 24 a e 2Fig cosO Au—uo)%y gy
—&

In the expression of I, the interval [0, 27] of the integral in 6 can be broken into
the subintervals [ %, Z] and [Z, 3¥]. On [Z, 3Z], we let 6’ = 0 — 7 so that 6’ €
[—%, 5] and that sin® = —sin6’, cos® = —cos @’. Using this observation and the
fact that Jy is an odd function, it follows that /; (a,0,0) = I;o(a,0,0) + I11(a,0,0),

where for j =0, 1,

1(a,0,0) = — / / Vi (pcosO) W (a? (tan ) K;(6,4)d6 dp.
' 2riat
1 00
+ - / Wl(pcos@)ylz(a 2(tan9))Kj(9+7r,a)d9dp.
2mias /0 J-%

For 0 € (=%,%). lett =a~ i(tane—taneo) and a Tu=1u'. Since a — 0 implies
6 — 6y, we obtain

1 ip 2 [ ; 2
lim a 2Ky(6,a) = —secH e ! / e~ 2mipAcosBou—5z)” gy,
a—0t —oo

inp 2 [, 2
—Seceoeﬂt / e 2mipAcos Oyu du.

Similarly, we have that
_impo [ ; 2
lim a 2Ko(9+7r a) =secOye ' / 2mipAcosOyi® g,
a—07T J oo

Using the calculations of Ky(6,a) and Ko(0 + 7,a), it follows from the additional
factor u inside the integral of K, that K;(0,a) = O(a) and K;(0 + m,a) = O(a).
Thus, we obtain

. 2mi 2mi
alg})lm 1(a,0,0) = alim 3/4110(41,0,0).

Using the fact that ; is odd, we have that
lim 2mia~ 411(a 0,0)

a—0t

- bompp = —2mipAcos Bou?
:sec@o/ llfl(P)/ e’ ylz(t)dt/ g TPACSIU qydp
0 -1 —oo

oo 1 o
tsecy [ inlp) [ e H pu(oyar [ it qugp
JO —oo

J—1

oo 1 i .
ZSGCQ()/ ]i[l(p)/ 1,72([)29{{6 zftz/ ZmPAcosﬂouzdu}dtdp'
0 -1 J—oo
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Recalling the formulas of Fresnel integrals

/ﬂocos (%xz)wzlwsin (gxz)dx: 1,

it follows that
1

2,/pAcosfy

/ cos(2mpA cos Bpx?)dx = / sin(27pA cos Opx?)dx =

Thus, we conclude that

lim 2mia 31 (a,0,0)

a—0t

_ (se\c/?i | /0°° W%) ( [ 11 cos (552) ) ar+ [ 11 sin (352 %(r)dz) dp.

The last expression is strictly positive by Lemma 1 and by the properties of /.

Case 2: A = 0. Since, in this case, Go(u) = —utan6y and, hence, G{,(u) =
— tan 6y, it follows that

/ 6727r1;(G0(u) cos 0+usin6) (_ cos + G6(M) sin 9) du

—&

€
. Caip
= _(0059+sm9tan60)/ e 2milusing 4,

J—E
Using this observation, a direct calculation yields that
2wily (a, 0, 0)

1

oo 27T
= —afz/ U (p cos G)ﬁ/z(a*%(tane —tan6y))
0 Jo

€
X (— (cos O +sinOtan 6)) /

—€

e2n1§(sinecosetan90)udu> dedp
| [ € [2m 1
= a*I/O [8 A U (pcos0)Pn(a 2(tan6 —tan6y))
x e 2G04 (o5 6 + sin O tan 6) dO dudp
—at /ow/je /72; U (p cos 6)1/72(a’%((tan6 —tan6y))
x g~ 2 (sinf—cos O tan bo)u (cos 6 +sinBtan 6y) dO dudp
—I—a*%/ow /i/i y?l(pcose)lflz(a’%(tane—taneo))
J-el=5

x @21 (sin 6 —cos B tan b )u (cos 0 +sinBtan6y)d6 dudp
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. . 1 1
Using the change of variables t = a2 (tan 6 — tan6)) and a~2u = v/, from the last
set of equalities we obtain that

hm 2ria 411(a 0,0)

— / / Wl / ) 72nicos90ptudtdu dp
_|_/ / 1i/1 (P)/ l[?z(t)ezﬂicoseopt”dtdu dp
0 Jo -1

— sec 6 (0) /w%p)dp > 0.
0

This completes the proof of (iii) and, together with it, the proof of Theorem 2. O
We now prove Theorem 3. Notice that the proofs of parts (i) and (iii) are obtained
by modifying the arguments used in (ii) and (iii) of the proof above.

Proof of Theorem 3

e Part (i). The proof follows essentially the same ideas as in the proof of (ii) of
Theorem 2.

Assume that s = s¢ does not correspond to any of the normal directions of dS at
p =(0,0). As in the the proof of Theorem 2, we write sp = tan 6y, where we assume
that |G| < 7.

Breaklng the interval [—Z,3Z] into [—Z, %] and [Z, 3], and changing the vari-
able 6 = 6’ + r for the integral on %, 37”], we can write Ij, given by (24), as

I (a,s(), (0,0)) = Ill(a,s(), (0,0)) +112(a,s0, (0,0)),

where, for j = 1,2,
Lij(a, So,(o 0))

:——// ¥1(pcos0) Pn(a~'/?(tan 6 — tan 69)) K (a, p, 8) dOdp,

2mi
and
Kj(a,p,0) =Kji(a,p,0) +Kjp(a,p,0),
with
1 P
Kii(a,p,0) :/ e~ 27i50(0)a() 9 (@) .n(r)dr,
1
1+e p
Ki2(a,p,0) :/ e 2Ma00)e) 9 (9).n(r)dr,
1
1 p
K> (a,p,0) / ?™a®0)00) g(g) . n(r)dr,
1
1+e p
Ko (a,p, 6) / e27i50(0)a() 9 () . (1) dr.
1
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By the support condition on {r,, we have that 6 — 6y as a — 0. Since sy = tan 6
does not correspond to any of the normal directions of 4§ at (0,0), it follows that
O(6p) - &'(1) # 0. Hence, for a sufficiently small (in which case 6 is near 6)),
there is an € > 0 sufficiently small, such that ©(0) - o/ (¢) # 0 for all 6 near 6, and
t € [1 —€,1+ ¢g]. Next, writing

~27i20(0)-a(r) _ —a —27iLO(0)-alt) )’
¢ 211p0(8) - /(1) (e ) !

and then integrating by parts twice the integral Kj; with respect to 7, we obtain

L 1 ©(0)-n(r)
_ a 2720 (6)-a(r)
K = — a ——— 2 dt
na.p,6) 27ip /14 (e ) 0(0)- (1)
= Kiii(a,p,0) +Kia(a,p,0) + Kii3(a, p, 0) + 0(a?),
where
a ) (1= @(9)11(17)
K 0) = ——— 2ribe(6)-a(17) Z\V/ TN )
n(@p,6) = =55 0(6)-a/(1)
a oo e OO) n(l—¢)
K 0) = 2rif0(6)-a(1-¢)
n2(a,p,0) 2ip 0(6)-o/(1—¢)
@ 0 1 0(6)-nit) \"\|'
K 0) = — —2miL0(0)-ofr) '
e 0) = g (¢ 6(0)- () \0(0)- 7)) )|, .
Similarly, one can write
Ki2(a,p,0) =K1 (a,p,0) +Kin(a,p,0) + Kixz(a,p,0) + 0(a’).
Accordingly, we write
I (a,s50,p) = L (a,s0,p) + Iiiz(a,s0, p) + Iis(a, 50, p) + 0(a),
where, for/ =1,2,3,
a i oo s 12
ni(a,so,p) = _T/ U (pcosB)Yn(a/*(tan O — tan 6y))
mi Jo Jo
X(Klll(aupve)+K121(a7p76))dedp'
Similarly, for the integral /1, we write
ha(a,s0,p) = Io1(a, 50, p) + hi22(a, 50, p) + I123(a, 50, p) + O(a),
where, for/ =1,2,3,
1
a ® (= S 12
112,(a,s0,p):_7/ W1 (pcos8) ¥ (a~ /2 (tan 6 — tan 6))
mi Jo Jo

X (KZII(aan 6) +K221(aap7 6)) dedpv
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and the terms Kjj;,K;y; are constructed as the corresponding terms Kjj;,Kjo;.
A direct computation shows that

Kiii(a,p,0)+Kizi(a,p,0)+Kaii(a,p,0)+Kxi(a,p,0) =0,

and this implies that!

Lii(a,so,p)+oi(a,s0,p) =0.

Since dS is simple, it follows that c(1 —€) # (0,0) and o:(1 +€) # (0,0). There-
fore, by the argument used in the proof of Lemma 2, it follows that, for any N > 0,

II12(a,s0,p)| < Cya™, asa—0.

Similarly, one has
|1122(a,s0,p)| < CNCZN, asa— 0.

It only remains to analyze the terms /13,/123. To do that, notice that each one
of the elements K3, Ki23, K213, K223, is made out of two terms, one att = 1 £ €
and one at r = 1. As for the integrals /12 (a, so, p) and I122(a, so, p), also in this case
the K terms evaluated at # = 1 & € have fast asymptotic decay as a — 0, and can be
included in negligible part O(a*). Thus, in order to determine the asymptotic decay
rate for I113(a, so, p) + L123(a, so, p), one only needs to analyze the corresponding K
terms corresponding to ¢ = 1. To do that, let x(¢) be the curvature of S at a(z). By
the Frenet’s formula [3], we have that

Hence, using these equalities and the fact that the pair {¢/(¢), n(¢)} is an orthonor-
mal basis in R2, we have

(588)

(0(6)-n'(1))(©(6) - &'(1)) — (O(6) - &"(1)) (O(6) -n(r))
(©(6)-o'(1))?
__x()(©(8)- (1)) (0(6) (1) +(O(6) -n(1)) (O(6) -n(1)))
(©(0)-o/'(1))?

_ xWle®r k)
CIORA0 N CIORAO)N

It follows from the above observations that

im (2) (k;, K
1m ( 113(%50717)"' 123(‘1750,17))

a—0t \a

1 k(1) k(17)
~ (2mi)? ((@(90).af(1+))3 - (@(90)-a’(1))3> ' @7

! Notice: the assumption that 1§ is odd makes this cancellation possible. By contrast, the generating
function of the curvelet system, which is defined in polar coordinates, does not share this property.
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Similarly, one has

li P ? K5, K+
1m (Ky13(a,50,p) + Kys3(a,50,p))

a—0t \a

1 k(1) k(1)
= (2mi)? ((@(90).af(1+))3 - (@(90)-a’(1))3> ' 29

Finally, by making the change of variables u = a’% (tan® — tan 6) in 1113 and 1,23,
and applying (27) and (28), we obtain

. _9
11m+a 4 (1113(a7S05p) +1123(61,S(),p)) = _A7

a—0
where
A cos? By K(17) k(17)
-2l ((@(90)'05/(”))3 - (@(90)'06/(1))3>
x /w ¥ (p cos 6) dp /1 P (1) du < oo, (29)
0 -1

This completes the proof of part (i).

e Part (ii). It is sufficient to show that, if p is a corner point of the second type,
A # 0, where A is given by (29).

In fact, we have that
o (1) =a'(17) or (1" =-a(17).
If o/ (1) = o/ (17), from k(17) # k(17), we have

cos? 1M —x(17) [~ . L
" 2”20(’:9((90))-0521)))3/0 Vip cos6v)dp [  Pa(u)du 0.

If, on the other hand, o/ (1*) = —a/(17), then it follows that n(17) = —n(17).
Since o’ (1) = —x(1")n(17) and &”(17) = k(17 )n(17), and since k(17) #
k(17), we see that it is not possible to have x(17) = k(1) = 0. Since we know
k(1) >0, and k(1) > 0, it follows that k(1) + x(17) > 0. Thus, also in this
case, we have

ooy K(ID)4K(1) [~ »
A=om (@(90)-a/(1+))3/0 l/ll(pcoseo)dp[l ¥ (u) du # 0.

This completes the proof of part (ii).

e Part (iii). By the assumptions on the corner points, it follows that if s corre-
sponds to 4~ at p, then it cannot correspond to €’ at p. From part (i), we see
that it is enough to consider €~ or 4’ *. Thus, we may assume that s corresponds
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to the outer normal direction of €' * at p = (0,0). Since the argument for this
case is very similar to the one for (iii) of Theorems 2, to save the notations here
we assume 6y = 0 so that s = 0.

Let S, G, Sy, Gy be defined as in Lemma 3. Thus, according to Lemma 3, on 6",

. . . . 3
we one can use Go(u) to replace G (u) since the approximation error is o(a? ). For
simplicity, in the following we will use G to denote G*.
Using polar coordinates, we can express /; (a,0,0), evaluated on Sy, as

// W pCOS@ WZ(“ 2tan9)/ 72ni§(coseG0(u)+sin6u)
27r1a4 0

X (—cos 0 +sin® Gy(u))dudbdp.

11(6100

By Lemmas 2 and 3, to complete the proof it is sufficient to show
lim a3 I; (a,0,0) # 0.
a—0t

Since 6y =0, we have n(p) = (1
Go(u) = 3G"(0)u®. Let A = 1G" (0
and A = 0.

Case 1: A # 0. In this case, we may assume that A > 0, since the case A < 0 is
similar. We have that

,0). It follows that Gy (0) = 0, G;,(0) = 0 so that
). We will consider separately the case A # 0

€ o )
/ 6727{1;(G0(u)cos9+us1n6) (_ cos 0 + GE)(M) sin 9) du
0

pri sin2 0

€
. 2
= eTzcoseA/ g~ 2miG cos O A(u—ug) (—cos6 +2AusinB)du
Jo

= K()(@,a) +K1(9,a),

where ug = — ZA.cos g and
T _sin? € :
Ko(6,a) = —cos fe’s e / e 2miGeos0 Alu—ug)? gy,
0
i smz € .
Ki(0,a) = 2Asin fe’s Texo / e 2miGeos0 Alu—ug)®y gy,
0
In the expression of I, the interval [0, 27] of the integral in O can be broken into the
subintervals [— 7, 2] and [Z, 32].0n [Z, 3], welet6' =0 —msothat 6’ € [~ Z, %]
and that sin@® = —sin6’, cos® = —cos 6’. Using this observation and the fact that
y; is an odd function, it follows that I (a,0,0) = I,0(a,0,0) + 11 (a,0,0), where for
=01,

Ilj(a 0 0

/ /7 Vi (pcos 6)¥a(a} (tan 6))K;(6,a)d6 dp.

N\:u

27r1a4

+ // i (pcos0)Wa(a} (1an0))K; (6 + m,a)d6 dp.

27r1a4
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For 6 € (=%,%), lett =a “2tan6 (and a 2u = u'). Recall that as a — 0, 6
approaches 6y = 0 so that cos & — 1. We have

imp 2 [ oo a2
lim a 2Ky(6,a) = —e 24" / e—2mipA—4)? g,
0

a—0t
. 4 0 _
_ _e‘z’ffzz/ —2mipAu? du—e%lz / efzmpAu2 du.
0

%
Similarly, we have

w2 [ 0

2 : 2 inp 2 . 2

lim a 2K0(9+7r a)=—e” St / e2MPAU” 41 1 o~ iy / Q2mipAW? g,
0 t

a—0t -4

Since sin 6 = O(a%) (due to the conditions on the support of ), based on the calcu-
lation of Ky (0, a) and Ko(6 + 7, a), it follows that K; (6,a) = O(a), K; (6 + m,a) =
O(a). Thus,

27ri 27i
alil})l Sl 11(a,0,0) = aL 3/411()(61 0,0).
Finally, using the facts that {, is even, that the function fi) . e2mPA 4y is an odd

function of ¢, and using the formulas of Fresnel integral as in the proof of Theorem 2,
we conclude that

lim 27i @™ 11(a,0,0) = / o (p / e (1) dr / ¢ 2P Gy 4
0

a—0t

[0 [ e g [T audp
0 -1

_%/()w%(/ZCOS(ZX 2)1//2 dt+/ sm( £2>w(t)dt>dp.

The last expression is strictly positive by Lemma 1, and by the properties of ;.
Case 2: A = 0. Since, in this case, Go(u) = 0, it follows that

/s —2mil (Go(u)cos(-)Jrusme)(_COS6 n Gf)(u) 5in ) du — _Cose/sefzmgusinﬂ du.
JO 0

It follows that
2mily(a,0,0)

1

oo 21 € P
=—a * / U1 (p cos 6)1/72(51’% tan Q) <— cos 6 / g2l sind ”du>d9 dp
Jo Jo

27
= 7%/ / U (pcosB)yn(a” 2tan6) —2mig a0 0050 d0 dudp

H
4;\~

/ / /ﬂ‘l/l pcos®)Pn(a? (tan B))e 2Ma 04 co50 d du dp
K

oo £ . .
—i—a*%/ / / U (p cos O)WZ(a*%(tan 6))6:2’“%5‘“9” cos 6 d6 dudp
o Jo J-Z
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. . 1 1 .
Using the change of variablest = a2 tan0 (and @~ 2u = u’) we obtain

lim 27ia 3 I,(a,0,0)

a—0t
:/o/o lljl(p)/illpz(t)efzmpt”dtdudp—|—/O/0 VA]I(p)AIWZ(f)eznlpt"dtdudp
— 0(0)* | “@dp >0,

This completes the proof of (iii) and, together with it, the proof of Theorem 3. O

2.4 Extensions and Generalizations

The results presented above are limited to the analysis of the continuous shearlet
transform of characteristic functions of sets. It is clear that, to provide a more re-
alistic model for images containing edges, it would be useful to consider a more
general class of compactly supported functions, which are not necessarily constant
or piecewise constant.

Unfortunately, the analysis of this situation is significantly more complicated and
cannot be derived directly using the techniques developed above. This is due to the
fact that one main technical tool which was used to deduce Theorems 2 and 3 is the
divergence theorem (cf. (22)), which allows us to conveniently express the Fourier
transform of B = ¥, the characteristic function of a set S. If s is replaced by gxs,
this produces a convolution in the Fourier domain, and this has a dramatic impact
on all the arguments used above, even in the simplified situation where g can be
expanded using a Taylor polynomial.

Despite the fact that a general result for the characterization of singularities of
piecewise smooth functions is not known at the moment, it is still possible to derive
some useful observations which take advantage of the directional sensitivity of the
continuous shearlet transform. Following the approach in [6], let €2 be a bounded
open subset of R? and assume a smooth partition

L
Q=Jo,ur,
n=1
where:
(i) Foreachn=1,...,L, £, is a connected open domain

(ii) Each boundary do €, is generated by a C* curve ¥, and each of the bound-
ary curves %, can be parametrized as (p(60)cos0,p(0)sinf) where p(6) :
[0,27) — [0, 1] is a radius function

(i) I' = Uﬁzl daQ,, where doX denotes the relative topological boundary in Q
of X CQ
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Hence, we define the space E'3(Q) as the collection of functions which are com-
pactly supported in 2 and have the form

2 falx ) for xe Q\I'

where, foreachn=1,..., L, f,, € Cj(L2) with 35 <1 [|[D* £, ]|, < C for some C >0,
and the sets £, are pairwise disjoint in measure. The functions E'+3(Q) are a variant
of the cartoon-like images, where the set I describes the boundaries of different ob-
jects. Similar image models are commonly used, for example, in the variational ap-
proach to image processing [2, Chap. 3]. Notice that each term u, (x) = f,(x) xq, (x)
models the relatively homogeneous interior of a single object and that the definition
above does not specify the function value along the boundary set I".

For each x in a C3 component of I, we define the jump of f at x, denoted by [f],,
to be

[f]xzsli%lJrf(x""ng)_f(x_gvx)

where vy is an unit normal vector along I" at x. Also, for x € R2, L > 0, we denote the
cube of center x and side-length 2L by Q(x,L); that is, Q(x,L) = [~L,L]?> + x. For
k= (k1,ky) € Z2,1et M € N be sufficiently large so that each of the boundary curves

¥, may be parametrized as either (E(2),5) or (11,E(t1)) in Q(55, 1) if O(47, o) N
I # 0. We have the following result from [6].

Theorem 4. Let f € E'3(Q) and suppose that the boundary curve ¥, for some n,
is parametrized as (E(t),12) in Q(M, Al/l)for some k € 72, and that t = (E(t),1) €
Q(l{fl7 ZM) Jor some ty. If s = —E'(1), there exist positive constants Cy and Cy such
that

C[f < lim a3 |57 f(a5.0)| < G| 1) (30)
If s # —E'(1), then
lim a3 |5, f(a,s,1)] = 0. 31)
a—0T

This shows that, on the discontinuity curve, if s corresponds to the normal orien-

. . _3 .
tation, then the continuous shearlet transform of f decays as O(a™#), provided
[[f):| # 0. However, if s does not correspond to the normal orientation, we can only

claim that .77, f (a,s,t) decays faster than O(a’% ).

3 Extension to Higher Dimensions

The characterization of boundary regions using the continuous shearlet transform
extends to the 3D setting [8, 9]. However, due to the more complicated geometry,
the arguments for the 2D case do not carry over directly. More precisely, the main
difficulties arise in dealing with irregular points on the boundary of solid regions,
for which there are still some open problems as will be described below.
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3.1 3D Continuous Shearlet Transform

The construction of shearlet systems in 3D follows essentially the same ideas as the
2D construction. Also, in this case, it is convenient to use separate shearlet systems
defined in different subregions of the frequency space. This leads to the definition
of three pyramid-based systems, associated with the pyramidal regions:

P ={(&1.8,&) €R* & >2, |2 < land 2] <1},
Py ={(81,6,&) €R*: & > 2, |2]> Land | 2] <1},
Py ={(&,6,8) €R*: & >2, (2] <1and [2]>1}.

For & = (£,6,8) € R, & #0, let w9, d = 1,2,3 be defined by

PE) = ¥ (&,8,8) = 1 (&) Pa(2), ¥a(3),
P(E) = ¥ (&,6,8) = 11(&) Pa(2), ¥a(2),
POE) = P(E,6,8) = 11(&) ¥a(8), ¥a(E),

where Y1, Y satisfy the same assumptions as in the 2D case. Hence, ford = 1,2, 3,
the 3D pyramid-based continuous shearlet systems for L*( ;)" are the systems

(W) i0<a<l 3<yg< <s <3 1eR%} (32)

le
le

where y%) () = [detM{d),, |3 ) ((Mﬁz’fsz)* (x—1)), and

1/2 1/2
() a —a'/ s —a / §2 @) a2 o 0
Masis, = | o 4112 0 , Masis, = | —a'/?sy a —a'?s; |,
0 0 all? 0 0 a2

all? 0 0
M,gng:( 0 all? 0).

7(11/2S1 7(11/2S2 a

Notice that the elements of the shearlet systems q/,ﬁfi)l s, are well-localized wave-
forms associated with various scales, controlled by a, various orientations, con-
trolled by the two shear variables sy, s, and various locations, controlled by ¢. Similar
to the 2D case, in each pyramidal region the shearing variables are only allowed to
vary over a compact set.

For f € L*(R?), we define the 3D (fine-scale) pyramid-based continuous shearlet
transform f — Sy f(a,s1,52,t), fora>0,s1,5 €R, 1 € R? by

(1) .
<f7llfasl vz,t> 1f|sl|7|52|§1a
IHyfla,s1,52,1) = Fov o oAt fsi > 1 s < si

51 s

<f7 31 1 t> if|s2|>1,|S2|>|S1|.

52 527
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That is, depending on the values of the shearing variables, the 3D continuous shear-
let transform corresponds to one specific pyramid-based shearlet system. As above,
we are only interested in the continuous shearlet transform at “fine scales,” as a
approaches 0, since this is all we need for the analysis of the singularities of f.

3.2 Characterization of 3D Boundaries

The 3D continuous shearlet transform shares the same properties as its 2D counter-
part in terms of the ability to characterize the geometry of the set of singularities of
a function or distribution f. In particular, it is possible to derive a characterization
for the boundary set of some rather general solid regions.

To present these results, let us define the type of surfaces which will be con-
sidered. Let B = ygq, where Q is a subset of R? whose boundary 9 is a two-
dimensional manifold. We say that dQ is piecewise smooth if:

(i) 9Q is a C* manifold except possibly for finitely many separating C> curves on
0Q.

(ii) at each point on a separating curve, dQ has exactly two outer normal vectors,
which are not on the same line.

Fig. 3 General region Q C R? with piecewise smooth boundary 9. The continuous shear-
let transform of B = yo has rapid asymptotic decay except when the location variable ¢ is
on dQ and the shearing variables (s;,s2) correspond to the normal direction at #; in this case
SHyB(a,s1,50,1) ~a,asa— 0
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Let the outer normal vector of dQ be n, = %(cos 6y sin @y, sin Oy sin ¢y, cos ¢ ) for
some 6y € [0,27], ¢ € [0,7]. We say that s = (s1,s2) corresponds to the normal
direction n, if 5y =a 2tan6p, 52 = a? cot @ sec By. Notice that this definition
excludes, in particular, surfaces containing cusps, such as the vertex of a cone, since
at the moment no argument is known for dealing with the type of points.

The following theorem shows that the behavior of the 3D continuous shearlet
transform is consistent with the one found in dimension 2. Namely, for a bounded
region in R? whose boundary is a piecewise smooth two-dimensional manifold,
the continuous shearlet transform of B, denoted by .7, B(a,si,s2,t), has rapid
asymptotic decay as a — 0 for all locations 7 € R3, except when ¢ is on the boundary
of €2 and the orientation variables s,s, correspond to the normal direction of the
boundary surface at ¢, or when 7 is on a separating curve and the orientation variables
51,82 correspond to the normal direction of the boundary surface at ¢ (see Fig. 3).
Thus, as in the 2D case, the continuous shearlet transform provides a description
of the geometry of dQ through the asymptotic decay of .77#,B(a, s1,s>,t), at fine
scales.

Theorem 5. Let Q be a bounded region in R and denote its boundary by Q. As-
sume that 08 is a piecewise smooth two-dimensional manifold. Let Y;,
j=1,2,...,m be the separating curves of d€2. Then we have

(i) Ift ¢ 0Q then

lim afNL%%ﬂWB(a,sl,sz,t) =0, forallN > 0.
a—0t

(ii) If t € dQ\ UL, vj and (s1,s2) does not correspond to the normal direction of
0Q att, then

lim afNL%%ﬂWB(a,sl,sz,t) =0, forallN > 0.
a—07T

(iii) Ift € IQ\ U}, vj and s = (s1,52) corresponds to the normal direction of €2 at

tort €U}, yj and s = (s1,52) corresponds to one of the two normal directions

of 0Q att, then

lim ¢! SHyB(a,s1,52,t) # 0.
a—0T

(iv) If t € y; and (s1,s2) does not correspond to the normal directions of 0L at t,

then there is a constant C (possibly C = 0) such that

lim a73/2Y<7fWB(a,s1,s2,t) =C.
a—0T
Hence, similar to the 2D case, the continuous shearlet transform decays rapidly
away from the boundary and on the boundary, for nonnormal orientations. The de-
cay rate is only O(a') at the boundary, for normal orientation. However, the situation
on the separating curves of the surface is less sharp, in the sense that, for normal ori-
entations, the decay rate is O(a'), but, for nonnormal orientations, we can only say
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that the decay rate is of the order of or faster than 0(a3/ 2) (C could be zero). How-
ever there are examples where the decay rate on a separating curve, for nonnormal

orientation, is exactly O(a*?)(C # 0). Thus, the rate a? in (iv) cannot be improved.
In the following, we only make a few observations about the proof. We refer the
reader to [9] for a complete proof of this result.

As in the 2D case, the starting point is the divergence theorem, which allows us
to write the Fourier transform of B as

BE) = Fal) = ~3g [, ¢ 6 € ono) o),

where n is the outer normal vector to dQ at x. Next, using spherical coordinates, we
have that

yf%l[/B(aushSZut):<Bull/a,sl,S2,t>:Il(aushSZat)+12(a7s17S27t)7
where
2w pm oo _ ) .
hasisat) = [ [ [ 1i(p.0,0) Vi ra(p.6.0) p*sing dp g

0
2T T poo _
Iz(a,sl,sz,ﬂ:/o /0/0 T5(p, 0,0) Varr wrs (P2 6,0) p*sin ¢ dp dg d6

and
_ b ipee.s)« .
Tip.0.9) = s | e 0(6.6)-n(x)do(x)
— 1 —2mip©(6,0)-x .
Bp.0.0)= 5 [ e 0(6.9) n(x)do )

where Pg(t) = dQ N Pe(t), and Pe(7) is a ball of radius € and center ¢. Notice that
I, is associated with the term 7, which is evaluated away from the location ¢ of
the continuous shearlet transform. Hence, a localization result similar to Lemma 2
shows that I, is rapidly decreasing as a — 0. The rest of the proof, when ¢ is located
on a regular point of d€2, is similar to Theorem 2. By contrast, the situation where
t is on a separating curve requires a different method than the one contained in the
proof of Theorem 3.
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Multivariate Shearlet Transform, Shearlet
Coorbit Spaces and Their Structural Properties

Stephan Dahlke, Gabriele Steidl, and Gerd Teschke

Abstract This chapter is devoted to the generalization of the continuous shear-
let transform to higher dimensions as well as to the construction of associated
smoothness spaces and to the analysis of their structural properties, respectively. To
construct canonical scales of smoothness spaces, so-called shearlet coorbit spaces,
and associated atomic decompositions and Banach frames we prove that the general
coorbit space theory of Feichtinger and Grochenig is applicable for the proposed
shearlet setting. For the two-dimensional case we show that for large classes of
weights, variants of Sobolev embeddings exist. Furthermore, we prove that for nat-
ural subclasses of shearlet coorbit spaces which in a certain sense correspond to
“cone-adapted shearlets” there exist embeddings into homogeneous Besov spaces.
Moreover, the traces of the same subclasses onto the coordinate axis can again be
identified with homogeneous Besov spaces. These results are based on the char-
acterization of Besov spaces by atomic decompositions and rely on the fact that
shearlets with compact support can serve as analyzing vectors for shearlet coorbit
spaces. Finally, we demonstrate that the proposed multivariate shearlet transform
can be used to characterize certain singularities.
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1 Introduction

In the context of directional signal analysis and information retrieval several ap-
proaches have been suggested such as ridgelets [3], curvelets [4], contourlets [17],
shearlets [29], and many others. Among all these approaches, the shearlet transform
stands out because it is related to group theory, i.e., this transform can be derived
from a square integrable representation 7 : . — % (L (IR?)) of a certain group .,
the so-called shearlet group, see [10]. An admissible function with respect to this
group is called a shearlet. Therefore, in the context of the shearlet transform, all the
powerful tools of group representation theory can be exploited.

For analyzing data in R4, d > 3, we have to generalize the shearlet transform to
higher dimensions. The first step toward a higher dimensional shearlet transform is
the identification of a suitable shear matrix. Given an d-dimensional vector space V
and a k-dimensional subspace W of V, a reasonable model reads as follows: the shear
should fix the space W and translate all vectors parallel to W. Thatis, forV =W oW’
and v = w+w/, the shear operation S can be described as S(v) = w+ (W' +s(w')),
where s is a linear mapping from W’ to W. Then, with respect to an appropriate basis
of V, the shear operation S corresponds to a block matrix of the form

(I st d—kk
S—(Oldk), seR .

Then, we are faced with the problem how to choose the block s. Since we want to
end up with a square integrable group representation, one has to be careful. Usually,
the number of parameters has to fit together with the space dimension, otherwise
the resulting group would be either too large or too small. Since we have d de-
grees of freedom related with the translates and one degree of freedom related with
the dilation, d — 1 degrees of freedom for the shear component would be optimal.
Therefore, one natural choice would be s € RY~11 je., k = 1. Indeed, we show that
with this choice the associated multivariate shearlet transform can be interpreted as
a square integrable group representation of a (2d)-parameter group, the full shearlet
group. It is a remarkable fact that this choice is in some sense a canonical one, other
(d —1)-parameter choices might lead to nice group structures, but the representation
will usually not be square integrable. Another approach, which we do not discuss in
this chapter, involves shear matrices of Toeplitz type. We refer the interested reader
to [9, 14].

With a square integrable group representation at hand, there is a very natural
link to another useful concept, namely the coorbit space theory introduced by Fe-
ichtinger and Grochenig in a series of papers [18, 19, 20, 21, 24]. By means of the
coorbit space theory, it is possible to derive in a very natural way scales of smooth-
ness spaces associated with the group representation. In this setting, the smoothness
of functions is measured by the decay of the associated voice transform. More-
over, by a tricky discretization of the representation, it is possible to obtain (Ba-
nach) frames for these smoothness spaces. Fortunately, it turns out that for our
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multivariate continuous shearlet transform, all the necessary conditions for the ap-
plication of the coorbit space theory can be established, so that we end up with new
canonical smoothness spaces, the multivariate shearlet coorbit spaces, together with
their atomic decompositions and Banach frames for these spaces.

Once these new smoothness spaces are established some natural questions arise.
How do these spaces really look like? Are there “nice” sets of functions that are
dense in these spaces? What are the relations to classical smoothness spaces such
as Besov spaces? Do there exist embeddings into Besov spaces? And do there exist
generalized versions of Sobolev embedding theorems for shearlet coorbit spaces?
Moreover, can the associated trace spaces be identified? We shall provide some
first answers to these questions. We concentrate on the two-dimensional case where
we show that for natural subclasses of shearlet coorbit spaces which correspond to
“cone-adapted shearlets,” there exist embeddings into homogeneous Besov spaces
and that for the same subclasses, the traces onto the coordinate axis can again be
identified with homogeneous Besov spaces. The general d-dimensional scenario re-
quires more sophisticated techniques than presented here and is the content of future
work, see [8].

Finally, an interesting issue of the two-dimensional continuous shearlet trans-
form is the fact that it can be used to analyze singularities. Indeed, as outlined in
[32], see also [5] for curvelets, it turns out that the decay of the continuous shear-
let transform exactly describes the location and orientation of certain singularities.
By our approach these characterizations carry over to higher dimensions.

2 Multivariate Continuous Shearlet Transform

In this section, we introduce the shearlet transform on L,(R¢). This requires the
generalization of the parabolic dilation matrix and of the shear matrix. We will start
with a rather general definition of shearlet groups in Sect. 2.1 and then restrict our-
self to those groups having square integrable representations in Sect. 2.2.

In the following, let I; denote the (d,d)-identity matrix and 0, respectively, 1,
the vectors with d entries 0, respectively 1.

2.1 Unitary Representations of the Shearlet Group

We define dilation matrices depending on one parameter a € R* := R\ {0} by

A, =diag(ay(a),...,a4(a)),

where a(a) :=a and aj(a) = a% with «; € (0,1), j =2,...,d. In order to have
directional selectivity, the dilation factors at the diagonal of A, should be chosen in
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an anisotropic way, i.e., |ax(a)|, k = 2,...,d, should increase less than linearly in a
as a — oo. Our favorite choice will be
a 031
Ay = 1 . (1)
041 sgn (a)|a|d 14

In Sect. 6, we will see that this choice leads to an increase of the shearlet transform
at hyperplane singularities as |a| — 0. Consequently, this enables us to detect special
directional information. For fixed k € {1,...,d}, we define our shear matrices by

5. — ( Ik ST ) = Rd*k,k (2)
S — 9 .
Og—rx la—x

The shear matrices form a subgroup of GL,;(RR).

Remark 1. Shear matrices on R? were also considered in [28], see also [34]. We
want to show the relation of those matrices to our setting (2). The authors in [28]
call S € R%“ a general shear matrix if

(s —S)* = 044. (3)

Of course, our matrices in (2) fulfill this condition. Condition (3) is equivalent to the
fact that S decomposes as

S=rpP 'diag(J1,....Jr, 14 2,)P, Jj:= ((1)}) r<dj2.

With P:= (p1,...,pq) and P~ = (q1,...,q4)" this can be written as

r
S=1I;+ 2‘]2,'7117;;7 with ngfhi—l =0,4,j=1,...,n
=1

Matrices of the type S := Iy + ¢ p" with pT g = 0 are called elementary shear ma-
trices. The general shear matrices do not form a group. In particular, the product of
two elementary shear matrices S, », and S, ,, is again a shear matrix if and only
if the matrices commute which is the case if and only if pfqg = pgql = 0. Then,
Saip1Sqapy =In+ 23:1 qj pJT- holds true. Hence, we see that any general shear matrix
is the product of elementary shear matrices. In [28] any subgroup of GL;(R) gen-
erated by finitely many pairwise commuting elementary matrices is called a shear
group. A shear group is maximal if it is not a proper subgroup of any other shear
group. It is not difficult to show that maximal shear groups are those of the form

k d—k
G:= {Id—i— (2 CiCIi) (2 de/T'> teidj € R}, P;jai =0,
i=1 j=1
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with linearly independent vectors ¢;, i = 1,...,k, respectively, p;, j =1,....k.
Let {g; : i = 1,...,k} be the dual basis of {¢; : i = 1,...,k} in the linear space
V spanned by these vectors and let {j; : j = 1,...,d — k} be the dual basis of
{pj:j=1,...,d =k} in V1. Set P:= (q1,...,qk, P1,---,Pa_k) so that P71 =
(G1s---,Gx> P15+, Pa—k) . Then, we see that for all S € G

1 I cd' T T
P SP= Od—kkld—k 5 CZ(Cl,...,Ck) ,dZ(dl,...,dd,k).

In other words, up to a basis transform, the maximal shear groups G coincide with
our block matrix groups in (2).

Note that admissible subgroups of the semidirect product of the Heisenberg
group and the symplectic group were examined in [6]. Some important progress
in the construction of multivariate directional systems has been achieved for the
curvelet case in [2] and for surfacelets in [35].

For our shearlet transform we have to combine dilation matrices and shear ma-
trices. Let A, 1 := diag (ai,...,ax) and A, := diag (@ 1,...,aq). We will use the
relations

—1 I kK ST
sl = and  S;A.SyAy =S Ay 4)

-1
Ok la—k s+A,25'Aa1

For the special setting in (1), the last relation simplifies to

SAaSyAy =S |1 Aga.

stal'"d s

Lemma 1. The set R* x R*=5* x R endowed with the operation
(a,s,t)o(d,s',t') = (ad s —I—A;’% s’AaJ,t +SsAqt")

is a locally compact group S. The left and right Haar measures on S are given by

|detA, |1 1
d,ul(a,s,t):Wdadsdt and dur(a,s,t)zmdadsdt.

Proof. By the left relation in (4) it follows that e := (1,04_¢,0,4) is the neutral
element in S and that the inverse of (a,s,t) € R* x R¥~! x R? is given by

(a,s,1) ' = (a*l,—AayzsAf1 AN,

a,l»

By straightforward computation it can be checked that the multiplication is asso-
ciative.
Further, we have for a function F on S that

/SF ((a’,s/,t/) o (a,s,t)) dy(a,s,t)

= R/]Rk(d*k) RdF(a’a,s/—i-A;,’lzsAa/,l,t/+SS/Aa/t)d/.Ll(a,s,t).
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By substituting 7 := ¢’ +SyAyt, i.e.,df = |detA,|dt and § := s —I—A 25Aa 1, e,
d§ = |detA, 1|97%/|detA, »|F ds and @ := @'a this can be rewritten as

1 ldetAyof 1 |d||detAy @K .
[ofor o s
RA JRKA—H) |detAa,| |detA, |[4* |a'| |detA o [<—!

so that d; is indeed the left Haar measure on S. Similarly, we can verify that dy, is
the right Haar measureon S. O

In the following, we use only the left Haar measure and the abbreviation du =
dy. For f € L,(R?) we define

7,5, f(5) = fass () = [detAa] (A7 18] (1), ®)

It is easy to check that 7w : S — % (Ly(R%)) is a mapping from S into the group
U (Lo (RY)) of unitary operators on L,(R?). Recall that a unitary representation of
a locally compact group G with the left Haar measure y on a Hilbert space 77 is a
homomorphism 7 from G into the group of unitary operators % (%) on % which
is continuous with respect to the strong operator topology.

Lemma 2. The mapping 7 defined by (5) is a unitary representation of S.

Proof. We verify that 7 is a homomorphism. Let y € L, (RY), x € RY, and (a,s,1),
(d',s',t") € S. Using (4) we obtain

n(a,s,t)(n(d s " )y)(x) = |detAa|7% (n(d,s',t") )(Ailel(x—t))
= Idetdoe| Hy A", (4,18, =) =)

= [detAu| 2y(A, 'S, A IS (x— (14 SsAat)))
|detA | 2y(A wrS,. 1A Lya, l(x—(tJrSsAat/)))

A

7((,5,1) 0 (s )W ().

2.2 Square Integrable Representations of the Shearlet Group
A nontrivial function y € L, (R9) is called admissible, if

[ wtas.v) Pu(a,s) <

If 7 is irreducible and there exits at least one admissible function y € L, (R?), then
7 is called square integrable . By the following remark we will only consider a
special setting in the rest of this chapter.
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Remark 2. Assume that our shear matrix has the form (2) with sT = (s; j)f{jd lk €

RKkd4=k 1 et s contain N different entries (variables). We assume that N > d — 1 since
we have one dilation parameter and otherwise the group becomes too small. Then,
we obtain instead of (12)

10V Pau(a.san)

0]} ’
— / /Rd /RN o)|?|detAy| (A, (@+S@1>)| du(a,s,t) (6)

where @; := (@y,...,0)T, @ = (04 1,...,04)" and the Fourier transform F f, s,
= fass Of fus, 18 given by

fast / fast 72”1xw>d‘x

= [detAg|? e~ 270 F(ATST o)

_ 1 omi(e) 7 (o))
= |detA,|2 e f (Aa (G)z —|—s(I)1)> ) @)

Now we can use the following substitution procedure:

Cert = (01 + 51101 + -+ 51.0), (8)

i.e., d&y1 = |@i|ds1; and with corresponding modifications if some of the sy, j > 1
are the same as s11. Then, we replace 511 in the other rows of @, + s@®; where it
appears by (8). Next we continue to substitute the second row if it contains an inte-
gration variable from s ( s11). Continuing this substitution process up to the final
row we have at the end replaced the lower d — k values in by d — r, r < k vari-
ables & =¢&;,,...,&;, , and some functions depending only on a,®,&;,,...,&;, ..
Consequently, the integrand depends only on these variables. However, we have to
integrate over a,®,&;,,...,&;, , and over the remaining N — (d — r) variables from
s. But then the integral in (6) becomes infinity unless N =d —r. Sinced —1 <N
this implies » = k = 1, i.e., our choice of Sg with (9).

By Remark 2 we will deal only with shear matrices (2) with k = 1, i.e., with

T
5:( I ), se R )

0g-11q-1

and with dilation matrices of the form (1). Then, we have that

1
du(a,s,t) = Ta[@ T dadsdsr.

Then, the following result shows that the unitary representation 7 defined in (5)
is square integrable.
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Theorem 1. A function ¥ € L,(R?) is admissible if and only if it fulfills the admis-
sibility condition

¥ (@)
Cy = d oo, 10
v ./Rd oo |4 @< (1

If v is admissible, then, for any f € Ly(R?), the following equality holds true:

L1 asa) Pt ) = €y 112, o an

In particular, the unitary representation T is irreducible and hence square inte-
grable.

Proof. Employing the Plancherel theorem and (7), we obtain

da
L1 Vs Pastass.o) = [[1fviolo) s s

da
_/ ‘/]Rd . ]Rd| | |"’l as()( )| da)ds| |d+l
f da
= 2 N A ToT, N2
_/ ‘/]Rd—l R4 |f((1))| |detA(l||W(AaSs (D)| da)ds—|a|d+l (12)
ZM awm 2
//Rd /Rd 1 lal? 1% Aua(®+ o15) |*dsdwda,

where Y  ((x) = Yy,50(—x). Substituting E=Aua(®+wys),ie
|detA, 2| |y |4 ds = d&, we obtain

[t vaPau=la [ [ [ 1 @Plo 400 (8 Pagaada

Next, we substitute &; := amy, i.e., ®; da = d§; which results in

24y — 2 e ol &\ 2
[irvaban= [ [ [ @ alsim(Y)Peao
= CW ”inz(]Rd)

Setting f := y, we see that y is admissible if and only if Cy, is finite.
The irreducibility of 7 follows from (11) in the same way asin [11]. O
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2.3 Continuous Shearlet Transform

A function y € Ly (R?) fulfilling the admissibility condition (10) is called a contin-
uous shearlet, the transform .75y, : L,(RY) — Ly(S),

y‘%wf(avsvt) = <f7 Wa,s,t> = (f* W;,S,O) (t)v
continuous shearlet transform and S defined in Lemma 1 with (9) a shearlet group.

Remark 3. An example of a continuous shearlet can be constructed as follows: Let
i be an admissable wavelet with 1 € C*(R) and supp ¥ C [—2,—3]U[4,2], and
let y, be such that §, € C*(R?~") and supp ¥ C [~1,1]¢"". Then, the function
v € L*(R?) defined by

. N ~ N N I
#(0) = i01.0) = in(0) s - )
is a continuous shearlet. The support of  is depicted for @; > 0 in Fig. 1.

Remark 4. In [34] the authors consider admissible subgroups G of GL;(R), i.e.,
those subgroups for which the semidirect product with the translation group gives
rise to a square integrable representation 7(g,t)f(x) = |detg|’%f(g’1 (x—1)). Let
A denotes the modular function on G, i.e., dy;(g) = A(g)du,(g) and write A =
|det| meaning that A(g) = |detg| for all g € G. Then, [34] contains the following
result:

1. If G is admissible, then A # |det| and G := {g € G : gx = x} are compact for
ae. x € R4,

2. If A # |det| and for a.e. x € R? there exits &(x) > 0 such that G5 : {g € G :
|gx — x| < &(x)} is compact, then G is admissible.

Unfortunately, the above conditions “just fail” to be a characterization of admis-
sibility by the “e-gap” in the compactness condition. In our case we have that
A # |det| since |a|~? # |a||a|%T*% for |a| # 1. Further, G? = (1,04_1) and
Gi={(a,s):|al € [1—e,1+¢&], s;€[—¢j¢l], j=2,...,d} for some small &;,
so that the necessary condition (1) and the sufficient condition (2) are fulfilled.

3 General Concept of Coorbit Space Theory

In this section, we want to briefly recall the basic facts concerning the coorbit the-
ory as developed by Feichtinger and Grochenig in a series of papers [18, 19, 20, 21].
This theory is based on square-integrable group representations and has the follow-
ing important advantages:
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3

T

(2]

Fig. 1 Support of the shearlet § in Remark 3 for w; >0

e The theory is universal in the following sense: Given a Hilbert space J7, a
square-integrable representation of a group G and a nonempty set of so-called
analyzing functions, the whole abstract machinery can be applied.

e The approach provides us with natural families of smoothness spaces, the coorbit
spaces. They are defined as the collection of all elements in the Hilbert space .77
for which the voice transform associated with the group representation has a
certain decay. In many cases, e.g., for the affine group and the Weyl-Heisenberg
group, these coorbit spaces coincide with classical smoothness spaces such as
Besov and modulation spaces, respectively.

e The Feichtinger—-Grochenig theory not only give rise to Hilbert frames in J7
but also to frames in scales of the associated coorbit spaces. Moreover, not only
Hilbert spaces but also Banach spaces can be handled.

e The discretization process that produces the frame does not take place in J7
(which might look ugly and complicated), but on the topological group at hand
(which is usually a more handy object), and is transported to .77 by the group
representation.

First of all, in Sect. 3.1, we explain how the coorbit spaces can be established.
Then, in Sect. 3.2, we discuss the discretization problem, i.e., we outline the ba-

sic steps to construct Banach frames for these spaces. The facts are mainly taken
from [24].
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3.1 General Coorbit Spaces

Fix an irreducible, unitary, continuous representation 7 of a 6-compact group G in a
Hilbert space 7. Let w be real-valued, continuous, sub-multiplicative weight on S,
i.e., w(gh) <w(g)w(h) for all g,h € S. Furthermore, we will always assume that the
weight function w satisfies all the coorbit-theory conditions as stated in [24, Sect.
2.2]. To define our coorbit spaces we need the set

Ay ={y € Lr(R?) : Viy(w) = (w,7(-)y) € L1}

of analyzing vectors. In particular, we assume that our weight is symmetric with

respect to the modular function, i.e., w(g) = w(g~")A(g~!). Starting with an or-

dinary weight function w, its symmetric version can be obtained by w*(g) :=

w(g) +w(g A (g™"). It was proved in Lemma 2.4 of [18] that @, = &7 4.
For an analyzing vector ¥ we can consider the space

A= A{f €LR) :Vy(f) = (£, (-)y) € Liw(G)},

~

with norm || f{|4,, := [Vy(f)llL, ,(c) and its anti-dual 7777, the space of all
continuous conjugate-linear functionals on .77 ,,. The spaces 1 ,, and J7,, are
m-invariant Banach spaces with continuous embeddings J4 ,, — ¢ — J77,.

Then, the inner product on L;(R) x L,(R¥) extends to a sesquilinear form on
H,, < A w, therefore for y € JA4,, and f € A7, the extended representation
coefficients

Vy(f)(g) := (f, m(8) W)

IJVX‘;ﬁ»W
are well-defined.
Let m be a w-moderate weight on G which means that m(xyz) < w(x)m(y)w(z)

for all x,y,z € G and moreover, for 1 < p < eo, let
L, m(G) := {F measurable : Fm € L,(G)}.

We can now define Banach spaces which are called coorbit spaces by

Ko ={f €0 Vy(f) €Lpm(G)}s | f Ay = VS Ly mic)-

Note that the definition of /7, , is independent of the analyzing vector y and of the
weight w in the sense that w with w(g) < Cw(g) for all g € G and %; # {0} give
rise to the same space, see [18, Theorem 4.2]. In applications, one may start with
some sub-multiplicative weight m and use the symmetric weight w := m* for the
definition of .<7,. Obviously, we have that m is w-moderate.
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3.2 Atomic Decompositions and Banach Frames

The Feichtinger—Grochenig theory also provides us with a machinery to construct
atomic decompositions and Banach frames for the coorbit spaces introduced above.
To this end, the subset %), of <%, has to be nonempty:

B = {w € L(RY) : Vy(y) € #(Co,L1,0)},
where #'(Co, L1 ) is the Wiener-Amalgam space

W (Co,Liy) :=A{F : [|[(Lex2)F |l € Liw},  [[(Lex2)Fle = su%IF(y)l
YEX.

L.f(y) := f(x~'y) is the left translation and 2 is a relatively compact neighborhood
of the identity element in G, see [24]. Note that in general %, is defined with respect
to the right version #®(Co,L1,y) := {F : [|(Rcx0)F || = SUpyc g1 [F(y)| € L1}
of the Wiener-Amalgam space, where R, f(y) := f(yx) denotes the right translation.
Since Vi (y)(g) = Vi (w)(g ') and assuming that 2 = 2~ ! both definitions of %,
coincide. It follows that %, C J71 ,,.

Moreover, a (countable) family X = (g3)pea in G is said to be U-dense if
UaeagaU = G, and separated if for some compact neighborhood Q of e we have
gi0Ng;0 =0,i+# j, and relatively separated if X is a finite union of separated sets.

Then, the following decomposition theorem, which was proved in a general set-
ting in [18, 19, 20], says that discretizing the representation by means of an U-dense
set produces an atomic decomposition for 7, ,,. Furthermore, given such an atomic
decomposition, the theorem provides conditions under which a function f is com-
pletely determined by its moments (f,7(g;)y) and how f can be reconstructed
from these moments.

Theorem 2. Let 1 < p < o and y € B,,, Yy # 0. Then, there exists a (sufficiently
small) neighborhood U of e so that for any U-dense and relatively separated set
X = (g3)aca the set {m(gy)y : A € A} provides an atomic decomposition and a
Banach frame for F€), -

Atomic decompositions: If f € S, then

f=Y alf)n(g)y

AEA

where the sequence of coefficients depends linearly on f and satisfies

1(ca(Farealleym < ClIf 1

with a constant C depending only on y and with {,, ,, being defined by

bpmi={c=(ca)ren : llelle, = llemlls, <o},
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where m— (m(g,))z.cx- Conversely, if (3 ())acr € pm then f =505 c37(g2)
is in J, m and

111 < €N ea (el

Banach frames: The set {n(g;)y : A € A} is a Banach frame for ¢, ,, which
means that

() f € Hpm if and only if(<fvn(gl)w>%fm><%,m)leA € lpm
(ii) There exists two constants 0 < D < D' < oo such that

DI\ fll e < NS (@) W)t %t )it e < DNl 03

(iii) There exists a bounded, linear reconstruction operator % from Lym to jfj,,m

such that 2 (((£,7(83) W), 7 e ) = f-

4 Multivariate Shearlet Coorbit Theory

In this section we want to establish the coorbit theory based on the square integrable
representation (5) of the shearlet group S defined with (1) and (9). We mainly follow
the lines of [11] and [12].

4.1 Shearlet Coorbit Spaces

We consider weight functions w(a,s,t) = w(a,s) that are locally integrable with re-
specttoaand s, i.e.,w € Lll"C (R4) and fulfill the requirements made at the beginning
of Sect. 3.1.

In order to construct the coorbit spaces related to the shearlet group we have to
ensure that there exists a function y € L, (R¢) such that

Iy (W) = (y,(a,s,1)y) € Ly ,,(S). (13)

Concerning the integrability of group representations we also mention [26]. To this

end, we need a preliminary lemma on the support of y which is shown in [12].

Lemma 3. Let a; > ap > & > 0 and b = (by,...,bg_1)T be a vector with posi-

tive components. Suppose that supp  C ([—ay, —ao] U [ag,a1]) X Op, where Qp, :=

[=b1,b1] X -+ X [=bg_1,bg_1]. Then, Y\, 0 # 0 implies that a € [— %, —Z—ﬂ U
1/d

(%0 4] and s € Q, where ¢ := ﬂ‘“{{g‘—")/b.

ap’ ag
Now we can prove the required property (13) of .75y (y).

Theorem 3. Let v be a Schwartz function such that supp  C ([—ay, —ap|U[ag,a1])
X Qp. Then, we have that S5 () € L1 ,,(S), i.e.,

1 ()W s = [ 1w (a5.0)] wla,s,r) dp(as.t) <
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Proof. Straightforward computation gives
v Ol = [ [, Rd|<w,wa,s,t>|w<a,s>dtdswaaH
— /R/Rdfl Rd|llf*ll/;,s,o(l‘)|w(a,s)dtds|a(|17aﬂ
B / /Rd” Rd |3$7135(‘V*W;,s,o)(t)|dtw(a,s)ds|(|iTa+l

da
_//]Rd 1||</ W*WavO)”/ lLl (Cl s)d | |d+l

P da
= [ fo 1 Bl wlass)ds i

where || f|| 711, (re) = Jra |.Z 1 f(x)|dx. By Lemma 3 this can be rewritten as

w0 o= ([ T />
,7( ! : - -
v v Ly (S) —ay /ag ap/a) Q

which is obviously finite. O

da
711, () W(4:9) ds|a|d+1 ;

For y satisfying (13) we can, therefore, consider the space
%,w = {f S LZ(Rd) : yjf‘l/(f) € LI,W(S)}

and its anti-dual .777,. By the reasoning of Sect. 3.1, the extended representation
coefficients

‘Sﬂ%ll/(f)(avsvt) = <f;7r(a757t)l//>jfl:v><,}{j,w

are well-defined and, for 1 < p < o, we can define Banach spaces which we call
shearlet coorbit spaces by

S Com ={f €, SHy(f) € Lym(S)}

with norms || f{|. 7, = 7y f|1,,,.(5)-

4.2 Shearlet Atomic Decompositions and Shearlet Banach Frames

In a first step, we have to determine, for a compact neighborhood U of ¢ € S with
non-void interior, U-dense sets, see Sect. 3.2.

Lemma 4. Let U be a neighborhood of the identity in S, and let o« > 1 and 3,7 >0
be defined such that
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Then, the sequence

{(saj,Boc-"(“%)k,Sﬁaj(lﬁ)kAa,-Tm) jEZkeZ T meZl ec{—1,1}} (14)

is U-dense and relatively separated.

For a proof we refer to [12]. Then, as shown in [12], the following decomposi-
tion theorem says that discretizing the representation by means of this U-dense set
produces an atomic decomposition for .7 %), .

Theorem 4. Let 1 < p < oo and y € AB,,, ¥ # 0. Then there exists a (sufficiently
small) neighborhood U of e so that for any U-dense and relatively separated set
X = ((a,s,1)3)2.en the set {m(gy)y : A € A} provides an atomic decomposition
and a Banach frame for /€, m:

Atomic decompositions: If f € /G, , then

=Y alf)n((a,s))y (15)

AEA

where the sequence of coefficients depends linearly on f and satisfies

[ (cr(FNrealle,m <CIf
Conversely, if (¢; (f))rea € Lpm then f =3y cxcan((a,s,t),) Y is in S Cpm and

1.7, < Cllea(fN)reallep,:

Banach frames: The set {n(g;)y : A € A} is a Banach frame for /€, ,, which
means that

() fe y(gp,m if and only l:f(<f7n((aasat)l)w>jﬁ:v><%m,)l€/\ € ép,m:'

(ii) There exists two constants 0 < D < D' < oo such that

D|f

S Cpm*

y%}p,m S ||(<f7ﬂ"((a7s7t)/’L)W)%;,Xjﬁ)w)/'LGA||[p,m S D/ ||f y{é}p,m;

(iii) There exists a bounded, linear reconstruction operator % from Lymto S Cﬁp,m

such that 2 (f, 7((a,5.02)W)ors <, aca ) = 7.

4.3 Nonlinear Approximation

In Sect. 4.2, we established atomic decompositions of functions from the shearlet
coorbit spaces . %), ,, by means of special discretized shearlet systems (W) )jcn»
A C S. From the computational point of view, this naturally leads us to the question
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of the quality of approximation schemes in .”'¢), ,, using only a finite number of
elements from (W), )z cq -

In this section, we will focus on the nonlinear approximation scheme of best
N-term approximation, i.e., of approximating functions f of ., in an “opti-
mal” way by a linear combination of precisely N elements from (¥, )4 - In order
to study the quality of best N-term approximation we will prove estimates for the
asymptotic behavior of the approximation error.

Let us now delve more into the specific setting we are considering here. Let U
be a properly chosen small neighborhood of e in S. Further, let A C S be a rela-
tively separated, U-dense sequence, which exists by Lemma 4. Then, the associated
shearlet system

{ypy =Wass: A =(a,s,1) €A} (16)

can be employed for atomic decompositions of elements from .#%), ,,, where 1 <
p < e. Indeed, by Theorem 4, for any f € %), we have

=2 awn

AEA

with (cj )jcx depending linearly on f, and

Cillfllzz,m < lci)realle,m < Cllf 7%,

with constants Cj,C; being independent of f. We intend to approximate functions f
from the shearlet coorbit spaces .7%), , by elements from the nonlinear manifolds
%,, n € N, which consist of all functions § € .#%), ,, whose expansions with respect
to the shearlet system (y; ), < from (16) have at most n nonzero coefficients, i.e.,

3= {Sey%pm:S: D d,lw,l,FgA,#an}.
rer

Then, we are interested in the asymptotic behavior of the error
E(f)s,m = Jnf If = SIl.7%, -

Usually, the order of approximation which can be achieved depends on the reg-
ularity of the approximated function as measured in some associated smoothness
space. For instance, for nonlinear wavelet approximation, the order of convergence
is determined by the regularity as measured in a specific scale of Besov spaces, see
[15]. For nonlinear approximation based on Gabor frames, it has been shown in
[27] that the “right” smoothness spaces are given by a specific scale of modulation
spaces. An extension of these relations to systems arising from the Weyl-Heisenberg
group and ¢-modulation spaces has been studied in [7].

In our case it turns out that a result from [27], i.e., an estimate in one direction,
carries over. The basic ingredient in the proof of the theorem is the following lemma
which has been shown in [27], see also [16].
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Lemma 5. Let 0 < p < g < oo. Then, there exist a constant D), > 0 independent of
q such that, for all decreasing sequences of positive numbers a = (a;);>_,, we have

1/p
_ | _
277|a|l,, < <2 ;(nl/” l/qEn,q(a))”> <Dypllalle,,

n=1

where E, 4(a) = (X aq)l/q.

i=n"i

The following theorem, which provides an upper estimate for the asymptotic
behavior of E,(f) %y, Was proved in [11].

Theorem 5. Ler () ), cx be a discrete shearlet system as in (16), and let 1 < p <
g < oo. Then, there exist a constant C = C(p,q) < o such that, for all f € /€, m,

we have

5 Structure of Shearlet Coorbit Spaces

1/p
1 3 p
Z (nl/” l/qEn(f).V%pqm) ) < C”nychm

1M

In this section we provide some first structural properties of the shearlet coorbit
spaces. We use the notation f < g for the relation f < Cg with some generic con-
stant C > 0, and the notation “~” stands for equivalence up to constants which are
independent of the involved parameters.

The subsequent analysis is limited to the two-dimensional case (more general
concepts are provided in [8]), and we show that

For large classes of weights, variants of Sobolev embeddings exist;
For natural subclasses which in a certain sense correspond to the “cone adapted
shearlets” [32], there exists embeddings into (homogeneous) Besov spaces;

e For the same subclass, the traces onto the coordinate axis can again be identified
with homogeneous Besov spaces.

The two-dimensional approach heavily relies on the atomic decomposition tech-
niques. We have seen that the coorbit space theory naturally gives rise to Banach
frames, and therefore, by using the associated norm equivalences, all the tasks out-
lined above can be studied by means of weighted sequence norms. In particular,
based on the general analysis in [30], quite recently this technique has been applied
to derive new embedding and trace results for Besov spaces [36].

To make this approach really powerful, it is very convenient and sometimes even
necessary to work with compactly supported building blocks. In the shearlet case,
this is a nontrivial problem, since usually the analyzing shearlets are band-limited
functions, see Theorem 3. For the specific case of “cone-adapted shearlets”, quite re-
cently a first solution has been provided in [31]. We refer to the overview article [33]
for a detailed discussion. As the “cone adapted shearlets” do not really fit into the



122 S. Dahlke et al.

group theoretical setting, we provide a new construction of families of compactly
supported shearlets. We show that indeed a compactly supported function with suf-
ficient smoothness and enough vanishing moments can serve as an analyzing vector
for shearlet coorbit spaces, i.e., we show that <7, contains shearlets with compact
support. To this end, we need the following auxiliary lemma which is a modification
of Lemma 11.1.1 in [25].

Lemma 6. For r > 1 and o > 0, the following estimate holds true

1= [ (1)) (1+ ale—e) " dr < <é(1 ) (1 +a|x|)’> .

Proof. Let

Jl{c:_{teR:|t—x|§%}, %C:_{tER:|t—x|>|iz|}.

Then, we obtain for t € A5 by |x| — |¢] < |t —x| < |x|/2 that |¢| > |x|/2 and conse-
quently

i< (1+8) "<z

Now the above integral can be estimated as follows:

10 = [ i) afe—e) et [ (1) 7+ b)) e

<Tx

—r
g2’(1+|x|)*r/ (1+a|x—t|)rdt+<1+am> / (14 [¢)) " de
M, 2 He

x

1
<2 () [ () T 2 odl) [ (1)

This implies the assertion. O

Theorem 6. For some D > 0, let Qp := [—D,D] x [-D, D] and let y(x) € L,(R?)
Sulfill suppy € Qp. Suppose that the weight function satisfies w(a,s,t) = w(a) <
|a| =Pt + |a|P? for p1,p2 > 0 and that

|| 1
L+ o) (14 ]an|)"

[W(or, )] < (

withn > max(§ +pa2, 3 +p1) and r > n+max( + pa, 3 + p1). Then, we have that
IH (W) € L1,(S), i.e.,

1= [ 174 (W)(©)]w(e)du(g) <=

Proof. First, we have by the support property of y that .75y () = (Y, Was:) # 0
requires (x1,x) € Op and
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gna

\/_

1
—D < —( —tl—S(XZ—lz)) < D.
a

-D< < D,

Hence, (W, W, s,) # 0 implies that

~D(1++/|a]) < < D(1++/al),
=D (1+a| +|sl2++/a)) <t < D(1+lal +1sl2+ Via]) ).

Using this relation we obtain that
da
1< [ [ 402004 Ial) (14 lal + 1512+ Vi) ) | vass) dsw(a)
Next, Plancherel’s equality together with (7) and the decay assumptions on V yield

A da
r<c [ [ (15 lal 12+ ViaD ) |9 s [dswla) s

d
< [ [ el el tlal? +is2+ 3jaf +a) | Gas)dswia)
R* JR

—p3(jal2) —pa(lal?)

where py € I are polynomials of degree < k, |77y y(a,s,t)| < J(a,s) and
= |af?

// |(1)1|n 1 |aa)1|" 1 dandw
1
(I+]or])r (14 o))" (1+|aon])” (1+/|a] |sor + @)

|on|" lacy | 1 1
=/ - / dopdw;.
JR (L+ o))" (1+lawi )" Jr (1+|@2])" (1+ /][ |so; + @)

The inner integral can be estimated by Lemma 6 which results in

J(a,s) < Clal*

></ |on|" lon|" 1 do,
r (1+ o))" (1+]aw|)" \ \/la] (1 +|soq])" 1+\/|a sy |)"
Now we obtain
e [ w(a)
I<C /// a|"™” S 3+ || p2 dsdwda
(L e st (a1t o

o " w(a)

+ fe Je et a W) e e (/] lsar])"

dsdw, da) .
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Since the integrand is even in ®y, s, and a this can be further simplified as

el 11 o (1)2” i w(a)
i<l ot / i / dsde;d
</ a p3(Va) o (1+o)(14+am) Jo (14sm))" e
IS 2n IS
o] / w(a)s
dsdw;d
+/ /0 (1+ o) (14+aw)" Jo (1+swp)" e

n—9 0" = w(a)
+/0 “ p3(\/a)/0 (1+a) (ll—l—aa)l)’./o (15 Jasay)r 3d@nda

oo nf% oo w2n oo w(a)s
+/o ¢ pz(ﬁ)/o (It o) (ll—l—aa)l)’/o (1+\/5sw1)rdewld“>'

Substituting  := s; with df = @; ds in the first two integrals and 7 := \/as®, with
dr = \/aw; ds in the last two integrals, we obtain for r > 2 that

2n—1

() g w(a)
I§C</0 m/o a P3(\/a)mdadwl

2n 2
+/ 1 + o) / a”f%pz(\/a) _wla) — dadaw,

(1+aw)
2n—1
gl wla)
+ —_— a 4 a—dadw
/ oyl & VG daden

2n—2
gy w(a)
—_— ————dadw; | .
+./o t+ao) Jo @ m(\/a)(uawl)r acen

Substituting b := aw; with db = w;da and bounding w accordingly we conclude
further that

n+ +p1

11
® = b\ bt
I<c /1—/ J2 ) dbde
=5\ b Groy o P \NVo ) asp)
" 4+pl

11
o b\ b P
— | ———dbdw
+/ 1+(D1 /p2 ) !

< o ) (1+b)
—i—/o %/:m( %) b(”lf;r;z dbdw,;
o [ (Vo) e
[
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Since py € Iy, k = 2,3 we see that the integrals are finite if n > max (% +p2, § +p1)
and r > n+max(J + pa, % + p1). This finishes the proof. O

By the help of the following corollary which was proved in [13] we additionally
establish y € %, and therewith the existence of atomic decompositions and Banach
frames for /€ .

Corollary 1. Let y(x) € Ly(R?) fulfill suppw € Qp. Suppose that the weight func-
tion satisfies w(a,s,t) = w(a) < |a| =P +|a|P? for py,p2 > 0 and that

. | | 1
(o, m)| S - -
YOS T ol (T )

for sufficiently large n and r. Then, we have that y € 5,,.

5.1 Atomic Decomposition of Besov Spaces

Let us recall the characterization of homogeneous Besov spaces Bj , from [23], see
also [30, 37]. For inhomogeneous Besov spaces we refer to [36]. For o > 1, D > 1,
and K € Ny, a K times differentiable function a on R is called a K-atom if the
following two conditions are fulfilled:

1. suppa C DQ;»(RY) for some m € RY, where Q;,,(R?) denotes the cube in R?
centered at o —/m with sides parallel to the coordinate axes and side length 20t~/
2. |DYa(x)| < oV for |y| < K.

Now the homogeneous Besov spaces can be characterized as follows.

Theorem 7. Let D > 1, 0 >0, and K € Nowith K > 1+ |0 | be fixed. Let 1 < p < oo,
Then, f € B;q if and only if it can be represented" as

F) =3 > A(j,Daji(x), (17)

JEZLIeZ4

where the aj; are K-atoms with suppa;; C DQN(R‘]) and

=

1715, ~n (3, 0P 3 AGOP))

JEZ lezd

where the infimum is taken over all admissible representations (17).
In this section, we are mainly interested in weights

m(a,s,t) =m(a):=la|”",r >0

! In the sense of distributions, a-posteriori implying norm convergence for p < co.
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and use the abbreviation
L Cpr =S Cpm-

For simplicity, we further assume in the following that we can use § =7 =1 in
the U-dense, relatively separated set (14) and restrict ourselves to the case € = 1. In
other words, we assume that f € .”%), , can be written as

=33 Y clikn(a Boa kS, Ayl y(x)

JELKEL |72

=33 S c(j,kDaiiy(oix — o/ ke — 1,002 — 1), (18)
JELkEL €72

To derive reasonable trace and embedding theorems, it is necessary to introduce the
following subspaces of .76, .. For fixed y € B,, we denote by .6’ ¢ ,, - the closed
subspace of .7%), , consisting of those functions which are representable as in (18)
but with integers |k| < a//?. As we shall see in the sequel for each of these v the
resulting spaces .66 - embed in the same scale of Besov spaces, and the same
holds true for the trace theorems.

5.2 A Density Result

In most of the classical smoothness spaces like Sobolev and Besov spaces dense
subsets of “nice” functions can be identified. Typically, the set of Schwartz functions
S serves as such a dense subset. We refer to [1] and any book of Hans Triebel
for further information. By the following theorem the same is true for our shearlet
coorbit spaces.

Theorem 8. Let

200
]

SoiZ{fES (@ )|_W

Voc>0}

and m(a,s,t) =m(a,s) = |a|" (‘a‘ +|a|+ |s|)" for some r € R,n > 0. Then the set of
Schwartz functions forms a dense subset of the shearlet coorbit space /€, .

Proof. As in [11, Theorem 4.7] it can be shown that S is at least contained in
S pm- (Note that in [11] the weight (ﬁ + |a|)r(ﬁ + |a| +|s])", r,n > 0 which is
not smaller than 1 was considered.) It remains to show the density. To this end, we
observe from Theorem 3 that certain band-limited Schwartz functions can be used
as analyzing shearlets. Now let us recall that the atomic decomposition in (15) has
to be understood as a limit of finife linear combinations with respect to the shearlet
coorbit norm. However, every finite linear combination of Schwartz functions is
again a Schwartz function, hence (15) implies that we have found for any f € /%),
a sequence of Schwartz functions which convergesto f. 0O
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5.3 Traces on the Real Axes

In this section which is based on [13], we investigate the traces of functions lying in
certain subspaces of .7’%), , with respect to the horizontal and vertical axes, respec-
tively. With larger technical effort it is also possible to prove trace theorems with
respect to more general lines.

Theorem 9. Let Try, f denote the restriction of f to the (horizontal) xi-axis, i.e.,
(Trnf)(x1) := f(x1,0). Then Tty (S €E ,,) C By'p(R) + By (R), where

B,‘i‘p(R) —l—B%,(R) ={h|h=h+h,h € Bg}p(R),hg € Bg?p(R)}
and the parameters 01 and o, satisfy the conditions

o 5+3 (o) 3+1
=V — — =V — — —_
1 4 2[7 2

Note that o1 < o, for p > 2.

Proof. Using (18) we split f into f = f| + f>, where

xl,xz 2 2 2 ],k l oc4fl//(ocjx1 Otj/zka—ll,OCj/z)Cz—lz), (19)

720k <ai/? 1€2?

2(x1,0) = 3 Y e(j,0, )i y(odn — 1, a2 — D). (20)
Jj<01e72

By Corollary 1 we can choose ¥ compactly supported in [-D,D] x [-D,D]
for some D > 1. Moreover, we can assume that |D y|<1for0<y<K:=
max{Kj,K»}, where K| := 1+ |0}, K2 := 14 |02 and where Dy denotes the
derivative with respect to the first component of y. Now Try, f can be written as

Trpf(x1) = f(x1,0) = Y, > Y c(jikD) 4jllf(05jx1 —I1,—h)

JEL k| <ail?lez?

=YY Y Y clkhbadylelxn —h,-b)

JEZL GZV{‘S(X//Z |L|<D

=3 3 AG.aj, )+ Y, Y A N)a, ()

j>01 ez j<0hez
= Trpf1(x1) + Trafa(x1),

where for j > 0,

[k|<ai/? || <D
0 otherwise,

AG) et S S ek k) w(adx — 1, —b) it A(j,L) #0,
ajl (xl) =

AGL) ==atl Y Y ekl k),

|k|<ei/? |la|<D
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and for j <0

|2|<D

(x1) {ijh)la‘}‘j Y c(j,0,l,h)w(aix) — 1y, —h) if A(j,I)) #0,
i \X1) =

otherwise,

3.
AG,h) = a3 [e(),0,0,b)].
|Lb|<D

We have that supp y(a/x; —I1,—l) C DQ;, (R) which is also true for all a;,;, and

by construction we know further that |[D7a; ;| < o7, 0 < y < K. Thus, the ajy, are
K;-atoms on R. Next, we consider

Mouflly < (@37 S wGnr)’

j=>0 LeZ
1
. 3 1 7
:(zaw(mrwz( y ¥ |c(j,k,ll,lz)|)p)1.
j=0 hEZ |k|<ai/?|h|<D

Since (XY |zi|)p <NP=USN 7|7 and the set {k € Z : |k| < a//*} contains Co//>
elements we can estimate

1
ITeifillpen S (0?30 3% feikn)?)”

j=0 |k|< /2 I€R?
1
(X3 TG hr)" S Iflrs,
JEZ keZ |cR2
with r = o} + 3 i3, In the same way we obtain that

==

ITefsll e, < (T @@ 45 3 Je(j,0,0)17)

j<0 [eR2

1
(T3 T IGkO) < flre,

JEZL kE€Z |cR2

with r = 0 + 3 iT3 ThlS completes the proof. O
By the followmg corollary the restriction to .”¢'¢ p, , is not necessary for p = 1.

Corollary 2. For p = 1, the embedding Tr,(-#¢ ;) C BY,(R) with 6 =r— 3 + %
holds true.

Proof. Following the lines of the previous proof, where the summation with respect
to k is over Z, we obtain

ITrifllsg, < 3 /DD S S S ek, li,b)| <

JEZ L ELZKEL|lH|<D

withr =0+ % —% and we are done. O
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Let us turn to traces on the vertical axis.

Theorem 10. Let Tr, f denote the restriction of f to the (vertical) xp-axis, i.e.,
(Tryf)(x2) := f(0,x2). Then, the embedding Tr,(S €€ »,) C By»(R) + By’ (R),
holds true, where 0y is the largest number such that
9 3 3 1
o1+ o] §2r—§+; and 62:2r—§+;.
Proof. As in (19) and (20) we split f into f = f| + f> , where we can choose y
compactly supported in [—D, D] x [—D, D] for some D > 1 and normalized such that
the derivatives of order 0 < y < K with K := max{K;,K;}, where K| := 1+ |0}/,
K, := 1+ |0, are not larger than 1. By the support assumption on ¥ we have that

o (L, - D)
—kl —D(1 +[k|)

o /(L +D),
—kly + D(1+ |k]).

X2

<x <
<h <

Let iy, :={r € Z: |r+kly| < D(1+ |k|)}. Now we obtain that

Trf(n)=f0.0) =3 3 3 c(i,k Dot y(—o/ ke, — 1y, 0/ x, — ).

JEL k< 0il? €72

This can be rewritten as

F(0,x2) = D, D A(b)ajn () + Y, D, A h)ajn(x)

j>0hez j<0LeZ
= Tryf1(x2) +Try f2(x2),

where for j > 0,

2K ) e . .
ajn(0) =200 e Y Y (kb K Py (— o Py — 1y, 00 — 1)

k| <0/ €l 1y

if A(j,) #0and a;,(x2) = 0 otherwise and

A h)=o 1 N e(jk b))

|k|<oi/2l €y

and for j <0,

a;(x2) = 2(j,) Tt Y ¢(j,0,0,L)w(~], & 2x — )
lli|<D

if A(j,l») #0and a;,(x2) = 0 otherwise and

. 3 i .
A(j,h) =0at Y e(j,0,0,b)|.
lli|<D
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We have that supp y(—o//2kxy — I, 0//%xy — 1) C DQ;;,(R), where the cube is
considered with respect to /& now. This is also true for a;;,. For j > 0 we con-

clude by |k| < o//? that _oc’Kj/2|D7’l//(—aj/2kx2 — 1,0 — )| < 037 and con-
sequently [D%a;,| < a3, y<K; . For j < 0 we also have that |D¥aj | < al?.
Thus, a;;, are Kj-atoms. We get

1
ITefillg, < (3 e 3 12G.0)I)

JEZ el
. 1
< (T ot gt Y Y (kD))
J=z0 [k|<ai/2 1€R?
1
<(Tatlorinsir 33 k)’
JEZ k| <or/2 [ER2
1
< (Tt itelEr S jeiknl)’
JEZL |k|<oi/2 I€R?
1
< (X 3 3 lelikDl)
JEZ kEZ |cR2
<UL,
withr > (o1 + o] + 3 — —) Analogously, we can compute

ITr sl (zam DS G’

heZ

< (za%(cz 3+3)p 3 [e().0, l)|P)

Jj<0 IeR?

(e ¥ ¥ |c<j,k,z>|")’l’

JEZ keZ |cR2
S I f 1L,

withr = 1(oy+3 — %) and we are done. 0O

Remark 5. An alternative way to obtain trace results would be first to apply the
Besov embedding discussed in the next section and afterward the classical trace
theorem for homogeneous Besov spaces. Let us briefly discuss the relation be-
tween these different approaches. For simplicity we restrict ourselves to the posi-
tives scales and traces to the xp-axis. Usually, an application of trace theorems in
Besov spaces leads to a loss of smoothness of order 1/p, that is Tr(B;P(]Rd)) =

B},"/P(R4-1), see [23]. Let the coorbit space smoothness index r be fixed. De-
pending on the concrete values of r and p, the direct and the indirect approach can
yield the same result. However, in specific cases it turns out that the direct approach



Multivariate Shearlet Transform, Shearlet Coorbit Spaces... 131

is superior as we gain some smoothness: Let 2r — % + % = 2K+ o with k¥ € Z and
o €[0,2). Then, we have for o € [0, 1) by Theorem 10 that 6; = x + o.. On the other
hand, in case o + % € [1,2) an application of Theorem 11 yields .7€€ ), C BS,
where 61 = K+ 1 — £ for arbitrary small € > 0. Consequently, applying the trace the-

orem for Besov spaces yields smoothness 61 — 1 /p=k+1—e—1/p< K+ a = 0.

5.4 Embedding Results

In this section, we prove embedding results of certain subspaces of shearlet coor-
bit spaces into (sums of) homogeneous Besov spaces. But first we provide a result
concerning the embedding within shearlet coorbit spaces. In [18, Sect. 5.7] some
embedding theorems for general L, ,, coorbit spaces were given. In particular, the
authors mentioned that for a fixed weight m, these spaces are monotonically increas-
ing with p. The following corollary is a special results in this direction.

Corollary 3. For 1 < p; < py < oo the embedding /€y, C S Cp,  holds true.
Introducing the “smoothness spaces” %If = chp rrd(L—1ys this implies the contin-
5 27 p

uous embedding
d

if r——=rp——.

gn cynr
P1 D2

P2
For convenience we add the simple proof.

Proof. By Theorem 4 we obtain that

L
1l S MeeliksDlly,, S (S0P 3 ek D)™,
JEZ ki
ee{—1,1}
where c¢(j,k,1) is the coefficient belonging in the representation (15) with respect
to (14) to the function m(ea™/, 007712k, S ;2 Ay-TI) . Since £, C £, for
p1 < p> we get finally that

1

Vo £ (Sem( S ik

JEZ k.l
ee{-1.1}

1
(T 3 lelikD?) S Il
ez kil
ee{-1.1}

Next we state our final result.

Theorem 11. The embedding /€€, C By',(R?) + By?,(R?), holds true, where
o] is the largest number such that
o] 3 1

9 4
o1+ o) <2r— = +— d op——==r4+-—+-.
itlo) <2 2 p’ an 2 2 d 2p+4
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Proof. By (18) we know that f € .¥¢ ¢, , can be written as

2 z 2 ],k l oc4fl//(ocjx1 Olj/szQ—ll,OCj/z)Cz—lz),

JEL k| <ail? 1€2?

where we can choose ¥ compactly supported in [—D, D] x [—D, D] for some D >
1 and normalized such that the derivatives of order 0 < |y| < K := max{K;,K>},
Ki:=1+|01], K> := 1+ | 02] are not larger than 1.

We split [ € SECp, as in (19) and (20) into fi and f>. Then, we obtain with
the index transform /; = r; — kl, that

=3 Y XY Y clikn-kbb)ad

JZ20 k| <ai/2 hELm ELr El(j,ny)
X l//(oc’xl — (X'//szQ —r+ klz, OCJ/ZXQ — lz)

where I(j,n)) == {reZ: a/?(n —1) < r < a//*n;}.
For j > 0 we set

3+21<1

T clikr —kiy,b)

|k|<cwd/2rel(jn)

ajm i, (x) = A(j,n1,0)"

—K1j/2

X O y/(ocjxl — o/ Pk — 1y —|—klz,ocj/2x2—lz),

if A(j,n1,l) #0andaj,, ;,(x) =0 otherwise, where

Y Y etk —kh,b)l.

|k|<oi/2 ri€l(jny)

3+2K1

/’L(JvnlalZ

By the support assumption on y, the functions appearing in the definition of a; , n,
are only nonzero if the following conditions are satisfied:

—D<a/Pxy;—lb<D, ai?*(l,—D)<x;< 0o *(l,+D)

and , .
—D < a/x; — o/ *kxy — ry +kl, < D,

(Xﬁjrl+(X7jk((xj/2)C2—lz)—OC7jD <x; < Olij}"l+(X7'ik(a'i/ZXQ—12)+(X7'iD,
oI —a I2D) < xy < a7+ a2 (2D),
o ?n —a7?(3D) < x; < any +a I?(2D).

Thus, a; ,, 1, is supported in 3DQ; ,,, ;,, where the cube is considered with respect to

va. The appropriate bounds |D7a; , 1, | < a7, |y| < K| can be derived as in the
previous proof. Hence, the functions a; ,, ;, are Ki-atoms.
Now we obtain for

= 3 > AU, h)ajn ()

Jj>0heZn€Z
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that
1£illf, < > @Y S A n )P
JEZ heZn €L
P
i 2 3+2K
= ZO‘%(UPEW Aol DRI > fe(i ki — kb, )|
jEZ 1262”162 ‘k‘SOCj/ZVIEI(le])
j 7 4
< Y OHERTG S S S S ek ki, b))
JEL 12€Zn1€7£\k‘<aj/2rlel(j ny)
= Yot 3al D) S S S ek i, b) P
JEZ \k\ga//H]eleeZ

< 11,

In the case j < 0 we obtain with J(j,ny) := {r: o= //2(ny — 1) < r < o~ 7/%n,} that

3, . )
fz(x) = 2 2 z C(j,O,ll,lz)Oﬂjl[/(Otjxl —ll,a//zxz—lz)
J<O0L€eZlheZ
=YY Y Y c0hm)atiyledn ~ 0 1)
J<OlL€Zny€Zrycd(j.ng)

= 2 2 2 A(]’,lhl’lz)amynz(x),

J<OLEZnEZ

where

) 32k ) Ky . .
ajg () =20 0m) e E Y e(),0,0,m)a T wlodx — 1, e — 1),
r€J(j,m)

3-2K, .
AGdn) ==a 57 Y [e(j,0,h,n)]

r€l(jn)

and a;, »,(x) :=0if A;;, », = 0. By the support assumption on y we get

(Xﬁj(ll —D) <x < (Xﬁj(ll —l—D),
o (r,—D)<x; < a/?(r,+D),ie., a (n—2D) < x, < o/ (ma+D).

Consequently, a;, », is supported in 2DQ;, ,,. Since 1 > a2 > qiltl > ok
for 0 < |y| < K, and j < 0 we obtain further that |[D?a; ,, ;,| < a/%2/2d1"/2 < /17
so thata;, ,, are K>-atoms. Thus,

. 2 .
1llgen < 307 33 A1 m) "

JEZ LhELn€eL

< zaj(czf;%%)p Yy

Jj<0 LhELneL

p

Y c(j,0,0,m)

r€&l(jn)
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< Y O HHR0 Y o)

J<0 I€R?
< 2o ¥ Y el kDI
JEZ k€Z |eR2
S I,
wherer:cz—%_é_ll_lﬁ_zﬂ' 0

Remark 6. Embedding results in Besov spaces have also been shown for the curvelet
setting by Borup and Nielsen [2]. However, the technique used by these authors is
completely different. In contrast to our approach they work in the frequency domain.
We prefer to consider the time domain with flexible atomic decompositions for the
following reasons. As already outlined above time domain techniques provide a
very natural way to derive trace theorems which might be very difficult or even im-
possible in the Fourier domain. Moreover, since we are working with compactly
supported atoms the treatment of shearlet coorbit spaces on bounded domains, in-
cluding again embedding and trace theorems, seems to be manageable.

It has also turned out that our approach provides some advantages for higher
dimensions. Trace theorems for shearlet coorbit spaces on R d>3to higher di-
mensional hyperplanes are not straightforward since it is not clear that these traces
will also be contained in Besov spaces. One natural conjecture would be that the
traces of shearlet coorbit spaces on R? with respect to two-dimensional hyperplanes
are again shearlet coorbit spaces. This conjecture was proved in [8]. As expected
flexible atomic and molecular decomposition techniques for shearlet coorbit spaces
can be applied.

6 Analysis of Singularities

In this section, we deal with the decay of the shearlet transform at hyperplane sin-
gularities and at special simplex singularities in R. For the behavior of the shearlet
transform at singularities in R? we refer to [32, 38].

6.1 Hyperplane Singularities

We consider (d — m)-dimensional hyperplanes in R?, m = 1,...,d — 1 through the
origin given by

X1 Xm+1 0 p}"
+P| | =1|:], P=]|: |erRmm (21)
Xm X4 0 pr
N——

XA XE
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Note that this setting excludes some special hyperplanes, e.g., ford =3 and m =1
planes containing the x;-axis and for d = 3 and m = 2 lines contained within the
x1xz-plane. To detect such hyperplane singularities one has to perform a simple vari-
able exchange in the shearlet stetting or to define “cone adapted shearlets” similar
to [32].

Let 0 denote the Delta distribution. Then, we obtain for

Vi = 6(XA —I—PXE)
that
= / (x4 + Pxg e~ 20 0a)+(x,0k) g

_ / o 2mi(— (Pre.0n) +(xE,0E)) .,
o(o

e — Pl ay). (22)

The following theorem describes the decay of the shearlet transform at hyperplane
singularities. We use the notation .77¢y f(a,s,t) ~ |a|" as a — 0, if there exists
constants 0 < ¢ < C < oo such that

cla|” <S5 y f(a,s,t)] <Cla|” as a— 0.

Theorem 12. Let y € Ly (RY) be a shearlet satisfying { € C*(RY). Assume further
that (@) = P (1) Pr(®/ ), where supp §; € [—ay, —ap|U|ag, a1 for some a; >
ap > o> 0and supp U € Qp. If

(Sm,...,sdfl) = (—l,sl,...,smfl)P and (l‘l,...,l‘m) = —(tm+1,...,l‘d)PT,
(23)
then

IH yVm(a,5,1) ~ |a| 7" asa— 0. (24)

Otherwise, the shearlet transform /3¢ yV,, decays rapidly, i.e., faster than any
polynomial, as a — 0.

The condition (23) requires that the shearlet is aligned with the hyperplane (21)
and that ¢ lies within the hyperplane. The condition on {; and », can be relaxed
toward a rapid decay of the functions.

Proof. An application of Plancherel’s theorem for tempered distribution together
with (22) and (7) yields

yf%ﬁw‘/m(d s t) = <Vmalllast> - <Omu'j/ast>
/ 8(wg —PTawy)|a)'~ 22 270 w>w(aw1,sgn( )|a|d( —l—(b)) do

_ |a|1*ﬁ/ eZﬂi(tAJrPlE-,COANZV(awhsgn(a”a“(wls_'_( ‘T" ) >de
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with @4 = (wy,. .., a)m)T for m > 2. In the following, we restrict our attention to
the case m > 2. If m = 1, we can simply neglect @4 and the assertion follows in a
similar way. By definition of V this can be rewritten as

. _ ~ 1 0
|a|17ﬁ /me2”1<’A+PtE’wA>l/A/1(aw1)llAfz <|a|é (S—I— _ (P(;)A >)> de.
Substituting & = (&,...,&,)T 1= @4 /@1, ie., ddy = || 1 d&s, we get
yjfwvm(a,s7t) = |a|17ﬁ/ / lezniw1<tA+P[E:(1!E/;r)T>lT/1 (aw1)|w1|m71
R JRm

and further by substituting &; := aw;

L& z _
A plass) =lal' " [ [ e 6
Rm=tJR

X (|d|‘1‘1(er (PT(EAEDT>)) d&,.

Finally, by substituting @, := |a|$’1 (EA +54), where s, := (s1,...,5,_1)" and 5, :=
(Sm,--->54-1)T, we obtain

1-2m 6L 1-1/d T _ (T 1=
Sy Vm(a,s,t) = |a| 2 /Rmil/Rezﬂu(tﬁPtE,(l,\a\ o) sa>>|§l|m 11//1(51)0151

— @A
W\ (e (5,) )4
If the vector
PT( );Aod - (25)

then at least one component of its product with |a 1/d=1 pecomes arbitrary large as
a — 0. On the other hand, by the support property of {r,, we conclude that 1/72((1),4, )
becomes zero if @4 is notin Qp,, .5, ) C R™ ! But for all @, € Oy, ) at

least one component of
1 (1 (0
laja" (se— P (Sa>)+P <wA>

is not within the support of yn for a sufficiently small so that {/; becomes zero
again. Assume now that we have equality in (25). Then

yjfwvm(a,st |a| L /Rm 1/ 2m Lita+Pig,(1,]a|' =V @) —sT)) |§1|m 11//1(51)0151
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0]}

Xl[xlz pr (9 ) ddy
WA

1-2m ~ (m— — ~
= cla'# [ 9" (0P (Llal 6]~ D) fa)

)}
X "IAIZ pT < 9 ) d(bAa
WA

1-om (m—1) |a| /41 1
I yVm(a,s,t) = Cla| 2 /Rmil W, (ta + Pr1g, ST |11 )]al "4

@y — g
o)
X h PT(p) d@y,
()

where {; has the Fourier transform yr; (&;) := (&) for & > 0 and ¥ (&) :=
— (&) for & < 0. Since by our assumptions the support of §; is bounded away
from the origin, we see that 1711 is again in C*(R). If t4 + Ptg # O, then, since
y; € C* the function lf/l(mfl) decays rapidly as @ — 0 for all @4 in the bounded
domain, where ; does not become zero. Consequently, the value of the shearlet
transform decays rapidly. If t4 + Ptz = 0,,, then

(07
A yVmlasst) = Clal 2" "V (0) /RWl W | ( o) day ~ |a]' 3"
o)

This finishes the proof. O

Remark 7. Other choices of the dilation matrix are possible, e.g.,

A a 0571
7 \0gor sgn(a)/]alli—y )

Then, we have to replace (24) by |a|““#— which increases for d < 2m+1asa — 0.

Therefore, we prefer our choice.

6.2 Tetrahedron Singularities

In the following, we deal with the cone % in the first octant of R given by

¢ :={x=Ct:t>0 componentwise},
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where

1 11
C=(pqr)=|pain |, pjqjri>0,j=12
P24q2 12

and the vectors p, g, r are linearly independent. The vector

T
P2—4q2 q1 —P1 ~T\T
n = 1, s = 1,]/1
- ( P192 — P2q1 P1Q2—sz> (1:75,)

is a multiple of the normal vector of the plane spanned by p and ¢. Similarly, we
use the notation n,,, ny, for the corresponding vectors perpendicular to the pr- and
gr-plane. Let x4 denote the characteristic function of the cone %’. Since the Fourier
transform of the Heavyside function H is

Alw) = %pv <l> /5 8(0),

1 w

see [22, p. 340], we obtain that

fe(0) = / e M) gy = |detC| / e 2mClO) gy
¢ R}

1 1 1
= C S —
! pTogto rTo

11
e (,quT—wW“’)* 5(”T“’)>
1 1 !
+c3 (pT_a) 5(qTa))5(rT(D)+qT—w 5(PTw)5(VTw)+rTw 5(1’T“’)6(qu))

+ (5(pTa))3(qu)5(rTw)) (26)

1
5w+ — ——
pTorTo (g @)+ N AORRN0)

with nonzero constants c¢;, j = 1,2,3,4. We have omitted the pv to simplify the
notation. This can be used to prove the following theorem.

Theorem 13. Let y € Ly(R?) be a shearlet satisfying € C*(R3). Assume further
that (@) = ¥ (1) Ya(®/ @), where supp Y| € [—ay, —ap)U[ao,a;] for some a; >
ap > o> 0andsupp Y € Qp. Leta > 0. If

L—pisi—pasa #0, 1 —q151 —q2s2 #0, 1 —r1s1 —rs2 #0 and 1= (0,0,0)7,

then
IHyxe(a,s,t) ~ a3,

If
1—pis1—p2s2=0,1—q151 —q2520 #0, 1 —r1s1 — 1250 #0 or

1 —qis1—q252 =0, 1 —p1s1 —p2s2 #0, 1 —rys1 =150 #0 or
1—ris1—rs2 =0, 1 —p1s; —p2s2 #0, 1 —q151 — q252 # 0
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and ty — ths1 — 350 = 0 which is in particular the case if t =cp, t = cq ort = cr,
respectively, then
3/2
IHyxe(a,s,t) Sa 2,

If
_ = T = T 7 T, _
8= —fipg, Npgt =0 or s=—fp, npt=0 or s=—fg, n,t=0

then
IHyxe(a,s,t) S al°.

Otherwise, the shearlet transform /7€y x«(a,s,t) decays rapidly as a — 0.

Figure 2 illustrates the decay of the shearlet transform.

Fig. 2 Decay of the shearlet transform of the characteristic function of the cone %: we have « if
§ X pgr eif§ L pbut§ fq,randoifs L p,q, where §:= (1,—s;,—s)T is orthogonal to the
plane containing the largest shearlet value

Proof. To determine the decay of .75% y x¢(a,s,t) = (¥, Was,) as a — 0, we con-
sider the four parts of (26) separately.

1. Since p,q,r are linearly independent, we have by the support of { that
(8(p")8(g")8(r" ), Wass) = Wasa (0) = 0.
2. Next we obtain
I
(8(p™)8(q") -+ Wasa)

1 - Samy) = _
= as/(’—rTnm/Rezm““(’!”lﬂ—wl 72} (a 2/3(s+npq)) doy

~ a/®V, (a72/3 (s‘i-ﬁpq)) / e2miS1 (g} /a —Wl(él) dé;. (27)
R &
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If s # —fipg, then (27) becomes zero for sufficiently small a since 1/;/2 is
compactly supported. If s = —7i,,, then

(8(5™)8(6"™) - Vass) ~ @01 (1) ),

where ¢; defined by ¢ (&) := 1 (£)/E € .7 is rapidly decaying. Thus, the
above expression decays rapidly as a — 0 except for n;qt =0, i.e., t is in the

pg-plane, where the decay is a>/°.

A

-, Wa,s,e) We get with w3 = — (@ + p1an)/p> that

_ 1 1 1
— S0 Q2o = -2/3 0]
I3 =a /]Rz wl(aa)l)qu <a <S—|— o ( )>) o rde 1days.

Substituting first & := a~2/3(s; + @/ ;) and then & := aw; this becomes

ForI; := (8(p") g'lr

\_i_

I = a3/2/262ﬂi51 (n-2 7y 102 *M))/(l 2mi&1 (L2 ) a3 l//1(51)
R

&
= éz > 1 1
B —  _dEdE,
< ¥ < Pkt By ) - 28 ) (B (&) S
where g,4(&2) —1———51(611 "‘qz)+a2/3€2(611 BL). I 1 —pis; —

p2s2 # 0, then l//g((iz, 23 (- —I— Plsi+s2) — 52) ) becomes zero for
sufficiently small a by the support property of .

Let 1 —p1s; — pas2 =0.

1= 8 —si(qr = 52) # 0.ie. 1 # — 0=l and 1= 32 —si(ry — 532)

¥ (&0.-50)T)

#0,i.e., s #——2=2_ thenthe function ¢, defined by ¢, := Tn&enE) €

pir2—par1’

. is rapidly decaying and we obtain

L= 613/2/]RI G2 (0= 21 (- 22)) fa 91(&1) . (51(t2p2—1?1t3)> dé,.

G pra'l?

Iftapr — pits 75 0, then

. (51 (tap2 —P1t3)> <c a*/3

VreN
prall3 a3+ ||&(ta — pits/ p2) |*"

and since 1 (&;) = 0 for &; € [—aq,ag], we see that 5 is rapidly decaying as
a—0.Iftrpr — p113 =0, then

3
t — =
I3Na3/2¢1<1 P2>,
a
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which decays rapidly as a — 0 except for #; py = t3. Now tpp» — p1t3 = 0 and

11 p2 =13 imply that = ¢ p, ¢ € R. In this case we have that I3 ~ a>/2.
P — _7
32. Ifs) = it and consequently s 7ipg, then

L ~a5/6/ S27ic1 (ll*,%*Sl(tz*%))/ae2ﬂi§152(t2*ppl?)/01/3 V(&)
R &
L (&, =pi/p)") 1

gpr(éz) &
N as/e/Rezmél (tl1’,32x1(tz",§;3))/all/1€(1§1) ((pz*sgn)(51(P2t2—171t3)>d§1

paall3
3 P13
H—-=—s1(lh — ==
5 a5/6¢1 < P2 ( P2 ) ,

a

d&rdé,

~ 7 — T
where ¢, and ¢ are defined by ¢ (&) := %
3

% € .. The last expression decays rapidly as a — 0 except for ¢} — i

s1(tr — pp‘—f) = 0, where Is < a®/°. Together with the conditions on s the later

: e T
is the case if Nyl = 0.

€. and ¢, (§)) ==

4. Finally, we examine I := <pLT — %, Was). We obtain

: = = 1 1 1 1
5/6 27i{t,0) 7 = -2/3 ()
ILh=a /R3 e U (am)) i (a <s+_1 ( )))—pT _qT T do

and further by substituting &; := a~2/3(s;_ + ®;/wy), j = 2,3 and & := aw

Q

14 — a13/6/3€271'i51 (t1+t2(a2/3§27s1)+t3(a2/3§37s2))/a "Alll (&1)
R

2
S (8- N

8p(82,83) 84(&2,83) 8(&2,83)

where g,(E2,&) := 1 — p1s1 — pasa +a*3(Ep1 + E3pa).

4.1. If 1 — P1S1 — pP2s2 75 0, 1-— qls_l — {252 75 Oand 1 — rys1 — s 75 0, then ¢2

~ i/ Pl T . . .
defined by ¢»(&,,&3) == PR E;V)lg(;f gz'i;})) z,?r &E € & is rapidly decaying and

L = a13/6/Rez”i‘?‘(”*h‘”*u‘m/ﬂ —Wlé(fl) 02(E1(12,13) /a'/?) dEy.

Similarly as before, we see that Iy decays rapidly as a — 01if (¢,,#3) # (0,0). For
1y = t3 = 0 we conclude that Iy ~ a'3/¢, ((t; — t25) — 1357) /a). The right-hand



142 S. Dahlke et al.

side is rapidly decaying as a — O except for | — 51 — 350 = 0, i.e., for
1 =(0,0,0)", where Iy ~ a'3/°.

42. If1— P1S1 — P28S2 = Oand 1 — 1S1—(]2S27£0,1—7‘1.5‘1—7‘282750, we obtain
it 3 SE e

14 — a3/2/ eZniijl(tl —tps1—1352)/a 62ﬂi61(1252+l353)/a1/3 "Alll (51)
Jr3 3|
1

p1&+pa&s
@ [ ettt oio B (gn.h) & )0 ) o

x $2(&2,&3) dg

< a2 (t — ts) —13sy) ),

where h(u,v) :=sgn(—v/p2) 6(t2 — p1t3/p2). Thus, Iy decays rapidly as a — 0
except for 1| —trs1 — 135, = 0.

4.3. Let1—pys;—paso =0and 1 —q151 —g252 =0, i.e., s = —7ip,. Then, we obtain

with §(&, &) = L&) ¢ 5 oy

L= /o / 2 (1151 -1352) a 2 (o) fa/ V181
R3 él
I I

pP1&2+p2&; 111?2 +q283 4%
a5/6/ eZniisl(tlftzslfgsz)/a 41 (&1) (¢2 *h)(& (tz,t3)/al/3)d§1
R Si

X @(52753)

A

@00y (1) — 1251 — 1352) /),

— pau—piv quU—q1v _ _ —0 T, _
where h(u,v) := sgn P2l sgn A2 Jdft —tas1— 1350 =0,i.e.,n,t =0,
then Iy < a0, otherwise we have a rapid decay as a — 0. This finishes the
proof. a
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Abstract Multivariate functions are typically governed by anisotropic features
such as edges in images or shock fronts in solutions of transport-dominated equa-
tions. One major goal both for the purpose of compression and for an efficient anal-
ysis is the provision of optimally sparse approximations of such functions. Recently,
cartoon-like images were introduced in 2D and 3D as a suitable model class, and ap-
proximation properties were measured by considering the decay rate of the L? error
of the best N-term approximation. Shearlet systems are to date the only representa-
tion system, which provide optimally sparse approximations of this model class in
2D as well as 3D. Even more, in contrast to all other directional representation sys-
tems, a theory for compactly supported shearlet frames was derived which moreover
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1 Introduction

Scientists face a rapidly growing deluge of data, which requires highly sophisticated
methodologies for analysis and compression. Simultaneously, the data itself are be-
coming increasingly complex and higher dimensional. One of the most prominent
features of data is singularities. This statement is justified, for instance, by the ob-
servation from neuroscientists that the human eye is most sensitive to smooth geo-
metric areas divided by sharp edges. Intriguingly, already the step from univariate to
multivariate data causes a significant change in the behavior of singularities. While
one-dimensional (1D) functions can only exhibit point singularities, singularities of
two-dimensional (2D) functions can already be of both point and curvilinear type.
In fact, multivariate functions are typically governed by anisotropic phenomena.
Think, for instance, of edges in digital images or evolving shock fronts in solutions
of transport-dominated equations. These two exemplary situations also show that
such phenomena occur even for both explicitly and implicitly given data.

One major goal both for the purpose of compression and for an efficient anal-
ysis is the introduction of representation systems for “good” approximation of
anisotropic phenomena, more precisely, of multivariate functions governed by
anisotropic features. This raises the following fundamental questions:

(P1) What is a suitable model for functions governed by anisotropic features?

(P2) How do we measure “good” approximation and what is a benchmark for opti-
mality?

(P3) Is the step from 1D to 2D already the crucial step or how does this framework
scale with increasing dimension?

(P4) Which representation system behaves optimally?

Let us now first debate these questions on a higher and more intuitive level, and
later on delve into the precise mathematical formalism.

1.1 Choice of Model for Anisotropic Features

Each model design has to face the trade-off between closeness to the true situation
versus sufficient simplicity to enable analysis of the model. The suggestion of a suit-
able model for functions governed by anisotropic features in [6] solved this problem
in the following way. As a model for an image, it first of all requires the L?(IR?)
functions serving as a model to be supported on the unit square [0, 1]?. These func-
tions shall then consist of the minimal number of smooth parts, namely two. To
avoid artificial problems with a discontinuity ending at the boundary of [0, 1]?, the
boundary curve of one of the smooth parts is entirely contained in (0,1)2. It now
remains to decide upon the regularity of the smooth parts of the model functions
and of the boundary curve, which were chosen to both be C?. Thus, concluding,
a possible suitable model for functions governed by anisotropic features are 2D
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functions which are supported on [0, 1]?> and C? apart from a closed C? discontinuity
curve; these are typically referred to as cartoon-like images (cf. “Introduction of this
book!”). This provides an answer to (P1). Extensions of this 2D model to piecewise
smooth curves were then suggested in [1], and extensions to three-dimensional (3D)
as well as to different types of regularity were introduced in [8, 12].

1.2 Measure for Sparse Approximation and Optimality

The quality of the performance of a representation system with respect to cartoon-
like images is typically measured by taking a nonlinear approximation viewpoint.
More precisely, given a cartoon-like image and a representation system which forms
an orthonormal basis, the chosen measure is the asymptotic behavior of the L? error
of the best N-term (nonlinear) approximation in the number of terms N. This intu-
itively measures how fast the £2 norm of the tail of the expansion decays as more
and more terms are used for the approximation. A slight subtlety has to be observed
if the representation system does not form an orthonormal basis, but a frame. In
this case, the N-term approximation using the N largest coefficients is considered,
which, in case of an orthonormal basis, is the same as the best N-term approxima-
tion, but not in general. The term “optimally sparse approximation” is then awarded
to those representation systems which deliver the fastest possible decay rate in N
for all cartoon-like images, where we consider log-factors as negligible, thereby
providing an answer to (P2).

1.3 Why is 3D the Crucial Dimension?

We already identified the step from 1D to 2D as crucial for the appearance of
anisotropic features at all. Hence, one might ask: Is it sufficient to consider only
the 2D situation, and higher dimensions can be treated similarly? Or, does each di-
mension causes its own problems? To answer these questions, let us consider the
step from 2D to 3D which shows an interesting phenomenon. A 3D function can
exhibit point (=0D), curvilinear (=1D), and surface (=2D) singularities. Thus, sud-
denly anisotropic features appear in two different dimensions: as 1D and as 2D
features. Hence, the 3D situation has to be analyzed with particular care. It is not
at all clear whether two different representation systems are required for optimally
approximating both types of anisotropic features simultaneously, or whether one
system will suffice. This shows that the step from 2D to 3D can justifiably be also
coined “crucial.” Once it is known how to handle anisotropic features of different
dimensions, the step from 3D to 4D can be dealt with in a similar way as also the
extension to even higher dimensions. Thus, answering (P3), we conclude that the
two crucial dimensions are 2D and 3D with higher dimensional situations deriving
from the analysis of those.
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1.4 Performance of Shearlets and Other Directional Systems

Within the framework we just briefly outlined, it can be shown that wavelets do
not provide optimally sparse approximations of cartoon-like images. This initiated
a flurry of activity within the applied harmonic analysis community with the aim to
develop so-called directional representation systems which satisfy this benchmark,
certainly besides other desirable properties depending on the application at hand. In
2004, Candés and Donoho were the first to introduce the tight curvelet frames, a di-
rectional representation system, which provides provably optimally sparse approxi-
mations of cartoon-like images in the sense we discussed. One year later, contourlets
were introduced by Do and Vetterli [4], which similarly derived an optimal approx-
imation rate. The first analysis of the performance of (band-limited) tight shearlet
frames was undertaken by Guo and Labate in [7], who proved that these shearlets
also do satisfy this benchmark. In the situation of (band-limited) shearlets the analy-
sis was then driven even further, and very recently Guo and Labate proved a similar
result for 3D cartoon-like images which in this case are defined as a function which
is C? apart from a C? discontinuity surface, i.e., focusing on only one of the types
of anisotropic features we are facing in 3D.

1.5 Band-Limited Versus Compactly Supported Systems

The results mentioned in the previous subsection only concerned band-limited sys-
tems. Even in the contourlet case, although compactly supported contourlets seem
to be included, the proof for optimal sparsity only works for band-limited generators
due to the requirement of infinite directional vanishing moments. However, for vari-
ous applications compactly supported generators are essential, wherefore already in
the wavelet case the introduction of compactly supported wavelets was a major ad-
vance. Prominent examples of such applications can be found in imaging sciences,
when denoising images while avoiding a smoothing of the edges, and in the theory
of partial differential equations, when the shearlets act as a generating system for a
trial space and the compact support ensures fast computational realizations.

So far, shearlets are the only system for which a theory for compactly supported
generators has been developed and compactly supported shearlet frames have been
constructed [10], see also the survey paper [13]. It should though be mentioned that
these frames are somehow close to being tight, but at this point it is not clear whether
also compactly supported fight shearlet frames can be constructed. Interestingly, it
was proved in [14] that this class of shearlet frames also delivers optimally sparse
approximations of the 2D cartoon-like image model class with a very different proof
than [7] now adapted to the particular nature of compactly supported generators.
And with [12] the 3D situation is now also fully understood, even taking the two
different types of anisotropic features—curvilinear and surface singularities—into
account.
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1.6 Outline

In Sect. 2, we introduce the 2D and 3D cartoon-like image model class. Optimality
of sparse approximations of this class is then discussed in Sect. 3. Section 4 is con-
cerned with the introduction of 3D shearlet systems with both band-limited and
compactly supported generators, which are shown to provide optimally sparse ap-
proximations within this class in the final Sect. 5.

2 Cartoon-Like Image Class

We start by making the definition of cartoon-like images, which was intuitively
derived in the introduction of this chapter, mathematically precise. We start with
the most basic definition of this class which was also historically first stated in [6].
We allow ourselves to state this together with its 3D version from [8] by remarking
that d could be eitherd =2 or d = 3.

For fixed u > 0, the class &*(R?) of cartoon-like image shall be the set of func-
tions f : R? — C of the form

f=rfo+fixs,

where B  [0,1)¢ and f; € C2(R?) with supp fy C [0,1]? and | fillc2 < u for each
i =0, 1. For dimension d = 2, we assume that dB is a closed C>-curve with curvature
bounded by v, and, for d = 3, the discontinuity dB shall be a closed C2-surface
with principal curvatures bounded by v. An indiscriminately chosen cartoon-like
function f = yg, where the discontinuity surface dB is a deformed sphere in R3, is
depicted in Fig. 1.

Since objects in images often have sharp corners, in [1] for 2D and in [12] for
3D also less regular images were allowed, where dB is only assumed to be piece-
wise C2-smooth. To be precise, dB is assumed to be a union of finitely many pieces
dBy,...,0dBr, which do not overlap except at their boundaries, and each patch dB;
can be represented in parametric form by a C>-smooth function and has curvature
(for d = 2) or principal curvatures (for d = 3) bounded by u. Letting L € N denote
the number of C? pieces, we speak of the extended class of cartoon-like images
&2 (RY) as consisting of cartoon-like images having C?>-smoothness apart from a
piecewise C? discontinuity curve in the 2D setting and a piecewise C? discontinuity
surface in the 3D setting. We note that this concept is also essential for being
able to analyze the behavior of a system with respect to the two different types
of anisotropic features appearing in 3D; see the discussion in Sect. 1.3. Indeed, in
the 3D setting, besides the C? discontinuity surfaces, this model exhibits curvilinear
C? singularities as well as point singularities, e.g., the cartoon-like image f = yp
in Fig. 2 exhibits a discontinuity surface dB C R? consisting of three C*>-smooth
surfaces with point and curvilinear singularities where these surfaces meet.
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Fig. 1 A simple cartoon-like image f = yp € &?(R?) with L = 1 for dimension d = 3, where the
discontinuity surface dB is a deformed sphere

0.25

Fig. 2 A cartoon-like image f = yp € &7(R?) with L = 3, where the discontinuity surface 9B is
piecewise C2-smooth
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The model in [12] goes even one step further and considers a different regularity for
the smooth parts, say being in CP, and for the smooth pieces of the discontinuity,
say being in C* with 1 < or < 8 < 2. This very general class of cartoon-like images
is then denoted by §£’L(Rd), with the agreement that &7 (RY) = go[zL(Rd) for o0 =
B=2.

For the purpose of clarity, in the sequel we will focus on the first most basic
cartoon-like model where oo = 8 = 2, and add hints on generalizations when appro-
priate (in particular, in Sect. 5.2.4).

3 Sparse Approximations

After having clarified the model situation, we will now discuss which measure
for the accuracy of approximation by representation systems we choose, and what
optimality means in this case.

3.1 (Nonlinear) N-term Approximations

Let ¥ denote a given class of elements in a separable Hilbert space 7# with norm
Il = ¢, ->1/2 and @ = (¢;);cs a dictionary for 77, i.e., Span® = ¢, with indexing
set I. The @ plays the role of our representation system. Later ¥ will be chosen
to be the class of cartoon-like images and @ a shearlet frame, but for now we will
assume this more general setting. We now seek to approximate each single element
of ¢ with elements from @ by “few” terms of this system. Approximation theory
provides us with the concept of best N-term approximation which we now introduce;
for a general introduction to approximation theory, we refer to [3].

For this, let f € € be arbitrarily chosen. Since @ is a complete system, for any
€ > 0 there exists a finite linear combination of elements from @ of the form

g= D ci¢y with F CI finite, i.e., #|F| < oo
icF
such that || f — g|| < &. Moreover, if @ is a frame with countable indexing set /, there
exists a sequence (¢;)ies € £2(I) such that the representation

f=2cid
ict

holds with convergence in the Hilbert space norm ||-||. The reader should notice that
if @ does not form a basis, this representation of f is certainly not the only possible
one. Letting now N € N, we aim to approximate f by only N terms of @, i.e., by

Y ci¢p with Iy C 1, #|Iy| =N,

icly
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which is termed N-term approximation to f. This approximation is typically
nonlinear in the sense that if fy is an N-term approximation to f with indices Iy
and gy is an N-term approximation to some g € ¥ with indices Jy, then fy + gy is
only an N-term approximation to f + g in case Iy = Jy.

But certainly we would like to pick the best approximation with the accuracy
of approximation measured in the Hilbert space norm. We define the best N-term
approximation to f by the N-term approximation

fv = cioi,

ic€ly

which satisfies that for all Iy C I, #|Iy| = N, and for all scalars (¢;);es,

If= sl <lr= 3 co

i€ly

Let us next discuss the notion of best N-term approximation for the special cases
of @ forming an orthonormal basis, a tight frame, and a general frame alongside an
error estimate for the accuracy of this approximation.

3.1.1 Orthonormal bases

Let @ be an orthonormal basis for .7#. In this case, we can actually write down the
best N-term approximation fy = Y¢y, ¢i¢; for f. Since in this case

F=2f )0,

icl

and this representation is unique, we obtain

If = fvlloe = || 20,0000 — D citi
iel icly
= Y [(f. o) —ciloi+ Y, (f.0:)0i
i€ly i€l\Iy

= 17, 91) = ci)ien 2 + [({F5 90) Dienay |-

The first term || ((f, §;) — ¢i)iciy||2 can be minimized by choosing ¢; = (f, ¢;) for
all i € Iy. And the second term |[({f, ;) )ic/\sy |l2 can be minimized by choosing
Iy to be the indices of the N largest coefficients (f,@;) in magnitude. Notice that
this does not uniquely determine fy since some coefficients (f,¢;) might have the
same magnitude. But it characterizes the set of best N-term approximations to some
f € € precisely. Even more, we have complete control of the error of best N-term
approximation by

1F = Il = 1S 0 ienay Nl - (D
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3.1.2 Tight frames

Assume now that @ constitutes a tight frame with bound A = 1 for JZ. In this
situation, we still have
F=2(f 0%
i€l

but this expansion is now not unique anymore. Moreover, the frame elements are
not orthogonal. Both conditions prohibit an analysis of the error of best N-term ap-
proximation as in the previously considered situation of an orthonormal basis. And
in fact, examples can be provided to show that selecting the N largest coefficients
(f,¢:) in magnitude does not always lead to the besr N-term approximation, but
merely to an N-term approximation. To be able to still analyze the approximation
error, one typically—as will be also our choice in the sequel—chooses the N-term
approximation provided by the indices Iy associated with the N largest coefficients
(f,¢;) in magnitude with these coefficients, i.e.,

=2 (f0:)¢:.

icly

This selection also allows for some control of the approximation in the Hilbert space
norm, which we will defer to the next subsection in which we consider the more
general case of arbitrary frames.

3.1.3 General Frames

Let now @ form a frame for 2# with frame bounds A and B, and let (@)iel denote
the canonical dual frame. We then consider the expansion of f in terms of this dual
frame, i.e.,
F=2f0:)0:. )
i€l

Notice that we could also consider

=919

icl

Let us explain why the first form is of more interest to us in this chapter. By def-
inition, we have ((f,@;))ic; € €2(I) as well as ((f,®:))ies € £*(I). Since we only
consider expansions of functions f belonging to a subset ¢ of 77, this can, at least,
potentially improve the decay rate of the coefficients so that they belong to £ (1)
for some p < 2. This is exactly what is understood by sparse approximation (also
called compressible approximations in the context of inverse problems). We hence
aim to analyze shearlets with respect to this behavior, i.e., the decay rate of shearlet
coefficients. This then naturally leads to form (2). We remark that in case of a tight
frame, there is no distinction necessary, since then (131' =¢; foralliel.
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As in the tight frame case, it is not possible to derive a usable, explicit form for
the best N-term approximation. We therefore again crudely approximate the best
N-term approximation by choosing the N-term approximation provided by the in-
dices Iy associated with the N largest coefficients (f,®;) in magnitude with these
coefficients, i.e.,

fn= 2 (f0:)i.
i€ly
Surprisingly, even with this rather crude greedy selection procedure, we obtain very
strong results for the approximation rate of shearlets as we will see in Sect. 5.

The following result shows how the N-term approximation error can be bounded
by the tail of the square of the coefficients c¢;. The reader might want to compare this
result with the error in case of an orthonormal basis stated in (1).

Lemma 1. Let (¢;)ic; be a frame for 7 with frame bounds A and B, and let (;)ic;
be the canonical dual frame. Let Iy C I with #|Iy| = N, and let fy be the N-term
approximation fy = Ycp, (f.9i) & Then

1
If— vl < 1 D (.00 3

i¢gly

Proof. Recall that the canonical dual frame satisfies the frame inequality with
bounds B~! and A~!. At first hand, it therefore might look as if the estimate (3)
should follow directly from the frame inequality for the canonical dual. However,
since the sum in (3) does not run over the entire index set i € I, but only I\ Iy, this
is not the case. So, to prove the lemma, we first consider

1 = il = sup{I(f — fv.8)| g € 2 lgl = 1}
- p{\; (200 (68)| : g € . 8] = 1}. @
Using Cauchy—Schwarz’ inequality, we then have that
\%N (.00 (6g)| < LD [(drg)]* <A™ Isl” 3 147,601

where we have used the upper frame inequality for the dual frame (¢;); in the second
step. We can now continue (4) and arrive at

1 1
If = fw]* < Sllli’{g|g||2 > [(f, 007 g€ 2, ||gll = 1} =2 > (f )]

ity i¢ly

O

Relating to the previous discussion about the decay of coefficients (f, ¢;), let ¢*
denote the non-increasing (in modulus) rearrangement of ¢ = (¢;)ier = ((f, %:))ier,
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e.g., ¢y denotes the nth largest coefficient of ¢ in modulus. This rearrangement cor-
responds to a bijection 7 : N — [ that satisfies

n:N—=1I, cpp=c,forallneN.

Strictly speaking, the rearrangement (and hence the mapping m) might not be
unique; we will simply take ¢* to be one of these rearrangements. Since ¢ € ¢2(I),
also ¢* € 2(N). Suppose further that |c}| even decays as

i <n~ @2 for p—s o

for some o > 0, where the notation A(n) < g(n) means that there exists a C > 0
such that i(n) < Cg(n), i.e., h(n) = O(g(n)). Clearly, we then have ¢* € ¢7(N) for

p> OCLH By Lemma 1, the N-term approximation error will therefore decay as

1 * — —
I1f = fwl* < 1 D lci* < Y n ol = N

n>N n>N

where fy is the N-term approximation of f by keeping the N largest coefficients,
that is,

N
v =2 Chn(n) 6))
n=1

The notation h(n) < g(n), also written i(n) = ©(g(n)), used above means that &
is bounded both above and below by g asymptotically as n — oo, that is, h(n) =

O(g(n)) and g(n) = O(h(n)).

3.2 A Notion of Optimality

We now return to the setting of functions spaces /% = L*(R?), where the subset
% will be the class of cartoon-like images, that is, 4 = é”Lz (Rd). We then aim for
a benchmark, i.e., an optimality statement for sparse approximation of functions in
&2 (RY). For this, we will again only require that our representation system @ is a
dictionary, that is, we assume only that @ = (¢;);; is a complete family of functions
in L?>(R?) with I not necessarily being countable. Without loss of generality, we
can assume that the elements ¢; are normalized, i.e., ||¢;]|,» = 1 for all i € I. For
f € &(R?), we then consider expansions of the form

= cioi

iEIf

where I C I is a countable selection from 7 that may depend on f. Relating to the
previous subsection, the first N elements of @y := {0} icly could for instance be the
N terms from @ selected for the best N-term approximation of f.
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Since artificial cases shall be avoided, this selection procedure has the following
natural restriction which is usually termed polynomial depth search: The nth term in
@y is obtained by only searching through the first ¢(n) elements of the list @, where
¢q is a polynomial. Moreover, the selection rule may adaptively depend on f, and the
nth element may also be modified adaptively and depend on the first (n — 1)th chosen
elements. We shall denote any sequence of coefficients ¢; chosen according to these
restrictions by ¢(f) = (¢;);. The role of the polynomial g is to limit how deep or how
far down in the listed dictionary @ we are allowed to search for the next element
¢; in the approximation. Without such a depth search limit, one could choose @ to
be a countable, dense subset of L?(R¢) which would yield arbitrarily good sparse
approximations, but also infeasible approximations in practice.

Using information theoretic arguments, it was then shown in [5, 12] that almost
no matter what selection procedure we use to find the coefficients ¢(f), we cannot

have [|c(f)]|,» bounded for p < 2= ford =2,3.

Theorem 1 ([5, 12]). Retaining the definitions and notations in this subsection and
allowing only polynomial depth search, we obtain

2(d—1)
max ||c py = oo, for _.
()l P

In case @ is an orthonormal basis for L?(R?), the norm ||c(f)||,, is trivially
bounded for p > 2 since we can take c(f) = (¢;)ier = ({f, 9:))ics. Although not
explicitly stated, the proof can be straightforwardly extended from 3D to higher
dimensions as also the definition of cartoon-like images can be similarly extended. It

is then intriguing to analyze the behavior of 251;10 from Theorem 1. In fact, as d —
2(d—1)

d+1
becomes slower as d grows and approaches /2, which—as we just mentioned—is

actually the rate guaranteed for all f € L*(RY).
Theorem 1 is truly a statement about the optimal achievable sparsity level: No
representation system—up to the restrictions described above—can deliver approx-

imations for &7(RY) with coefficients satisfying c(f) € £, for p < 2([7;11). This

implies that one cannot find a f§ > % such that |c¢(f)%| < nP holds, where
c(f)" = (c¢(f))nen is a decreasing (in modulus) arrangement of the coefficients
c(f)- Hence, the best decay of ¢(f)* we can hope for is

d+1 {n3/2 cod=2,

oo, we observe that — 2. Thus, the decay of any ¢(f) for cartoon-like images

|C(f)>rk1| Sniz(dil) = I’l71 . d=3.

Assume for a moment that we have such an “optimal” dictionary @ at hand that de-
livers this decay rate, and assume further that it is also a frame. Let o := %. Then

— 1 . .. .
Z(dd—Hl) = “‘TH, hence |c(f)%] < n~ 2. As we saw in Sect. 3.1.3, this implies that

2
If=fullp SN *=N"TT  asN —eo,

where fy is the N-term approximation of f by keeping the N largest coefficients.



Shearlets and Optimally Sparse Approximations 157
On the other hand, assume toward a contradiction that
If=fulf SN asN—eo

holds for some o > . In the following, we need to make a stronger assumption
on @, namely, that it is a Riesz basis. Then the rearranged frame coefficients ¢(f)*
satisfy

NP < S (NP SIF -l SN forNeN,

n>N
which implies
le(AEP <n @D forneN.

Hence, |c(f)%| <n B for B = # > 2L but this contradicts what we concluded

above. This shows that the best N-term approximation error ||f — fNHiz behaves
2

asymptotically as N~ 4T or worse. Thus, the optimally achievable rate is, at best,

2
N~ 4-1. This optimal rate can be used as a benchmark for measuring the sparse
approximation ability of cartoon-like images of different representation systems.
Let us phrase this formally.

Definition 1. Let @ = (¢;);c; be a frame for L>(R?) with d = 2 or d = 3. We say
that @ provides optimally sparse approximations of cartoon-like images if, for each
f € &7 (R?), the associated N-term approximation fy (cf. (5)) by keeping the N
largest coefficients of ¢ = ¢(f) = ((f, ¢1))ics satisfies
2
If =Sl SNTTT asN e, (©)

~

and
il
|ch] < n 26D as n — oo, (7

where we ignore log-factors.
_d+1
Note that, for frames @, the bound |c}| < n 2@-1 automatically implies that
2 . . .
If = fwl> < N~T whenever fy is chosen as in (5). This follows from Lemma 1
and the estimate

_d+l ® _dil __2
2|c2|2§2n ,1715/ x d—1dx<C-N 4T, (8)
n>N n>N N
where we have used that —% +1= —ﬁ. Hence, we are searching for a repre-

sentation system @ which forms a frame and delivers decay of ¢ = ({f, ¢;))icr as
(up to log-factors)

8 {n3/2 s ©)

C* <n7m:
el 5 n! : d=3.

as n — oo for any cartoon-like image.
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3.3 Approximation by Fourier Series and Wavelets

We will next study two examples of more traditional representation systems—the
Fourier basis and wavelets—with respect to their ability to meet this benchmark.
For this, we choose the function f = yp, where “B” is a ball contained in [0, 1]d
with d = 2 or d = 3, as a simple cartoon-like image in &?(R¢) with L = 1. We
then analyze the error ||f — fy||> for fy being the N-term approximation by the N
largest coefficients and compare with the optimal decay rate stated in Definition 1.
It will, however, turn out that these systems are far from providing optimally sparse
approximations of cartoon-like images, thus underlining the pressing need to intro-
duce representation systems delivering this optimal rate; and we already now refer
to Sect. 5 in which shearlets will be proven to satisfy this property.

Since Fourier series and wavelet systems are orthonormal bases (or more gener-
ally, Riesz bases), the best N-term approximation is found by keeping the N largest
coefficients as discussed in Sect. 3.1.1.

3.3.1 Fourier series

The error of the best N-term Fourier series approximation of a typical cartoon-like
image decays asymptotically as N~/¢. The following proposition shows this be-
havior in the case of a very simple cartoon-like image: the characteristic function
on a ball.

Proposition 1. Let d € N, and let @ = (e*™*), ;1. Suppose f = xp, where B is a
ball contained in [0,1]°. Then

If=fvlllz <NV for N — oo,

where fy is the best N-term approximation from ®.

Proof. We fix a new origin as the center of the ball B. Then f is a radial function
f(x) = h(||x||,) for x € RY. The Fourier transform of f is also a radial function and
can be expressed explicitly by Bessel functions of first kind [11, 15]:

. Japrrl|Ell,)
f(&) = 4224/ 227 15 112)
1€ 13"

where r is the radius of the ball B. Since the Bessel function J;/,(x) decays like

x~!/2 as x — oo, the Fourier transform of f decays like |f(&)| =< ||§||27(d+1>/2 a
|€]l, — o. Letting Iy = {k € Z : ||k||, < N} and f;, be the partial Fourier sum
with terms from Iy, we obtain

IF sl = S0P = [, el ag
kel 1>

:/ rf(dﬂ)r(d*l)dr:/wr*zdr:Nfl.
N JN

)

The conclusion now follows from the cardinality of #|Iy| < N¢ as N — oo. O
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3.3.2 Wavelets

Since wavelets are designed to deliver sparse representations of point singularities—
see “Introduction of this book!”—we expect this system to outperform the Fourier
approach. This will indeed be the case. However, the optimal rate will still by far
be missed. The best N-term approximation of a typical cartoon-like image using
a wavelet basis performs only slightly better than Fourier series with asymptotic
behavior as N~'/(¢=1)_ This is illustrated by the following result.

Proposition 2. Let d = 2,3, and let ® be a wavelet basis for L*>(R?) or L*([0, l]d).
Suppose f = yg, where B is a ball contained in [0,1]". Then

If = fwle <N"TT  for N — e,

where fy is the best N-term approximation from ®.

Proof. Let us first consider wavelet approximation by the Haar tensor wavelet basis
for L2([0,1]9) of the form

{¢0,k:|k|§21_1}U{W},ku 7WJZ?¢ b ]>J |k|<21 J_l}

where J € N, k € N¢, and g;; = 2/4/%2g(2/ - —k) for g € L*(R?). There are only a
finite number of coefficients of the form (f, ¢o x); hence, we do not need to consider
these for our asymptotic estimate. For simplicity, we take J = 0. At scale j > O there
exist ©(2/ (d’”) nonzero wavelet coefficients, since the surface area of dB is finite
and the wavelet elements are of size 27/ x --- x 27/,

To illustrate the calculations leading to the sought approximation error rate,
we will first consider the case where B is a cube in [0,1]d. For this, we first
consider the nonzero coefficients associated with the face of the cube contain-
ing the point (b,c,...,c). For scale j, let k be such that supp y/}‘k Nsuppf # 0,
where y'(x) = h(x;)p(x2)---p(xg) and h and p are the Haar wavelet and scal-
ing function, respectively. Assume that b is located in the first half of the interval
[277ky,27/(ky 4 1)]; the other case can be handled similarly. Then

2/k+1

b . . . .
vl = [ N 2fd/2dx1H /2 . = (b—27Tky)2 772/ < 54,

where we have used that (b —27/k;) will typically be of size %2’-" . Note that for
the chosen j and k above, we also have that (f, l//jl- oy=0foralll=2,...29—1.

There will be 2 - [2¢2/(¢~1)] nonzero coefficients of size 2~ /¢/2 associated with
the wavelet y! at scale j. The same conclusion holds for the other wavelets y?, I =
2,...,2¢ — 1. To summarize, at scale j there will be C2/ (@=1) nonzero coefficients
of size C27/4/2. On the first Jjo scales, thatis j =0,1,..., jo, we therefore have

2'17:0:0 2/(d=1) = 2/0ld=1) nonzero coefficients. The nth largest coefficient c* is of size

d—1)

__d ,
n 2d-1) gince, forn = 2i( , we have

.d __d
277 —p 2@
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Therefore,

__d_ < d d _ 1

I =l = T leif = 3w T [ dfrav= SN,

n>N n>N

Hence, for the best N-term approximation fy of f using a wavelet basis, we obtain
the asymptotic estimates

—1 .
fd=2
If = fulZ =O(N"T1) = ON"), ifd .
@(N71/2)7 lfd:?)’

Let us now consider the situation that B is a ball. In fact, in this case we can do
similar (but less transparent) calculations leading to the same asymptotic estimates
as above. We will not repeat these calculations here, but simply remark that the
upper asymptotic bound in |(f, l//Jl.’ ol = 277/4/2 can be seen by the following general
argument:

Wil < Al Wil < Nzl 12747 < e,

which holds foreach [ =1,...,29 — 1.
Finally, we can conclude from our calculations that choosing another wavelet
basis will not improve the approximation rate. a

Remark 1. We end this subsection with a remark on linear approximations. For a
linear wavelet approximation of f, one would use

291 jo

= {f,d0)do+ X, > D fal//jle/k

I=1 j=0k|<2/-1

for some jo > 0. If restricting to linear approximations, the summation order is not
allowed to be changed, and we therefore need to include all coefficients from the
first jo scales. At scale j > 0, there exist a total of 274 coefficients, which by our
previous considerations can be bounded by C - 2774/2 Hence, we include 2/ times
as many coefficients as in the nonlinear approximation on each scale. This implies
that the error rate of the linear N-term wavelet approximation is N ~1/d_which is the
same rate as obtained by Fourier approximations.

3.3.3 Key problem

The key problem of the suboptimal behavior of Fourier series and wavelet bases
is the fact that these systems are not generated by anisotropic elements. Let us il-
lustrate this for 2D in the case of wavelets. Wavelet elements are isotropic due to
the scaling matrix diag2/,2/. However, already intuitively, approximating a curve
with isotropic elements requires many more elements than if the analyzing elements
would be anisotropic themselves, see Fig. 3a, b.
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a b

7

Fig. 3 (a) Isotropic elements capturing a discontinuity curve. (b) Rotated, anisotropic elements
capturing a discontinuity curve

Considering wavelets with anisotropic scaling will not remedy the situation since
within one fixed scale one cannot control the direction of the (now anisotropically
shaped) elements. Thus, to capture a discontinuity curve as in Fig. 3b, one needs not
only anisotropic elements but also a location parameter to locate the elements on
the curve and a rotation parameter to align the elongated elements in the direction
of the curve.

Let us finally remark why a parabolic scaling matrix diag2/,2/ /2 will be natural
to use as anisotropic scaling. Since the discontinuity curves of cartoon-like images
are C2-smooth with bounded curvature, we may write the curve locally by a Taylor
expansion. Let us assume it has the form (s, E(s)) for some E : R — R. Then, by
our assumptions on discontinuity curves of cartoon-like images,

E(s)=E(s)+E'(s))s+ LE"(t)s*

near s = s’ for some 7 between s’ and s. Clearly, the translation parameter will be used
to position the anisotropic element near (s', E(s')), and the orientation parameter
to align with (1,E’(s')s). If the length of the element is /, then, due to the term
E"(t)s?, the most beneficial height would be /2. And, in fact, parabolic scaling yields
precisely this relation, i.e.,

height ~ lengthz.

Hence, the main idea in the following will be to design a system which consists
of anisotropically shaped elements together with a directional parameter to achieve
the optimal approximation rate for cartoon-like images.

4 Pyramid-Adapted Shearlet Systems

After we have set our benchmark for directional representation systems in terms
of an optimality criteria for sparse approximations of the cartoon-like image class
ng(]Rd), we next introduce classes of shearlet systems we claim behave opti-
mally. As already mentioned in the introduction of this chapter, optimally sparse



162 G. Kutyniok et al.

approximations were proven for a class of band-limited and of compactly supported
shearlet frames. For the definition of cone-adapted discrete shearlets and, in particu-
lar, classes of band-limited as well as of compactly supported shearlet frames lead-
ing to optimally sparse approximations, we refer to “Introduction of this book!”.
In this section, we present the definition of discrete shearlets in 3D, from which
the mentioned definitions in the 2D situation can also be directly derived. As spe-
cial cases, we then introduce particular classes of band-limited as well as of com-
pactly supported shearlet frames, which will be shown to provide optimally approx-
imations of &7(R?) and, with a slight modification which we will elaborate on in

Sect. 5.2.4, also for &), (R?) with 1 < oz < B < 2.

4.1 General Definition

The first step in the definition of cone-adapted discrete 2D shearlets was a parti-
tioning of 2D frequency domain into two pairs of high-frequency cones and one
low-frequency rectangle. We mimic this step by partitioning 3D frequency domain
into the three pairs of pyramids given by

P ={(£1,6,8) R |&| > 1,6 /& < 1, |&/& | < 1},
P ={(£1,5,8) R |&| > 1, [&1/&| < 1, |&/&| < 1},
P ={(E1,6,86) eR3 & > 1, 1& /6| < 1,]&/&] < 1},

and the centered cube

¢ ={(61.6.8) R (61,8, 8). < 1}.

This partition is illustrated in Fig. 4 which depicts the three pairs of pyramids and
Fig. 5 depicting the centered cube surrounded by the three pairs of pyramids &2, &,
and 2.

Fig. 4 The partition of the frequency domain: the “top” of the six pyramids
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2
&1 4

Fig. 5 The partition of the frequency domain: the centered cube %". The arrangement of the six
pyramids is indicated by the “diagonal” lines. See Fig. 4 for a sketch of the pyramids

The partitioning of frequency space into pyramids allows us to restrict the range
of the shear parameters. Without such a partitioning as, e.g., in shearlet systems
arising from the shearlet group, one must allow arbitrarily large shear parameters,
which leads to a treatment biased toward one axis. The defined partition, however,
enables restriction of the shear parameters to [—[2//2],[2//2]] like the definition
of cone-adapted discrete shearlet systems. We would like to emphasize that this
approach is key to provide an almost uniform treatment of different directions in a
sense of a good approximation to rotation.

Pyramid-adapted discrete shearlets are scaled according to the paraboloidal scal-
ing matrices A,j, Aj or Ay;, j € Z defined by

270 0 2120 0 20112 0 0
Ay=102/2 0 |, Ay=[ 02/ 0 |, and A,;=| 0 2/20
0 0 2//2 0 02?2 0o 0 2/

and directionality is encoded by the shear matrices S, S, or S, k = (ki,k2) € Z2,
given by

1 ki ko ) 100 1 00
Ss=1010), Si=|ki 1 k|, and S=[0 10],
00 1 001 ki ko 1

respectively. The reader should note that these definitions are (discrete) special cases
of the general setup in the chapter on “Multivariate Shearlet Transform, Shearlet
Coorbit Spaces and Their Structural Properties”. The translation lattices will be de-
fined through the following matrices: M, = diag(cy,c2,¢2), M. = diag(c,cy,c2),
and M, = diag(cp,c2,c1), where ¢; > 0 and ¢, > 0.
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We are now ready to introduce 3D shearlet systems, for which we will make use
of the vector notation |k| < K for k = (k;,k2) and K > 0 to denote |k;| < K and
|k2| <K.

Definition 2. For ¢ = (c1,¢)) € (R)?, the pyramid-adapted discrete shearlet sys-
tem SH($,y, [, ¥;c) generated by ¢, y, {7, ¥ € L*(R3) is defined by

SH(, v, W,W;¢) = @(¢;¢1) U (w;¢) UP (W) U (W:c),
where
D(9ic1) = {u=0(—m):mec|Z’},
Y(Wic) = {Wikm =2 W(Sidy - —m) : j = 0,k < [27%],m € M2},
P(Wse) = {Wjam = 2W(SiAy - —m) 1 j > 0, k| < [2/*),m € M.},
and
(i) = {Wjum =2 W (SiAy - —m) : j >0, |k < [27/%],m € M2},

where j € Ny and k € Z?. For the sake of brevity, we will sometimes also use the
notation y; with A = (j,k,m).

We now focus on two different special classes of pyramid-adapted discrete shear-
lets leading to the class of band-limited shearlets, and the class of compactly sup-
ported shearlets for which optimality of their approximation properties with respect
to cartoon-like images will be proven in Sect. 5.

4.2 Band-Limited 3D Shearlets

Let the shearlet generator y € L?(R?) be defined by

V(&)= %(51)%(2 )Wz(g) (10)

where y; and y, satisfy the following assumptions:

(a) Jn € C*(R), supp{ C [—4, —%] U [%,4], and

PRI =1 for|E[>1,E R (11)

j=0

(b) Y € C*(R), supp Y, C [—1,1], and

1
S [ (E+DF=1 for [E|<1,E€R. (12)
I=—1
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Thus, in frequency domain, the band-limited function y € L?(R?) is almost a tensor
product of one wavelet with two “bump” functions, thereby a canonical general-
ization of the classical band-limited 2D shearlets, see also “Introduction of this
book!”. This implies the support in frequency domain to have a needle-like shape
with the wavelet acting in radial direction ensuring high directional selectivity, see
also Fig. 6. The derivation from being a tensor product, i.e., the substitution of &,

Fig. 6 Support of two shearlet elements ;  ,, in the frequency domain. The two shearlet elements
have the same scale parameter j = 2, but different shearing parameters k = (k;,k>)

and &; by the quotients &, /& and &3 /&, respectively, in fact ensures a favorable be-
havior with respect to the shearing operator, and thus a tiling of frequency domain
which leads to a tight frame for L(R?).

A first step toward this result is the following observation.

Theorem 2 ([8]). Let w be a band-limited shearlet defined as in this subsection.
Then the family of functions P»¥(y) forms a tight frame for [*(2) .= {f €
L2(R?) : supp f € P}, where Py denotes the orthogonal projection onto L*( )
and

W () = { Wkt 20,k < [22].m e 3 Z°).
Proof. For each j > 0, (12) implies that
[272]

Z |V72(2j/2§+k)|2:1, for |E] < 1.
k=— (2]’/21
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Hence, using (11), we obtain

271

Y X wsiA P

J20ky ko =—[27/7]

(2j/2'| 2i/2
=P Y PRk Y 98 k)
J=0 ky=—[2//7] kp=—[2i/2]

:1,

for & = (&1,&,&3) € £. Using this equation together with the fact that {r is sup-
ported inside [—4,4]* proves the theorem. O

By Theorem 2 and a change of variables, we can construct shearlet tight frames
for [2(2), [*(2), and [*( ), respectively. Furthermore, wavelet theory provides
us with many choices of ¢ € L?(R3) such that @(¢; §) forms a tight frame for
[*(#). Since R* = 2 U 2 U P U 2 as a disjoint union, we can express any func-
tion f € L*(R%) as f = Ppf +Popf+Pyf+Pyf, where Pc denotes the orthogonal
projection onto the closed subspace [?(C) for some measurable set C C R3. We
then expand the projection P f in terms of the corresponding tight frame PP (y)
and similar for the other three projections. Finally, our representation of f will then
be the sum of these four expansions. We remark that the projection of f and the
shearlet frame elements onto the four subspaces can lead to artificially slow decay-
ing shearlet coefficients; this will, e.g., be the case if f is in the Schwartz class. This
problem does, in fact, not occur in the construction of compactly supported shearlets
presented in the next subsection.

4.3 Compactly Supported 3D Shearlets

It is easy to see that the general form (10) does never lead to a function which is
compactly supported in spatial domain. Thus, we need to modify the function by
now taking indeed exact tensor products as our shearlet generators, which has the
additional benefit of leading to fast algorithmic realizations. This, however, causes
the problem that the shearlets do not behave as favorable with respect to the shearing
operator as in the previous subsection, and the question arises whether they actually
do lead to at least a frame for L?(R3). The next results shows this to be true for an
even much more general form of shearlet generators including compactly supported
separable generators. The attentive reader will notice that this theorem even covers
the class of band-limited shearlets introduced in Sect. 4.2.

Theorem 3 ([12]). Let ¢,y € [? (R3) be functions such that

|6(&)] < Crmin{1,|& |77} - min{1, |&] 77} - min{1,]&] 77},
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and

[W(&)| < G- min{1, &%} - min{1,|& |77} - min{1,]&| 7} - min{1,]&| 7},

for some constants C;,C, > 0 and 8§ > 2y > 6. Define (x) = y(x2,x1,x3) and
W (x) = w(x3,x2,x1) for x = (x1,x2,x3) € R3. Then there exists a constant cy > 0
such that the shearlet system SH(¢,y, ¥, ;c) forms a frame for L*(R3) for all
¢ = (c1,¢2) with c3 < ¢1 < ¢y provided that there exists a positive constant M > 0
such that

ENP+Y Y WSTAGE) P+ W (SLALE) [+ W(STAyE) >M (13)
]>0k1k2€K

fora.e & € R?, where K; := [— [2i/7], [2]/21]

We next provide an example of a family of compactly supported shearlets satis-
fying the assumptions of Theorem 3. However, for applications, one is typically not
only interested in whether a system forms a frame, but in the ratio of the associated
frame bounds. In this regard, these shearlets also admit a theoretically derived esti-
mate for this ratio. Numerical estimates of the frame bound ratio show that the ratio
can often be improved by a factor 20 over the theoretically derived bounds. Never-
theless, the theoretically derived bounds show that the frame bound ratio behaves in
a controlled manner.

Example 1. Let K,L € N be such that L > 10 and %L < K < 3L -2, and define a
shearlet y € L>(R?) by

V(&) =mi(48)9(£1)0(25)0(283), & =(&,6.&) e R, (14)

where the function my is the low pass filter satisfying

L1 /K 14n
o8 = o (m)) 3, (717 s (n)

n=0

for & € R, the function m is the associated bandpass filter defined by

Imi (&) = |mo(& +1/2)]%, & €R,

and ¢ the scaling function is given by
D=[Im@277&), &eR.
j=0

In [10, 12], it is shown that ¢ and y indeed are compactly supported. Moreover,
we have the following result.
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Table 1 Frame bound ratio for the shearlet frame from
Example 1 with parameters K = 39,L = 19

Theoretical Numerical Translation
(B/IA) (B/IA) constants (cy,c2)
345.7 13.42 0.9, 0.25)

226.6 13.17 (0.9, 0.20)

226.4 13.16 0.9, 0.15)

226.4 13.16 (0.9, 0.10)

Theorem 4 ([12]). Suppose y € LZ(R3) is defined as in (14). Then there exists a
sampling constant ¢y > 0 such that the shearlet system WY (y;c) forms a frame for
L2(2) for any translation matrix M, with ¢ = (c1,¢2) € (R})? and ¢3 < ¢ < ¢o.

Proof (sketch). Using upper and lower estimates of the absolute value of the trigono-
metric polynomial mg (cf. [2, 10]), one can show that y satisfies the hypothesis of
Theorem 3 as well as

SO |W(STAyE))P>M  forallé € 2,
j>0k|,k2€K

where M > 0 is a constant, for some sufficiently small ¢y > 0. We note that this
inequality is an analog to (13) for the pyramid &2. Hence, by a result similar to
Theorem 3, but for the case, where we restrict to the pyramid [? (£), it then follows
that W (y;c) is a frame.

To obtain a frame for all of L?(R3), we simply set {r(x) = y/(x2,x1,x3) and
¥(x) = y(x3,x2,x1) as in Theorem 3, and choose ¢(x) = ¢(x1)d(x2)(x3) as
scaling function for x = (x1,x2,x3) € R3. Then the corresponding shearlet system
SH(¢, v, ¥, W;c, ) forms a frame for L?(R?). The proof basically follows from
Daubechies’ classical estimates for wavelet frames in [2, Sect. 3.3.2] and the fact
that anisotropic and sheared windows obtained by applying the scaling matrix A,;
and the shear matrix S,{ to the effective support! of J cover the pyramid &7 in the
frequency domain. The same arguments can be applied to each of shearlet genera-
tors v, ¥, and ¥ as well as the scaling function ¢ to show a covering of the entire
frequency domain and thereby the frame property of the pyramid-adapted shearlet
system for L?(R*). We refer to [12] for the detailed proof.

Theoretical and numerical estimates of frame bounds for a particular parameter
choice are shown in Table 1. We see that the theoretical estimates are overly pes-
simistic since they are a factor 20 larger than the numerical estimated frame bound
ratios. We mention that in 2D the estimated frame bound ratios are approximately
1/10 of the ratios found in Table 1.

! Loosely speaking, we say that f € L?(R?) has effective support on B if the ratio || fxs||,2 / || f|l2
is “close” to 1.
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4.4 Some Remarks on Construction Issues

The supports of the compactly supported shearlets y; , from Example 1 are, in
spatial domain, of size 2//? times 2~//2 times 2~/ due to the scaling matrix A,;.
This reveals that the shearlet elements will become “plate-like” as j — oo. For an il-
lustration, we refer to Fig. 7. Band-limited shearlets, on the other hand, do not have
compactly support, but their effective support (the region where the energy of the
function is concentrated) in spatial domain will likewise be of size 2~//2 times 2~ //2
times 27/ owing to their smoothness in frequency domain. Considering the fact that

X3 X5

d

~ 27]'/2
~27 I

X

~ 27j/ 2
Fig.7 Support of a shearlet V/; ¢, from Example 1

intuitively such shearlet elements should provide sparse approximations of surface
singularities, one could also think of using the scaling matrix A,; = diag2/,2/, 21/2
with similar changes for A,; and A,; to derive “needle-like” shearlet elements in
space domain. These would intuitively behave favorable with respect to the other
type of anisotropic features occurring in 3D, that is curvilinear singularities. Sur-
prisingly, we will show in Sect. 5.2 that for optimally sparse approximation plate-
like shearlets, i.e., shearlets associated with scaling matrix A,; = diag2/,2/ /2 2i/2,
and similarly A,; and A,; are sufficient.

Let us also mention that, more generally, non-paraboloidal scaling matrices of the
form A; = diag (2/,2%/,29/) for 0 < ay,a> < 1 can be considered. The parameters
al and a2 allow precise control of the aspect ratio of the shearlet elements, ranging
from very plate-like to very needle-like, and they should be chosen according to the
application at hand, i.e., choosing the shearlet shape which best matches the geo-
metric characteristics of the considered data. The case a; < 1 is covered by the setup
of the multidimensional shearlet transform explained in the chapter on “Multivariate
Shearlet Transform, Shearlet Coorbit Spaces and Their Structural Properties”.

Let us finish this section with a general thought on the construction of band-
limited (not separable) tight shearlet frames versus compactly supported (nontight,
but separable) shearlet frames. It seems that there is a trade-off between compact
support of the shearlet generators, tightness of the associated frame, and separa-
bility of the shearlet generators. In fact, even in 2D, all known constructions of
tight shearlet frames do not use separable generators, and these constructions can be
shown to not be applicable to compactly supported generators. Presumably, tight-
ness is difficult to obtain while allowing for compactly supported generators, but we
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can gain separability which leads to fast algorithmic realizations, see the chapter on
“Digital Shearlet Transforms”. If we though allow non-compactly supported gener-
ators, tightness is possible as shown in Sect. 4.2, but separability seems to be out of
reach, which causes problems for fast algorithmic realizations.

5 Optimal Sparse Approximations

In this section, we will show that shearlets—both band-limited and compactly sup-
ported as defined in Sect. 4—indeed provide the optimal sparse approximation rate
for cartoon-like images from Sect. 3.2. Thus, letting (W3 )1 = (W) km)jim denote
the band-limited shearlet frame from Sect. 4.2 and the compactly supported shear-
let frame from Sect. 4.3 in both 2D and 3D (see the chapter on “Introduction to
Shearlets”) and d € {2,3}, we aim to prove that

If = ful? SN forall f € E2(RY),

where—as debated in Sect. 3.1—fx denotes the N-term approximation using the N
largest coefficients as in (5). Hence, in 2D we aim for the rate N =2 and in 3D we
aim for the rate N~! with ignoring log-factors. As mentioned in Sect. 3.2, see (9), in
order to prove these rate, it suffices to show that the nth largest shearlet coefficient
¢ decays as

) S T = {”72 e
n : d=3.

According to Definition 1, this will show that among all adaptive and nonadap-
tive representation systems shearlet frames behave optimal with respect to sparse
approximation of cartoon-like images. That one is able to obtain such an optimal
approximation error rate might seem surprising since the shearlet system as well as
the approximation procedure will be nonadaptive.

To present the necessary hypotheses, illustrate the key ideas of the proofs, and
debate the differences between the arguments for band-limited and compactly sup-
ported shearlets, we first focus on the situation of 2D shearlets. We then discuss the
3D situation, with a sketchy proof, mainly discussing the essential differences to the
proof for 2D shearlets and highlighting the crucial nature of this case (cf. Sect. 1.3).

5.1 Optimal Sparse Approximations in 2D

As discussed in the previous section, in the case d = 2, we aim for the estimates
] <n 32 and || f — fvll72 < N2 (up to log-factors). In Sect. 5.1.1, we will first
provide a heuristic analysis to argue that shearlet frames indeed can deliver these
rates. In Sects. 5.1.2 and 5.1.3, we then discuss the required hypotheses and state
the main optimality result. The subsequent subsections are then devoted to proving
the main result.
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5.1.1 A heuristic analysis

We start by giving a heuristic argument (inspired by a similar argument for curvelets
in [1]) on why the error ||f — fNHiZ satisfies the asymptotic rate N~2. We empha-
size that this heuristic argument applies to both the band-limited and the compactly
supported case.

For simplicity we assume L = 1, and let f € &?(R?) be a 2D cartoon-like im-
age. The main concern is to derive the estimate (18) for the shearlet coefficients
{(f,W;km)> where J denotes either y or . We consider only the case | = y since
the other case can be handled similarly. For compactly supported shearlet, we can
think of our generators having the form y(x) = 1(x1)¢(x2), x = (x1,x2), where n
is a wavelet and ¢ a bump (or a scaling) function. It will become important that the
wavelet “points” in the x;-axis direction, which corresponds to the “short” direction
of the shearlet. For band-limited generators, we can think of our generators having
the form §(&) = A(& /&) (&) for & = (&, &). We, moreover, restrict our anal-
ysis to shearlets y; ; ,, since the frame elements /; x ,, can be handled in a similar
way.

‘We now consider three cases of coefficients < f, lllj,k,m>1

(a) Shearlets vz ,, whose support does not overlap with the boundary dB.
(b) Shearlets y; x ,, whose support overlaps with dB and is nearly tangent.
(c) Shearlets v« , whose support overlaps with dB, but not tangentially.

It turns out that only coefficients from case (b) will be significant. Case (b) is,
loosely speaking, the situation, where the wavelet 1 crosses the discontinuity curve
over the entire “height” of the shearlet, see Fig. 8.

Case (a). Since f is C*-smooth away from 9B, the coefficients |(f, ;)| will
be sufficiently small owing to the approximation property of the wavelet 1. The
situation is sketched in Fig. 8.

Case (b). At scale j > 0, there are about 0(21/ 2) coefficients since the shearlet
elements are of length 2~//2 (and “thickness” 2~/) and the length of 9B is finite.
By Holder’s inequality, we immediately obtain

| Wikem)| S Wl [[Wikm | 0 < CL273 4 [yl g < G273/

for some constants Cj,C; > 0. In other words, we have 0(2//%) coefficients
bounded by C; - 23i/4, Assuming the case (a) and (c) coefficients are negligi-
ble, the nth largest coefficient c7, is then bounded by

il <C-n32,

which was what we aimed to show; compare to (7) in Definition 1. This in turn
implies (cf. estimate (8)) that

3 el < 2C-n*3§c-/N x3dx<C-N2

n>N n>N
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Fig. 8 Sketch of the three cases: (a) the support of y; s ,, does not overlap with dB, (b) the support
of j xm does overlap with dB and is nearly tangent, (¢) the support of y; s ,, does overlap with
dB, but not tangentially. Note that only a section of the discontinuity curve dB is shown, and that
for the case of band-limited shearlets only the effective support is shown

By Lemma 1, as desired it follows that

1 N _
1= fvlli2 < 1 D P <C-N2,

n>N

where A denotes the lower frame bound of the shearlet frame.

Case (c). Finally, when the shearlets are sheared away from the tangent position in
case (b), they will again be small. This is due to the frequency support of f and
v, as well as to the directional vanishing moment conditions assumed in Setup 1
or 2, which will be formally introduced in the next subsection.

Summarizing our findings, we have argued, at least heuristically, that shearlet
frames provide optimal sparse approximation of cartoon-like images as defined in
Definition 1.

5.1.2 Required hypotheses

After having build up some intuition on why the optimal sparse approximation rate
is achievable using shearlets, we will now go into more detail and discuss the hy-
potheses required for the main result. This will along the way already highlight some
differences between the band-limited and compactly supported case.
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Fig. 9 (a) Shaded region: the effective part of supp V; x ,, in the frequency domain. (b) Shaded
region: the effective part of supp W, in the spatial domain. Dashed lines: the direction of line
integration /(z)

For this discussion, we restrict our attention to the horizontal cone % since the
vertical cone can be treated in the same way by a change of variables. Furthermore,
we assume that f € L?(R?) is piecewise CL*!-smooth with a discontinuity on the
line .Z : x; = sxz, s € R, so that the function f is well approximated by two 2D
polynomials of degree L > 0, one polynomial on either side of .Z, and denote this
piecewise polynomial g(x1,x;). We denote the restriction of ¢ to lines x| = sx; +1,
t € R, by pi(x2) = q(sx2+1,x2). Hence, p; is a 1D polynomial along lines parallel to
Z going through (x,x;) = (¢,0); these lines are marked by dashed lines in Fig. 9b.

We now aim at estimating the absolute value of a shearlet coefficient < v, k7m> by

Wik < @ Wisem)| + (@@= F), Wikm)] - (15)

We first observe that }< f, l[/j,k7m>‘ will be small depending on the approximation
quality of the (piecewise) polynomial ¢ and the decay of y in the spatial domain.
Hence, it suffices to focus on estimating |{q, W/j jm)|.

For this, let us consider the line integration along the direction (x1,x2) = (s, 1) as
follows: For ¢ € R fixed, define integration of gy« ,, along the lines x; = sxp +1,
xy €R, as

10)= [ pi)¥yan(or +10)d

Observe that |<q, l[/j,k7m>‘ =0 is equivalent to I = 0. For simplicity, let us now as-
sume m = (0,0). Then

1) =2V [ pila)w(Sidas (52 +1.2)

3. L
24 ZCz/Rxéllf(SkAzj(sz+taxz))dxz
(=0

L

3
=233 ¢ /Rxé‘I/(Aszk/zf/Zﬂ(t=x2))dx2’
=0
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and, by the Fourier slice theorem [9] (see also (27)), it follows that

2

3. L -2 .
10 =243 e | (a%)”w( SIS (8.0)6 g |

=0

Note that

/ (82 ) U(A *lSk/;/sz (£1,0))e>™¢"dE; =0 for almost all t € R
2

if and only if

d \! ,
((9_52) U(A ISk/zJ/2+ (£1,0)) =0 foralmost all §; € R.

Therefore, to ensure /(z) = 0 for any 1D polynomial p; of degree L > 0, we require
the following condition:

l
(8§ ) Viko(&1,—s&) =0 foralmostall§; € Rand ¢ =0,...,L
These are the so-called directional vanishing moments (cf. [4]) in the direction (s, 1).
We now consider the two cases, band-limited shearlets and compactly supported
shearlets, separately.

If y is a band-limited shearlet generator, we automatically have

s+ =% >2702 (16)

(ag)"’f"m(él’ ~sE) =0 forf=0,. L if s+

since supp y C 2, where 2 = {€ € R? :|&, /€| < 1} as discussed in the chapter on
“Introduction to Shearlets” Observe that the “direction” of supp y; 4 , is determined
by the line .7 : x| = 2]/2
Supp Y k. m» i.€., of . is not close to the direction of .Z in the sense that |s+ m| >
2/ 2 then

—=x,. Hence, equation (16) implies that if the direction of

| <CI7 ll/j,k,m> | =0

However, if y is a compactly supported shearlet generator, equation (16) can
never hold since it requires that suppl// C 2. Therefore, for compactly supported
generators, we will assume that ( ) W, [ = 0,1, has sufficient decay in ¢ to

force I(r) and hence (g, ¥ m)| to be sufficiently small. It should be emphasized
that the drawback that I(¢) will only be “small” for compactly supported shearlets
(due to the lack of exact directional vanishing moments) will be compensated by the
perfect localization property which still enables optimal sparsity.

Thus, the developed conditions ensure that both terms on the right-hand side of
(15) can be effectively bounded.

This discussion gives naturally rise to the following hypotheses for optimal
sparse approximation. Let us start with the hypotheses for the band-limited case.
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Setup 1. The generators ¢, v, € L?(R?) are band-limited and C* in the
frequency domain. Furthermore, the shearlet system SH(¢, v, ;c) forms a
frame for L?(IR?) (cf. the construction in the chapter on “Introduction to
Shearlets” or Sect. 4.2).

In contrast to this, the conditions for the compactly supported shearlets are as
follows:

Setup 2. The generators ¢, W, € L?(R?) are compactly supported, and the
shearlet system SH(¢, y, ;) forms a frame for L?(R?). Furthermore, for all
& = (&1,&) € R?, the function y satisfies

@ [§(&)| < C-min{L,[&|°} -min{1,]& |7} -min{1,|&| "7}, and
. N =
Gi) |5 w(&)| < InE)l (1+{3])
where 8§ > 6, ¥ >3, h € L'(R), and C a constant, and  satisfies analogous

conditions with the obvious change of coordinates (cf. the construction in
Sect. 4.3).

A

Conditions (i) and (ii) in Setup 2 are exactly the decay assumptions on (8%2)[ W,
1 =0,1, discussed above that guarantees control of the size of (r).

5.1.3 Main result

We are now ready to present the main result, which states that under Setup 1 or
Setup 2 shearlets provide optimally sparse approximations for cartoon-like images.

Theorem 5 ([7, 14]). Assume Setup 1 or 2. Let L € N. For any v>0 and [ >0,
the shearlet frame SH(,w,r;c) provides optimally sparse approximations of
functions f € &}(IR?) in the sense of Definition 1, i.e.,

If = fvll72 = O(N~2(logN)?), as N — oo, (17)
and

|c%] 5n’3/2(10gn)3/2, as n — oo, (18)

where c = {(f, W) : A € A, Y =y or Y = ¥} and ¢* = (c})nen is a decreasing (in
modulus) rearrangement of c.
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5.1.4 Band-limitedness vs. compactly supportedness

Before we delve into the proof of Theorem 5, we first carefully discuss the main dif-
ferences between band-limited shearlets and compactly supported shearlets which
requires adaptions of the proof.

In the case of compactly supported shearlets, we can consider the two cases
|suppy, NdB| # 0 and |supp yr; NIB| = 0. In case the support of the shearlet
intersects the discontinuity curve dB of the cartoon-like image f, we will estimate
each shearlet coefficient (f,{r ) individually using the decay assumptions on
in Setup 2, and then apply a simple counting estimate to obtain the sought esti-
mates (17) and (18). In the other case, in which the shearlet does not interact with
the discontinuity, we are simply estimating the decay of shearlet coefficients of a
C? function. The argument here is similar to the approximation of smooth functions
using wavelet frames and rely on estimating coefficients at all scales using the frame
property.

In the case of band-limited shearlets, it is not allowed to consider two cases
|supp Y, NdB| =0 and | supp yr; NI B| # 0 separately since all shearlet elements
intersect the boundary of the set B. In fact, one needs to first localize the cartoon-
like image f by compactly supported smooth window functions associated with
dyadic squares using a partition of unity. Letting f denote such a localized version,
we then estimate (fp, ;) instead of directly estimating the shearlet coefficients
(f, ). Moreover, in the case of band-limited shearlets, one needs to estimate the
sparsity of the sequence of the shearlet coefficients rather than analyzing the decay
of individual coefficients.

In the next subsections, we present the proof—first for band-limited, then for
compactly supported shearlets—in the case L = 1, i.e., when the discontinuity curve
in the model of cartoon-like images is smooth. In these proofs, we will repeatedly
use that it suffices to consider the case = y, that is, the horizontal cone since the
case f = {, that is, the vertical cone, can be handled similarly. Finally, the extension
to L # 1 will be discussed for both cases simultaneously.

We will first, however, introduce some notation used in the proofs and prove a
helpful lemma which will be used in both cases: band-limited and compactly sup-
ported shearlets. For a fixed j, we let 2; be a collection of dyadic squares defined by

Qj:{Q:[ A 11+1] X[ I 12+1] 311,1262}.

21720 il 7 iz i
We let A denote the set of all indices (j,k,m) in the shearlet system and define
Aj={(j,k,m) € Az —[27/2] <k < [2//*],m e 7*}.
For € > 0, we define the set of “relevant” indices on scale j as

Aj(&) ={A € Aj:[(fiy)| > &}
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and, on all scales, as
Alg) ={A e A:|(f,yn)| > e}

Lemma 2. Assume Setup I or 2. Let f € é”f(Rz). Then the following assertions
hold:

(i) For some constant C, we have

#|Aj(e)| =0 for j> glogz(sﬁlnc (19)
(i) If
#|A;(e)| S e, (20)
for j >0, then
#|A(e)| S e logy(e7), @1)

which, in turn, implies (17) and (18).

Proof. (i). Since y € L'(R?) for both the band-limited and compactly supported
setup, we have that

(o)l = | [ 02 wiSiye—m)as
<2371 [ Sy —m)ds
R

y
=277 ||f)l vl - (22)

As a consequence, there is a scale je such that |(f,y;)| < & for each j > je. It
therefore follows from (22) that

4
#|A(e)|=0 for j> glogz(e*1)+c.
(ii). By assertion (i) and estimate (20), we have that
#|A(e)] < Ce P logy(e7!).

From this, the value € can be written as a function of the total number of coefficients
n=#]|A(g)|. We obtain

e(n)<C rf3/2(10g2(n))3/2 for sufficiently large n.

This implies that
3] < €3 (logy(n)*?
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and
Y ¢t |* < CN~2(log, (N))? for sufficiently large N > 0,
n>N
where ¢% as usual denotes the nth largest shearlet coefficient in modulus. O

5.1.5 Proof for band-limited shearlets for L = 1

Since we assume L = 1, we have that f € &7(R?) = &%(R?). As mentioned in
the previous section, we will now measure the sparsity of the shearlet coefficients
{{(f,¥n): A € A}. For this, we will use the weak ¢? quasi norm ||-||,,,» defined as
follows. For a sequence s = (s;);cs, we let, as usual, 57 be the nth largest coefficient
in s in modulus. We then define:

1
Isler = sup n7 [s7,] .
n>0

One can show [16] that this definition is equivalent to

1
Ill,,0r = (sup{#|{i: Isi| > e} e” e > o})

As mentioned above, we will only consider the case {r = y since the case ¥ =
can be handled similarly. To analyze the decay properties of the shearlet coefficients
({f,w2))a at a given scale parameter j > 0, we smoothly localize the function f
near dyadic squares. Fix the scale parameter j > 0. For a nonnegative C* function
w with support in [0, 1]?, we then define a smooth partition of unity

Y, wolx) =1, x € R?,
QG.QJ'

where, for each dyadic square Q € 2}, wo(x) = w(2//%x; —1;,2//%x; — I). We will
then examine the shearlet coefficients of the localized function f := fwg. With this
smooth localization of the function f, we can now consider the two separate cases,
|suppwo N dB| =0 and |suppwo NIB| # 0. Let

2;=2002;,

where the union is disjoint and o@(]) is the collection of those dyadic squares Q € 2;
such that the edge curve 9B intersects the support of wg. Since each Q has side
length 2~/ /2 and the edge curve dB has finite length, it follows that

#.29) < 202, (23)
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Similarly, since f is compactly supported in [0, 1]?, we see that
#2]| <2, (24)

The following theorems analyzes the sparsity of the shearlets coefficients for each
dyadic square Q € 2;.

Theorem 6 ([7]). Let f € &*(R?). For Q € Q;), with j > 0 fixed, the sequence of
shearlet coefficients {d; := (fo, ¥, ): A € Aj} obeys

3
4 .

H(dz)xe\,

<
w23 ™

Theorem 7 ([7]). Let f € &*(R?). For Q € Q}-, with j > 0 fixed, the sequence of
shearlet coefficients {d; := (fo, W) : A € Aj} obeys

3
2 .

H(dz)xe\,

<
w23 ™

As a consequence of these two theorems, we have the following result.

Theorem 8 ([7]). Suppose f € &*(R?). Then, for j > 0, the sequence of the shearlet
coefficients {c; := (f, ) : L € A} obeys

|enen|| o

Proof. Using Theorems 6 and 7, by the p-triangle inequality for weak ¢7 spaces,
p <1, we have

W0, < Y (ol as
QEQ]'

= H(fQ,lff/m)Hig/ﬁ > H<va‘i°fk>Hi/gi/3
Qeﬁ;’ Qeﬂ}

<C#|2Y 272+ c#|2l 27
Equations (23) and (24) complete the proof. O
We can now prove Theorem 5 for the band-limited setup.
Proof (Theorem 5 for Setup 1). From Theorem 8, we have that
#|A;(e)| < ce?3,

for some constant C > 0, which, by Lemma 2, completes the proof. a
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5.1.6 Proof for compactly supported shearlets for L =1

To derive the sought estimates (17) and (18) for dimension d = 2, we will study two
separate cases: Those shearlet elements y7; which do not interact with the discon-
tinuity curve, and those elements which do. We will again only consider the case
W = y since the case =  can be handled similarly.

Case 1. The compact support of the shearlet y; does not intersect the boundary of
the set B, i.e., |supp y; NdB| = 0.

Case 2. The compact support of the shearlet v, does intersect the boundary of the
set B, i.e., [suppy,, NdB| # 0.

For Case 1, we will not be concerned with decay estimates of single coefficients
(f,wy), but with the decay of sums of coefficients over several scales and all shears
and translations. The frame property of the shearlet system, the C2-smoothness of
f, and a crude counting argument of the cardinal of the essential indices A will
be enough to provide the needed approximation rate. The proof of this is similar
to estimates of the decay of wavelet coefficients for C2%-smooth functions. In fact,
shearlet and wavelet frames give the same approximation decay rates in this case.
Due to space limitation of this exposition, we will not go into the details of this
estimate, but rather focus on the main part of the proof, Case 2.

For Case 2, we need to estimate each coefficient {f, y; ) individually and, in par-
ticular, how |{f, v )| decays with scale j and shearing k. Without loss of generality,
we can assume that f = fy+ ypf1 with fo = 0. We let then M denote the area of
integration in {f, v ), that is,

M = suppy; NB.

Further, let .Z be an affine hyperplane (in other and simpler words, a line in R?)
that intersects M and thereby divides M into two sets M; and M;, see the sketch in
Fig. 10. We thereby have that

(fowa) = O f wa) = Qon S wa) + o f-w2) - (25)

The hyperplane will be chosen in such a way that the area of M; is sufficiently small.
In particular, area (M;) should be small enough so that the following estimate

|G fow) | < 11F = 19l - area (M) < 1237 area (M) (26)

do not violate (18). If the hyperplane . is positioned as indicated in Fig. 10, it
can indeed be shown by crudely estimating area (; ) that (26) does not violate es-
timate (18). We call estimates of this form, where we have restricted the integration
to a small part M, of M, truncated estimates. Hence, in the following we assume
that (25) reduces to (f, ) = {xm, f, W2 )-

For the term < xm [ >, we will have to integrate over a possibly much large
part M; of M. To handle this, we will use that y; only interacts with the discontinu-
ity of xu, f along a line inside M. This part of the estimate is called the linearized
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New origin

supp

Fig. 10 Sketch of supp y;, M;, M;, and .Z. The lines of integrations are shown

estimate since the discontinuity curve in < xm f, l[/)L> has been reduced to a line.
In < v [ >, we are, of course, integrating over two variables, and we will as the
inner integration always choose to integrate along lines parallel to the singularity
line ., see Fig. 10. The important point here is that along these lines, the function
f is C*-smooth without discontinuities on the entire interval of integration. This is
exactly the reason for removing the M;-part from M. Using the Fourier slice theo-
rem, we will then turn the line integrations along . in the spatial domain into line
integrations in the frequency domain. The argumentation is as follows: consider
g : R? — C compactly supported and continuous, and let p : R — C be a projection
of g onto, say, the xp axis, i.e., p(x;) = [ g(x1,%2)dx,. This immediately implies
that p(&;) = g(&;,0), which is a simplified version of the Fourier slice theorem. By
an inverse Fourier transform, we then have

[ st = pn) = [ 86,0 4d, 27)
JR R

and hence
[ sl = [ 12(&1,0)|d&. e8)
R R

The left-hand side of (28) corresponds to line integrations of g along vertical lines
x1 = constant. By applying shearing to the coordinates x € R?, we can transform %
into a line of the form {x ER?:x; = constant}, whereby we can apply (28) directly.

We will make this idea more concrete in the proof of the following key estimate
for linearized terms of the form (), f, w3 ). Since we assume the truncated estimate
as negligible, this will in fact allow us to estimate (f, vy ).



182 G. Kutyniok et al.

Theorem 9. Let v € L*>(R?) be compactly supported and assume that y satisfies
the conditions in Setup 2. Further, let A be such that supp y; NdB # 0. Suppose
that f € &(R?) and that dB is linear on the support of W, in the sense

suppy, NdBC ¥
for some affine hyperplane £ of R. Then,
(i) if £ has normal vector (—1,s) with |s| <3,
ol s ——
WIS e

(ii) if £ has normal vector (—1,s) with |s| > 3/2,

[(fowa) S 279974,

(iii) if £ has normal vector (0,s) with s € R, then

[(Fowm) S 271

Proof. Fix A, and let f € &(IR?). We can without loss of generality assume that f
is only nonzero on B.

Cases (i) and (ii). We first consider the cases (i) and (ii). In these cases, the
hyperplane can be written as

ZL={xe R?: (x — xq,(—1,5)) = 0}
for some xo € R?. We shear the hyperplane by S_; for s € R and obtain

S,Sf = {X S Rz : <SSX—X(),(_1,S)> = O}
= {xeR?: (x—S_5x,(Sy)"(~1,5)) =0}
= {xeR?: (x—S_x,(—1,0)) =0}

= {x=(x1,x2) eR*:x; =%}, wheref=25_gx,

which is a line parallel to the x;-axis. Here the power of shearlets comes into play,
since it will allow us to only consider line singularities parallel to the x;-axis. Of
course, this requires that we also modify the shear parameter of the shearlet, that is,
we will consider the right-hand side of

<fa Wj,k,m> = <f(Sx')7 Wj,/},m>

with the new shear parameter k = k +2//2s. The integrand in (f(S;-), Vi) has the
singularity plane exactly located on the line x; = %1, i.e., on S_;.Z.
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To simplify the expression for the integration bounds, we will fix a new origin
on S_;.%, that is, on x| = £1; the x; coordinate of the new origin will be fixed in the
next paragraph. Since f is only nonzero of B, the function f will be equal to zero on
one side of S_;.%, say, x| < £. It therefore suffices to estimate

(fo(Ss) 2@ V)

for fo € CP(R?) and Q =R, x R. Let us assume that k < 0. The other case can be
handled similarly.

Since y is compactly supported, there exists some ¢ > 0 such that suppy C
[—c,c]*. By a rescaling argument, we can assume ¢ = 1. Let

Py = {x cER?: |x1 +27j/2kxz| <27, 2| < 2*1‘/2}, (29)

With this notation we have supp ;o C ;. We say that the shearlet normal di-
rection of the shearlet box &; ¢ is (1,0), and thus the shearlet normal of a sheared
element y; 4, associated with &2, ; is (1,k/2//?). Now, we fix our origin so that,
relative to this new origin, it holds that

SUPP Y, ;. C QZN;—F (2”',0) =: 9’7“{.
Then one face of & ik intersects the origin.
Next, observe that the parallelogram % ;. has sides xp = +2-7/2,
2x; +2/%kx; =0, and  2/x; 42/ %kx, = 2.

As it is only a matter of scaling, we replace the right-hand side of the last equation
with 1 for simplicity. Solving the two last equalities for x; gives the following lines:

2012 q 0i/2 2-i/2
Li: =———X1, an L : =—— +—,
1 X2 R X1 20 X2 R X1 R
which show that
Ky Ly
Kfo(ss.)m,w,-,,;,mﬂsl /0 [ oS0, (x) drad (30)
Jo Ji,

where the upper integration bound for x is K} =27/ —27/ k; this follows from solv-
ing L, for x; and using that |x,| <27/ /2. We remark that the inner integration over
x; is along lines parallel to the singularity line Q = {0} x R; as mentioned, this
allows us to better handle the singularity and will be used several times throughout
this section.

We consider the 1D Taylor expansion for f(Ss-) at each point x = (x1,x2) € L
in the x,-direction:

. : 2
Jo(Ssx) = a(x1) +b(x1) (er% xl) +c(x1,x2) (Xz-i-% xl) ,
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where a(x1),b(x1) and c(x1,x;) are all bounded in absolute value by C(1 + |s|)%.
Using this Taylor expansion in (30) yields

K 3
(o680, W] < (41D [ 3 0 ) G31)
i=1
where
Ly
hew) = | [ v 0del. (32)
v L]
Ly
bin) = | [ o+ Ka) v, (000 (33)
v L]
—27912)k
L(x) = /0 (X2)> W (1,02 — K2 )da | (34)
and
0i/2
KQZ ]A{ X1.

We next estimate each integral I;—I3 separately.
Integral 1. We first estimate [, (x). The Fourier slice theorem, see also (27),
yields directly that

h) =| [ wyntode] =| [ 01,0E@ 08550
By the assumptions from Setup 2, we have, for all & = (§1,&,,&3) € R?,

~

) —3j _ 2-i/2 -7
9 5,n(©)] 527|278 (WT@?*")

for some i € L' (R). Hence, we can continue our estimate of /; by
he) < [ 278 80| (1+ k) e,
and further, by a change of variables,
Li(x) S /sz/4 [R(EN)] (1 + [k1)77dE S 2714 (1 + k)7, (35)

since i € L' (R).
Integral I,. We start estimating I>(x; ) by
+ |K|

L(x) < ‘/]sz WjJ},m(x)de =:51+9.
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Applying the Fourier slice theorem again and then utilizing the decay assumptions
on { yields

<

(9 N 27i 5
S) = ‘/Rm‘l/jjm(x)dxz /R<a—ézllfj,;;m) (&1,0)e™™151dE,

< / 2702073 R E) | (14 [R) YdE S 27+ (R
R

Since |x|| < —k; /27, we have K, < 274/2. The following estimate of S, then follows
directly from the estimate of /;:

S2 S 1Ko 24 (L&) 77 S 27974 (14 Jk|) 7.
From the two last estimates, we conclude that I, (x;) < 27//4(1+ [k|)~7.

Integral I;. Finally, we estimate I3(x;) by

27112k 5
L(x;) < /0 (2) 7 [1W; 1 | = e

—2792Jk
/0 (x2)*dx

We see that I, decays faster than /7, and hence we can leave I, out of our analysis.
Applying (35) and (36) to (31), we obtain

<234 <2734k 3. (36)

(37

2-3j/4 2-7j/4
= + —=
(1+[k)r=t Jkf?

[(folS )20, W )| S (1 1s])? (

Suppose that s < 3. Then (37) reduces to
2731'/4 277]'/4
= +—
L+ k)=t [k[?
~3j/4
< 2
(14 [k])?

}<fa Wj,k,m>} S (

since y > 4. This proves (i).
On the other hand, if s > 3/2, then

|{F W) S 27974,
To see this, note that
271 2-1 2-1

. . . < .
(14 k+s202)3 (279124 k)22 +5])3 ~ |k/20/2+ 5|3

and
|k/20/2 45| > |s| — |k/2//%| > 1)2 =277/ > 1/4

for sufficiently large j > 0, since |k| < [2-"/ 2} <2241, and (ii) is proven.
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Case (iii). Finally, we need to consider the case (iii), in which the normal vec-
tor of the hyperplane .# is of the form (0,s) for s € R. For this, let Q =
{x € R?:x, > 0}. As in the first part of the proof, it suffices to consider coef-
ficients of the form (¥g fo, W) m)» Where suppyjm C P — (277,0) = Py
with respect to some new origin. As before, the boundary of 32]-’,( intersects the
origin. By the assumptions in Setup 2, we have that

PN
<£) ¥(0,6) =0 forl=0,1,
1

which implies that
/Rquf(x)dxl =0 forallxyeRand/=0,1.
Therefore, we have
/Rxf w(Six)dx =0 forallx; €R,k€R, and £ =0, 1, (38)

since a shearing operation Sy preserves vanishing moments along the x; axis.
Now, we use Taylor expansion of fj in the x;-direction (i.e., again along the
singularity line dQ). By (38) everything but the last term in the Taylor expansion
disappears, and we obtain

i o
(X fos Wism)| S 231/4/0 /727j(x1)2dX1dX2
< 93il4g-il2y-3] _ p- /4

which proves claim (iii). O

We are now ready to show the estimates (20) and (21), which by Lemma 2(ii)
completes the proof of Theorem 5.

For j >0, fix Q € Q?, where Qj.) C 2; is the collection of dyadic squares that
intersects .. We then have the following counting estimate:

#Mjx0] S k+2725] 41 (39)
for each |k| < [2-"/ 2], where

Mijo:={me 72 |supp Wi mNZL NQ| # 0}

To see this claim, note that for a fixed j and k we need to count the number
of translates m € Z> for which the support of Y km intersects the discontinuity
line £ :x; = sx, + b, b € R, inside Q. Without loss of generality, we can as-
sume that Q = [0,2’1'/2}2, b =0, and suppy;xo C C- Py, where P} is de-
fined as in (29). The shearlet y; ; , Will therefore be concentrated around the line
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S X = —zj%xz +27Imy +271my, see also Fig. 9b. We will count the number
of m = (my,my) € Z? for which these two lines intersect inside Q since this number,
up to multiplication with a constant independent of the scale j, will be equal to
#M; ol ' .

First note that since the size of Q is 27//2 x 277/2, only a finite number of m;
translates can make S, N.Z N Q # 0 whenever m| € Z is fixed. For a fixed m; € Z,
we then estimate the number of relevant m; translates. Equating the x; coordinates
in .Z and ., yields

k . 4
<W * s> X =27 my+27m,.
Without loss of generality, we take my = 0 which then leads to

277 |my| < 27912 ‘k+2-f/2s

| <27 ’k+2j/2s

3

hence |m; | < |k+27/2s|. This completes the proof of the claim.
For € > 0, we will consider the shearlet coefficients larger than € in absolute
value. Thus, we define:

Mjro(e) ={meMjro:|[(f,Wjrm)| > €},

where Q € o@(]-). Since the discontinuity line .# has finite length in [0, 1]?, we have
the estimate #|Q?| < 2//2. Assume .Z has normal vector (—1,s) with |s| < 3. Then,
by Theorem 9(i), | { f, Wjxm)| > € implies that

lk+2//%s| < g~ 1/3277/4, (40)
By Lemma 2(i) and the estimates (39) and (40), we have that
%log2(£’1)+C

#|A(e)| D D #|Mjro(e)|

i—=0 20 [Flhl<ce—1/37—j/4
J 0c2Y {ki|k|<e1/3274/4}

> > (k+1)

i—=0 20 [Flhl<ce—1/37—j/4
J 0c2Y {k:|k|<e1/3274/4}

A

< Y #|2Y (e
log, (e~ 1)+C
<e?B Y 15e P Ploge),

j=0

where, as usual, k=k+s2//2, By Lemma 2(ii), this leads to the sought estimates.
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On the other hand, if . has normal vector (0,1) or (—1,s) with |s] > 3, then
[(f,w),)| > € implies that
.4 1
J< §log2(8 )s
which follows by assertions (ii) and (iii) in Theorem 9. Hence, we have

3logy(e7!)

#AE)S Y, DD #[Miple).

i=0 k 20
J 0e2;

Note that #|M; i o| < 2//2, since #|{m € Z* : |suppy; N Q| # 0}| < 2//? for each
0 € 2;, and that the number of shear parameters k for each scale parameter j > 0
is bounded by C2/ /2. Therefore,

Slom(e ) bl
#AE)| S Y, 2720 = N QM2 govatnleT) < g2,
=0 =0

This implies our sought estimate (20) which, together with the estimate for |s| < 3,
completes the proof of Theorem 5 for L = 1 under Setup 2. O

5.1.7 The case L # 1

We now turn to the extended class of cartoon-lime images éZ‘Lz (Rz) with L #£ 1, i.e.,
in which the singularity curve is only required to be piecewise C>. We say that
p € R? is a corner point if B is not C>-smooth in p. The main focus here will be
to investigate shearlets that interact with one of the L corner points. We will argue
that Theorem 5 also holds in this extended setting. The rest of the proof, that is, for
shearlets not interacting with corner points, is of course identical to that presented
in Sects. 5.1.5 and 5.1.6.

In the compactly supported case, one can simply count the number of shearlets
interacting with a corner point at a given scale. Using Lemma 2(i), one then ar-
rives at the sought estimate. On the other hand, for the band-limited case one needs
to measure the sparsity of the shearlet coefficients for f localized to each dyadic
square. We present the details in the remainder of this section.

Band-limited shearlets. In this case, it is sufficient to consider a dyadic square
0c o@(]) with j > 0 such that Q contains a singular point of edge curve. Especially,

we may assume that j is sufficiently large so that the dyadic square Q € o@(]) contains
a single corner point of dB. The following theorem analyzes the sparsity of the
shearlet coefficients for such a dyadic square Q € Q?.

Theorem 10. Let f € &*(R?) and Q € Q? with j > 0 be a dyadic square con-
taining a singular point of the edge curve. The sequence of shearlet coefficients

{d) == (fo, ) : A € Aj} obeys

H(dz)ze\,

<C.
we2/3 —
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The proof of Theorem 10 is based on a proof of an analog result for curvelets
[1]. Although the proof in [1] considers only curvelet coefficients, essentially the
same arguments, with modifications to the shearlet setting, can be applied to show
Theorem 10.

Finally, we note that the number of dyadic squares Q € o@(]) containing a singular
point of dB is bounded by a constant not depending on j; one could, e.g., take L
as this constant. Therefore, applying Theorem 10 and repeating the arguments in
Sect. 5.1.5 complete the proof of Theorem 5 for L # 1 for Setup 1.

Compactly supported shearlets. In this case, it is sufficient to consider the fol-
lowing two cases:

Case 1. The shearlet y; intersects a corner point, in which two C? curves 9B and
dBy, say, meet (see Fig. 11a).

Case 2. The shearlet y; intersects two edge curves dBy and dBj, say, simultane-
ously, but it does not intersect a corner point (see Fig. 11b).

Fig. 11 (a) A shearlet v, intersecting a corner point, in which two edge curves dBy and dB; meet.
% and &) are tangents to the edge curves dBj and dB in this corner point. (b) A shearlet v,
intersecting two edge curves dBy and dB; which are part of the boundary of sets By and B;. %
and %) are tangents to the edge curves dBj and dB; in points contained in the support of y;

We aim to show that #|A(g)| < 3 in both cases. By Lemma 2, this will be
sufficient.

Case 1. Since there exist only finitely many corner points with total number not
depending on scale j > 0 and the number of shearlets y; intersecting each of
corner points is bounded by C2//2, we have

$logy (e71) ) 5
#A() S Y 2/P<es.
j=0

Case 2. As illustrated in Fig. 11b, we can write the function f as

foxs, + fixs, = (fo—fi)xs, +fi inQ,
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where fy, fi € C*([0,1]?) and By, B are two disjoint subsets of [0, 1]>. As we indi-
cated before, the rate for optimal sparse approximation is achieved for the smooth
function fi. Thus, it is sufficient to consider f := goxp, with go = fo — f1 €
C?([0,1]?). By a truncated estimate, we can replace two boundary curves dBy and
dB; by hyperplanes of the form

Zi= {XERZ t(x—x0,(—1,51)) =0} fori=0,1.

In the sequel, we assume max;—q 1 |s;] <3 and mention that the other cases can be
handled similarly. Next define

’]kQ = {m ez?: [Supp W im NZLNQO| # 0} fori=0,1,

foreach Q € Q‘i), where QE) denotes the dyadic squares containing the two distinct
boundary curves. By an estimate similar to (39), we obtain

#\M?,k,g ﬁM}m! S ,mg)r}(lk+2’/2 sil +1). (41)

Applying Theorem 9(i) to each of the hyperplanes % and .Z], we also have

<C- —271]. 42
owiam) < Cma{ s b “2)

Let k; = k +2//%s; for i = 0,1. Without loss of generality, we may assume that
ko < ki. Then, (41) and (42) imply that

#|MY, mM‘Q]<|ko|+1 (43)
and
3.
W) S 2 (44)
y Wikm/| ~ |]'€0|3'

Using (43) and (44), we now estimate #|A(€)| as follows:

$logy(e7")+C
#|A(e)] S Z > Y1+ kol)
QEQO ko
$logy(e7H)+C
< Y ’320’ (e72/3277/2) < 7213,
Jj=0

Note that #|QO| < C since the number of Q € 2; containing two distinct bound-
ary curves aBo and dB; is bounded by a constant independent of j. The result is
proved. a
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5.2 Optimal Sparse Approximations in 3D

When passing from 2D to 3D, the complexity of anisotropic structures changes
significantly. In particular, as opposed to the two-dimensional setting, geometric
structures of discontinuities for piecewise smooth 3D functions consist of two mor-
phologically different types of structure, namely surfaces and curves. Moreover, as
we saw in Sect. 5.1, the analysis of sparse approximations in 2D heavily depends
on reducing the analysis to affine subspaces of R2. Clearly, these subspaces always
have dimension one in 2D. In dimension three, however, we have subspaces of di-
mensions one and two, and therefore the analysis needs to be performed on sub-
spaces of the “correct” dimension.

This issue manifests itself when performing the analysis for band-limited shear-
lets, since one needs to replace the Radon transform used in 2D with a so-called
X-ray transform. For compactly supported shearlets, one needs to perform the anal-
ysis on carefully chosen hyperplanes of dimension two. This will allow for using
estimates from the two-dimensional setting in a slice by slice manner.

As in the two-dimensional setting, analyzing the decay of individual shearlet
coefficients (f,yr, ) can be used to show optimal sparsity for compactly supported
shearlets while the sparsity of the sequence of shearlet coefficients with respect to
the weak ¢P quasi norm should be analyzed for band-limited shearlets. Furthermore,
we will only consider the case f = y since the two other cases can be handled
similarly.

5.2.1 A heuristic analysis

As in the heuristic analysis for the 2D situation debated in Sect. 5.1.1, we can again
split the proof into similar three cases as shown in Fig. 12.

a

b

Sketch of shearlets whose Sketch of shearlets whose Sketch of shearlets whose
support does not intersect the support overlaps with 4 B and support overlaps with d B in
surface d B. is nearly tangent. non-tangentially way.

Fig. 12 The three types of shearlets y; x ,, and boundary dB interactions considered in the heuristic
3D analysis. Note that only a section of dB is shown
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Only case (b) differs significantly from the 2D setting, so we restrict out attention
to that case.

For case (b), there are at most O(2/) coefficients at scale j > 0 since the plate-like
elements are of size 2//2 times 2//2 (and “thickness” 2 /). By Holder’s inequality,
we see that

Wk S U= | Wikam][ 0 S CL277 [yl < G277

for some constants C;,C; > 0. Hence, we have O(2/) coefficients bounded by
C§~2*ﬁ

Assuming the coefficients in case (a) and (c) to be negligible, the nth largest
shearlet coefficient c7, is therefore bounded by

eyl <Con,

which in turn implies

3 el < ZC-n’ZSC-/N ¥ 2dx<C-NL

n>N n>N

Hence, we meet the optimal rates (6) and (7) from Definition 1. This, at least heuris-
tically, shows that shearlets provide optimally sparse approximations of 3D cartoon-
like images.

5.2.2 Main result

The hypotheses needed for the band-limited case, stated in Setup 3, are a straight-
forward generalization of Setup 1 in the 2D setting.

Setup 3. The generators ¢, y, , € L*(R?) are band-limited and C* in the
frequency domain. Furthermore, the shearlet system SH(¢, v, ¥, /; ¢) forms
a frame for L?(IR?) (cf. the construction in Sect. 4.2).

For the compactly supported generators, we will also use hypotheses in the spirit
of Setup 2, but with slightly stronger and more sophisticated assumption on vanish-
ing moment property of the generatorsi.e., 6 > 8 and y > 4.

Setup 4. The generators ¢, v, ¥, € L?(R3) are compactly supported, and
the shearlet system SH(¢, w, 7, ; ¢) forms a frame for L?(R?). Furthermore,
the function v satisfies, for all & = (&;,&,,&3) € R3,
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() [¥(&) < C-min{1,[&1]°} min{1, (&7} min{1,|&|~7} min{1,|&| 7},
and

iy | Fw(®)| < el (1+8) 7 (1+ D)

for i =2,3, where § > 8, y>4,hcL! (R), and C a constant, and ¥ and ¥
satisfy analogous conditions with the obvious change of coordinates (cf. the
construction in Sect. 4.3).

The main result can now be stated as follows.

Theorem 11 ([8, 12]). Assume Setup 3 or 4. Let L= 1. For any v > 0 and it > 0,
the shearlet frame SH(¢,w, r, \r;c) provides optimally sparse approximations of
functions f € &}(R3) in the sense of Definition 1, i.e.,

1f = fullzz SN~'(logN)?),  asN — e
and
Ict| <nl(logn), asn— oo,

where ¢ = {{f, W) : A €AY =y, =, or =V} and ¢* = (c})nen is a de-

creasing (in modulus) rearrangement of c.

We now give a sketch of proof for this theorem, and refer to [8, 12] for detailed
proofs.

5.2.3 Sketch of proof of Theorem 11

Band-limited shearlets. The proof of Theorem 11 for band-limited shearlets follows
the same steps as discussed in Sect. 5.1.5 for the 2D case. To indicate the main steps,
we will use the same notation as for the 2D proof with the straightforward extension
to 3D.

Similar to Theorems 6 and 7, one can prove the following results on the sparsity
of the shearlets coefficients for each dyadic square Q € 2;.

Theorem 12 ([8]). Let f € £*(R?). Q € o@(]-), with j > 0 fixed, the sequence of shear-
let coefficients {dy = (fo, W) : A € A;} obeys

1(da)ren; e S27%.

Theorem 13 ([8]). Let f € &*(R?). For Q € Q}-, with j > 0 fixed, the sequence of
shearlet coefficients {d; := (fo, ¥ ): A € Aj} obeys

I(di)renlln S274.
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The proofs of Theorems 12 and 13 follow the same principles as the proofs of the
analog results in 2D, Theorems 6 and 7, with one important difference: In the proof
of Theorems 6 and 7, the Radon transform (cf. (27)) is used to deduce estimates for
the integral of edge-curve fragments. In 3D one needs to use a different transform,
namely the so-called X-ray transform, which maps a function on R3 into the sets
of its line integrals. The X-ray transform is then used to deduce estimates for the
integral of the surface fragments. We refer to [8] for a detailed exposition.
As a consequence of Theorems 12 and 13, we have the following result.

Theorem 14 ([8]). Suppose f € &*(R?). Then, for j > 0, the sequence of the shear-
let coefficients {c; := (f, ) : A € A} obeys
(e )aen; e S 1.

Proof. The result follows by the same arguments used in the proof of Theorem 8.
O

By Theorem 14, we can now prove Theorem 11 for the band-limited setup and for
f € & (R3) with L = 1. The proof is very similar to the proof of Theorem 5 in
Sect. 5.1.5, wherefore we will not repeat it.

Compactly supported shearlets. In this section we will consider the key estimates
for the linearized term for compactly supported shearlets in 3D. This is an extension
of Theorem 9 to the 3D setting. Hence, we will assume that the discontinuity surface
is a plane, and consider the decay of the shearlet coefficients of shearlets interacting
with such a discontinuity.

Theorem 15 ([12]). Let y € L*(R?) be compactly supported, and assume that y
satisfies the conditions in Setup 4. Further, let A be such that supp y; NdB # 0.
Suppose that f € &* (R3 ) and that dB is linear on the support of ¥y, in the sense that

suppy, NdB C

for some affine hyperplane € of R3. Then,

(i) if A has normal vector (—1,s1,52) with s1 <3 and s, <3,

2-J
[(fowa)] S min § ————— ¢,
=12 | [k + 2072,
(ii) if € has normal vector (—1,s1,s2) with s1 > 3/2 or s > 3/2,
(vl S 27972,

(iii) if € has normal vector (0,s1,s2) with s1,s2 € R, then

(fow) S277,
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Proof. Fix A, and let f € &?(R3). We first consider the case (ii) and assume
s1 > 3/2. The hyperplane can be written as

H = {XER3 D (x—x0,(—1,51,5)) =0}

for some x( € R3. For £3 € R, we consider the restriction of ¢ to the slice x3 = £3.
This is clearly a line of the form

L ={x=(x1,%) eR?: (x—x0,(—1,81)) =0}

for some x;, € R?, and hence we have reduced the singularity to a line singularity,
which was already considered in Theorem 9. We apply now Theorem 9 to each on
slice, and we obtain

(v S 201420402 — Sl

The first term 2//4 in the estimate above is due to the different normalization factor
used for shearlets in 2D and 3D, the second term is the conclusion from Theorem 9,
and the third is the length of the support of y; in the direction of x3. The case
s > 3/2 can be handled similarly with restrictions to slices x, = £; for £, € R. This
completes the proof of case (ii).

The other two cases, i.e., case (i) and (ii), are proved using the same slice by slice
technique and Theorem 9. O

Neglecting truncated estimates, Theorem 15 can be used to prove the optimal
sparsity result in Theorem 11. The argument is similar to the one in Sect. 5.1.6 and
will not be repeated here. Let us simply argue that the decay rate |(f, y; )| <275//2
from Theorem 15(ii) is what is needed in the case s; > 3/2. It is easy to see that in
3D an estimate of the form

#|A(e) e .

will guarantee optimal sparsity. Since we in the estimate |(f,y; )| < 275//2 have
no control of the shearing parameter k = (ki,k;), we have to use a crude counting
estimate, where we include all shears at a given scale j, namely 20/2.2i/2 = 2,
Since the number of dyadic boxes Q where dB intersects the support of f is of order
23i/ 2 we arrive at
Sloga(e™)
#A(e) S Y 2YP=el
Jj=0

5.2.4 Some extensions
Paralleling the 2D setting (see Sect. 5.1.7), we can extend the optimality result in

Theorem 11 to the cartoon-like image class &7 (IR?) for L € N, in which the discon-
tinuity surface dB is allowed to be piecewise C>-smooth.
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Moreover, the requirement that the edge dB is piecewise C> might be too
restrictive in some applications. Therefore, in [12], the cartoon-like image model
class was enlarged to allow less regular images, where dB is piecewise C*-smooth

for 1 < o0 <2, and not necessarily a C2. This class é”f‘L(R3) was introduced in

Sect. 2 consisting of generalized cartoon-like images having CB-smoothness apart
from a piecewise C* discontinuity curve. The sparsity results presented above in
Theorem 11 can be extended to this generalized model class for compactly sup-
ported shearlets with a scaling matrix dependent on .. The optimal approximation
error rate, as usual measured in || f — fN||i2, for this generalized model is N~%/2;
compare this to N~! for the case & = 2 considered throughout this chapter. For
brevity, we will not go into detail of this, but mention that the approximation error
rate obtained by shearlet frames is slightly worse than in the oo = § = 2 case since
the error rate is not only a poly-log factor away from the optimal rate, but a small
polynomial factor; and we refer to [12] the precise statement and proof.

5.2.5 Surprising observations

Capturing anisotropic phenomenon in 3D is somewhat different from capturing
anisotropic features in 2D as discussed in Sect. 1.3. While in 2D we “only” have
to handle curves, in 3D a more complex situation can occur since we find two ge-
ometrically very different anisotropic structures: curves and surfaces. Curves are
clearly 1D anisotropic features and surfaces 2D features. Since our 3D shearlet ele-
ments are plate-like in spatial domain by construction, one could think that these 3D
shearlet systems would only be able to efficiently capture 2D anisotropic structures,
and not 1D structures. Nonetheless, surprisingly, as we have discussed in Sect. 5.2.4,
these 3D shearlet systems still perform optimally when representing and analyzing
3D data @@Lz (R3) that contain both curve and surface singularities (see e.g., Fig. 2).
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Shearlet Multiresolution and Multiple
Refinement

Tomas Sauer

Abstract Starting from the concept of filterbanks and subband coding, we present
an entirely digital approach to shearlet multiresolution which is not a discretization
of the continuous transform but is naturally connected to the filtering of discrete
data, the usual procedure in digital signal processing. It will be shown that a full
analogy of multiresolution analysis (MRA) can be derived also for shearlets as a
special instance of multiple MRA (MMRA) based on cascading a finite number
of filterbanks. In this discrete shearlet transform, the MMRA concept goes hand
in hand with shear-based scaling matrices of a particularly appealing and simple
geometry. Finally, also some application issues of such discrete transformations will
be considered briefly.

Key words: Filterbank, Multiresolution analysis, Multiple MRA, Shearlet MRA,
Subdivision

1 Introduction

Like the continuous wavelet transform, the continuous shearlet transform, now
familiar from all the other chapters of this book, is applicable in practice by “sim-
ply” discretizing the transform parameters. There are even definitely lots of inter-
esting applications where such discretizations are of use, theoretically as well as
practically.

Nevertheless, the approach pursued here is quite radically different and aims at
reproducing fundamental aspects of the discrete wavelet transforms, namely, the
pyramid scheme and the concept of multiresolution analysis. These two ideas form
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the foundation for the practical implementation of (literally) Fast Wavelet Trans-
forms (FWT) with essentially linear complexity entirely by means of filterbanks.
A very nice and highly recommended introduction to the filterbank wavelet ap-
proach for univariate, onedimensional signals is given in [39], also [27] gives some
valuable information on filterbanks and subband coding. In this approach, the an-
alytic properties or the explicit form of refinable functions and wavelets do not
appear expicitly in the numerical computations which can actually be performed
completely without any analysis behind, but take the role of a theoretical, analyti-
cals justification for these computations.

The main goal of this presentation here is to provide a sufficiently general frame-
work of filterbanks and the associated discrete manipulations that allows for an ex-
tension to shearlets. Indeed, most of the material here will be dedicated to providing
exactly that type of background, from which the shearlet multiresolution will then
follow like some sort of an extended corollary. Nevertheless, the hope is that this
approach will offer some insight into the ideas and intuitions that lead to [22] but
had to be sacrificed there to the more important goal of providing details and proofs
of this discrete shearlet approach. Here, we can make use of the liberty to provide a
more introductory approach and background material.

The story here is told from a very particular if not peculiar perspective, without
distraction and with a very narrow focus on these particular aspects and the connec-
tion between them. I have no ambition or intention to make this a complete presen-
tation of all more or less relevant facts nor do I want to create any type of survey on
filterbanks, subdivision, or multiresolution. As a consequence, everything that does
not fit into the narrow focus of providing this particular connection is omitted, not as
a judgement of quality, value, or interest, but simply because it has no place within
this presentation. An excellent exposition of this general narrative problem can be
found in the initial chapter of [34].

The content of this story is very simple, natural, and straightforward. We begin
with recalling some basic facts and definitions on filterbanks for fairly general deci-
mations and show how they can be conveniently described and studied by means of
symbol calculus, the twin sister of the z-transform that is so popular in engineering.
Filterbanks decompose and reassemble signals and the good ones among them are
of course those which reconstruct the original signal as long as no changes are ap-
plied to the decomposition coefficients. Such filterbanks can be easily characterized
and there is a systematic way of building such filterbanks by specifying only a small
partition of the filterbank.

This small part from which the full filterbank emerges can be chosen to be the
mask of a stationary subdivision scheme which gives us an excuse to have a look
at stationary subdivision schemes and their useful consequences: refinability and
multiresolution. They connect back to the filterbank and allow for an analytic de-
composition of functions by means of discrete operations on discrete coefficient
signals. For the purpose of shearlets, stationary subdivision is not flexible enough,
however. Therefore, we pass to a slight generalization called multiple subdivision
schemes. Also in this situation there exists a notion of refinability; however, in a
somewhat generalized sense, as well as a decomposition of functions and signals,
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but now into a tree of functions and signals. Once all this is settled, shearlets reduce
to very particular and even simple choice of the dilation factors in this multiple sub-
division filterbank framework. The nice consequence is that many of the things that
so far were simply generalizations find their geometric meaning as terms describing
directional components in interpolatory and orthogonal discrete shearlet construc-
tions. In addition, shearlets always allow for canonical tensor product constructions
and thus for efficient though nontrivial implementations.
And that’s enough of the outline—let’s start to have fun with the math . ..

2 Filters and Filterbanks

In principle, a filter is just an operator that maps a signal class to itself or maybe
even another signal class. As such a definition is clearly too general and thus too
vague for our purposes, let us become a little bit more specific here. To that end,
we denote by ¢ (Z*) the vector space of all functions from Z* to R, i.e., the space of
all bi-infinite sequences. Moreover, we will use £, (Z*) for all sequences with finite
p-norm, 1 < p < co, and £ (Z*) for those with finite support. A filter F : ¢(Z*) —
£(Z°) is called an LTI filter (Linear and Time Invariant) provided that it acts as a
linear operator and commutes with translation:

(Fo)(-+a)=F(c(-+a), cel(Z'), aecl

With the translation operator 7y, defined as T4c = ¢ (- + @), this is more conve-
niently written as F Ty = ToF. In the spirit of Hamming [17], the word “(digital)
filter” will always mean an LTI filter. Any filter can be written as a convolution

Fe=fxc= Y f(-—a)c(a)

acZ’

with the impulse response f € €(Z°) which is obtained as f = F§, where § =
(80,o : o € Z*) stands for the engineer’s good friend, the pulse signal. A filter is
called an Finite Impulse Response (FIR) if f € £y (Z*).

Good and substantial introductions to signal processing and filters can be found
for example in [17, 27, 37, 39].

2.1 Filterbanks

Filterbanks add a nice little twist to the convolution concept of filters which is usu-
ally referred to as subband coding. To that end, let M € 7°** be an expanding integer
matrix, that is, it has all eigenvalues greater than one in modulus. The set MZ* C Z°
forms a subgrid of Z* and even a proper subgrid. One can decompose Z* into an
overly of shifts of this subgrid, namely as
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7= J e+MZ, Ey :=M[0,1)'NZ. (1)

ecEy

In particular, 0 € Ejy; and € = 0 corresponds to the subgrid MZ*. It is indeed very
easy to see that the quotient space Z*/MZ* has |detM| elements and that E), is a
set of representers for this quotient space. To that end, use the well-known Smith
decomposition M = PDQ of M, cf. [28], where P and Q are unimodular, i.e.,
|detP| = |detQ| = 1, and D is a nonzero diagonal matrix; it can even be made a
normal form by requiring successive nonzero diagonal elements to divide their pre-
decessors. In [3], this result is referred to as the invariant factor theorem. All this
works in general for matrices over a euclidean ring, and the proof of the Smith fac-
torization is a nice variant of Gaussian elimination coupled with euclidean division
(with remainder). Now note that o — B € MZ* is equivalentto P~'oc — P~! 3 € DZ*
so that the quotient spaces Z*/MZ* and Z* / DZ* are isomorphic. Moreover, the rep-
resenter for some o € Z* is obtained as

e=o—-MM'a|=MM'a—|M'a]) eM[0,1)",

and the equivalence classes are disjoint since € — 1 = M3 with €,11 € M[0,1)* im-
plies directly that § € (—1,1)*NZ*, hence = 0. Having observed that, we only
need to substitute (1) into the convolution definition of the filter to obtain that

(fxc)(a) = (fxc)(e+MB) = (fexc)(MB) 2)

depending on the “parity” € of o.. Another consequence of the Smith decomposition
and the reason why it is often also referred to as the fundamental theorem for finite
groups, cf. [23] is the useful identity

1 S Tag—T o
ZeZmEM €

= 8.1 0, g €Ey =Eyr, 3
|detM| €',0 M MT ()

ecEy
from which it follows that the Fourier matrix

/ /
Fy = eZﬂisTM’Ts’ : g eEy
e€Ey

is unitary up to the factor |detM|.

When studying filterbanks, cf. [39], it is common practice to use the subsampling
operator oder downsampling |y, defined as |y ¢ = ¢ (M-), and then to define the
filterbank as the operator which maps c to the vector

(ur (fexc) = €€ En), )

where, at least in principle, f¢, € € Ejy, can be impulse responses of more or less
arbitrary filters. It is worthwhile, however, to keep in mind that (ideally) the output
of the filterbank contains the same amount of information as the original signal. This
is due to the fact that the increase of information by the |detM| different filters is
compensated by the subsequent subsampling.
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Given the output (c¢ : € € Ey), called subband decomposition generated by the
filterbank, it is a natural task to revert the filterbank process and to hopefully recon-
struct the signal from which the vector of subbands was generated. To that end, we
invert the downsampling by means of upsampling,

c(M'a), oeMZ,
TMC(OC):{ ( 0 ) agMZAY

then convolve the result with another family ge, € € E)y, of synthesis filters and sum
these components:

Y gex tm ce. )

ecEy

Schematically, if we write Ey = {€,...,n}, the filterbank looks as follows:

Va —>—>c£—> —>\,
Ny —>—>c.,,—> —>f

Analysis Synthesis

c— © D — cx

and a natural and reasonable minimal condition on the filterbank is that of perfect
reconstruction: the synthesis filterbank is the inverse of the analysis filterbank or
simply ¢, = c. There is a trivial way to build a perfect reconstruction filterbank,
namely the “lazy” one obtained by setting Fy = G¢ = T¢. This follows from the
simple identity

Z Te Tadm Te = 1. (6)

ecEy

For later use, let us finally rewrite a summand of (5) explicitly as

grtue= Y gl—o)c(M'a)= 3 g(-—Ma)c(a). )

aEMZS acZ’s

We will reencounter this type of convolution-like structures that appears in the syn-
thesis filterbank as subdivision operators later.

The way how we introduced filterbanks here implies that the roles of their com-
ponents are completely symmetric and exchangeable. In practice, however, some of
the filters will be low-pass filters, i.e. they reproduce constants and thus have an “av-
eraging” nature, and some will be high-pass filters which annihilate constant data.
In the wavelet context, and also in the shearlet case, the filterbank usually consists
of a single low-pass filter and all the others are high-pass ones. In view of this struc-
ture, it is convenient to denote the low-pass components by fj and go, respectively,
and to use g¢ and f¢, € € Ey \ {0}, for the high-pass filters.

In most practical cases all the filter sequences f; and g are finitely supported,
hence FIR filters, and can easily be implemented. Even if their IIR (Infinite Impulse
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Response) analogs exist in the world of rational filters which can be realized by
means of delayed feedback, those filters are somewhat more tricky and additional
issues like stability have to be considered. Because of that, we make an important
assumption that serves the purpose of making our life considerably easier.

All impulse responses considered from now on are finitely supported, hence
belong to £oo (Z°).

2.2 Symbols and Transforms

For a better mathematical treatment of filterbanks, it is useful to switch to algebraic
representations that turn sequences into formal Laurent series. This is either the
z-transform

UZ) 3¢~ =Y, cla)z®

acZ’

or the symbol
UZ )3 crci(z) =, c(o)z”.
oEZ’

Obviously, there is not much of a difference between the z-transform calculus and
the symbol calculus, and all results obtained by one of them can be equivalently
expressed by the other. While the z-transform is more popular in signal processing,
cf. [14, 17], symbol calculus has become the established method in subdivision even
before the fundamental monograph [3], which is why we will rely here on symbols
rather than on the z-transform.

Symbols and z-transform are formal Laurent series, that is, in the spirit of Gaul3
[15] convergence of these series is not considered. If, however, c is finitely sup-
ported, then both become Laurent polynomials. Let A stand for the ring of Laurent
polynomials and IT = C|zy, ...,z for the ring polynomials, then any element of A
can be written as a polynomial from I'T multiplied by a Laurent monomial with non-
positive exponent. These monomials, more precisely their nonzero multiples, are
the units in A, denoted by A*. Hence, A = A*II seems not to be too far away from
I1. Nevertheless, the two rings differ quite substantially, in particular when ideals
in these rings are considered, cf. [30]. In particular, there is no notion of degree for
Laurent polynomials while for polynomials there exists a rich variety of degrees,
usually all in the framework of graded rings, cf. [12]. These different notions of
degree can be actively used in the context of Grobner bases, see [4].

Symbols are also turned into trigonometric polynomials by the substitution z =
el yielding the trigonometric polynomial or series

o) = ¢t (e“’) =Y c(@e?  gcl-mna.

aeZ’s
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Since a Laurent polynomial is uniquely determined by its behavior on the torus
T = {z eC : ‘z j‘ = 1}, the two concepts are again mutually exchangeable and
the choice between them is once more essentially a matter of taste. Nevertheless,
the algebra on (Laurent) polynomials provides a somewhat larger toolbox of meth-
ods and techniques which allow at least for some analogies of the univariate fac-
torizations. This is another reason why this presentation here is based entirely on

symbols.
The first simple exercise in symbol calculus is to note that
(f*e)(2) = fH2)8*(2) (8)
and that
1 Tl
(twef@=c' (), (uof (M) = Y (e )
detM| <,
M
Here, 7™ stands for the vector of Laurent polynomials consisting of 27, j=1,...,s,
where m; are the columns of the matrix M and the product e~ >%¥ "2 has to be

understood in a componentwise sense. While the formula for (1 C)Tj is really im-
mediate, the proof of the expression for (| c)t makes use of the Fourier character
identity (3) to compute

() () = 3 cMa) = 3 Seoc(e+Ma) e

acZs acZs e€Ey

1 ) _
_ T Z Z Z eZme’TM 1(8+Ma)c(8+Ma) LMo
| et | €'€E), 0L e€Ey

igTer \ B
|detM| 2 2 ( o ez) ’

e'cEy, BELS

which is the second identity of (9).

By means of symbol calculus, we can now give an algebraic description of the
filterbank in terms of matrices of Laurent polynomial or matrix-valued Laurent
polynomials, which is the same anyway. To that end, we write the signal c in its

polyphase form
pe(2) = {cﬁ (efz”iMfrs/z) €€ El’w} ,

which implies that the analysis filterbank has the representation
{Ci (") - €€EM} =F(2) pe(2), (10)

where

T E
F (*Z’UMTE):EEM : 1
@)= |detM| [5 Y e ek, an

is called the modulation matrix associated to the filterbank given by f¢, € € Ep.
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The polyphase form of a signal is in 1-1 correspondence with the signal itself.
Clearly, the polyphase vector is read off directly from the symbol, while, conversely,
(6) and (9) yield for any signal c that

(z) = m Y Y () (e—ZniM*Tg/Z)

/ U
ecky  €cEy,

- |de1M| S S S eler) ()

ecEy E’EEI/WﬁEZS

and consequently

Ty 1 a-Tar \ €
d)= 3 & (672mM Te Z) — ¥ (eZmM Te Z) = (pe(2), Fuu(z)),
Il |detM|
EEEM ecEy

(12)
where u € AEM guch that ug (z) = 7%, € € Ey, allows us to reconstruct the signal

from all its polyphase components.
The synthesis filterbank, on the other hand, is more easy to write in symbol form,

namely
cAz)= Y, ge(x)ci (2M).

ecEy

For comparison, however, it is more convenient though unnecessary to consider the
polyphase form

pe(e) = [ (7M7) - ¢ e k|

3 ey i@ een,

ecEy

omimTel e €E;
= g,ﬁs(e 2miM sz) : geEﬁfﬂ [CQ(ZM) : eeEM}

=:G(z) {c,ﬁg (M) e EEM] ;

with

|t (2w T ) g€ EeEy
G(z) = [ge (e 2 ek, (13)
being the modulation matrix associated to the synthesis filterbank based on g¢, € €
Ey. A simple consequence of all this formalism is now that p. (z) = G(z) F (2) p.(z)

and we have the following fundamental result for filterbanks.

Theorem 1. The filterbank provides perfect reconstruction if and only if G(z)
F(z) =1

This of course somewhat restricts the possible choice of filterbanks as perfect re-
construction requires the existence of an inverse that again has Laurent polynomials
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as components. But the question whether a square matrix over a ring is invertible or
not can be easily answered by looking at its determinant.

Theorem 2. Let R be a ring and A € R"*". Then A is invertible with an inverse in
R™" if and only if A is unimodular, that is detA € R*, the set of units of R.

The proof of this result is as simple as well known, cf. again [28]. Indeed, if
A is invertible, then 1 = det/ = detA (detA)f1 implies that detA € R, while the
converse is obtained from Cramer’s rule which says that all components of A~! lie
in (detA) 'R,

In order to be part of a perfect reconstruction filterbank, the modulation matrices
of both the analysis and the synthesis part have to be invertible, hence, unimodu-
lar. If the matrices are considered in A, this means that after proper normalization
detG(z) =z for some o € Z*, if we restrict ourselves to IT, then only detG(z) = 1
is allowed up to normalization. Since the factor z* corresponds (only?) to a shift, it
is often neglected except in the case when causality of the filters plays a role. Re-
call that causal filter is one that is only supported on a subset of Z¢_ , which means
that its symbol is a polynomial. Practically, a causal filter for time signals only uses
information from the past which has some advantages in terms of realistic imple-
mentation.

Suppose that F(z) and G(z) are modulation matrices of a perfect reconstruction
filterbank. Clearly, since G(z)F(z) = I, this implies that F(z) and G(z) are both
unimodular. But what about the converse? Obviously, if, for example, F(z) is uni-
modular, then there exists F~! (z) € A, which, however, does not automatically im-
ply that this matrix-valued Laurent polynomial has the structure (13) of a synthesis
filterbank. But fortunately it has.

Lemma 1. If F(z) is the modulation matrix of an analysis filterbank, then there exist
gt € A, € € Ey, such that

10y — | ot 727tiM’Te') € EEy
F7(2) [gg(e 2 ecpy | (14)

Even if this result is probably well known, a simple proof of it might be illustrative.

Proof. We set gﬁ = (F’1 (z))o ¢» € € Ey, and show that the right-hand side of (14),
defined by these Laurent polynomials indeed gives an inverse of F (z). First we note

that
detM| e = (FUF @)y = 3 gb@f (™ 7¢2). as)

ecEy

Setting &’ = 0in (15) and then replacing z by e %M "'z 1/ € E},, we immediately
see that also

2 g{:e (efmriM*Tn/Z) fg (efzniM*Tn/Z) _ |detM|, n/ c EI/\/I (16)

ecEy
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On the other hand, with &€’ # 0 and again the substitution z — e 2% 7T"/z, n'#£¢,
we get that
Y o (efzniM’Tn’Z) 1t (efzmM*T(e%n/)Z) —0,
ecEy
and since the set {n’ + €’ : &' # 0} is isomorphic to Ej, \ {n’} modulo M, we have
that
(. —2miM Ty’ g —2mimTe )\ ’ /
Y g (e z) fe (e ) =0, n'#¢. (17)
ecEy

But (16) and (17) are precisely expressing the fact that the matrix G(z) defined by

the right-hand side of (14) satisfies G(z)F (z) = I, which is what was claimed in the
lemma. O

An identical argument also shows that the inverse of the modulation matrix of any
synthesis filterbank is the modulation matrix of an analysis filterbank. Consequently,
any “partial,” that is, analysis or synthesis, filterbank with a unimodular modulation
matrix can be completed to a perfect reconstruction filterbank. We can summarize
these observations in the following theorem.

Theorem 3. An analysis or synthesis filterbank F or G can be completed to a perfect
reconstruction filterbank if and only if F(z) or G(z) is unimodular, respectively.

This theorem can be considered a general extension principle of filterbanks in the
sense of the unitary extension principles introduced in [33], see [2] for a survey
on such techniques. These results are usually stated and proved in terms of Fourier
transforms instead of symbol calculus. In the shearlet context, such extension prin-
ciples were considered in [19].

Another reasonable and natural idea is to use essentially the same filterbank for
synthesis and reconstruction. Of course, “essentially” is the keyword here since (11)
and (13) show that they clearly have a different, transposed, structure. So the ques-
tion is whether G(z) = F(z) is possible, at least up to constant. This means that
F(z) or G(z) has to be not only unimodular but unitary, or, if the equivalent re-
striction F (€M), 6 € R?, to the unit circle is considered, then F and G are called
paraunitary. Paraunitary matrix-valued Laurent polynomials, especially for s = 1,
are well-studied objects in signal processing and routines for their treatment can be
found in many programs and toolboxes.

2.3 Filterbanks by Matrix Completion

The symbol calculus of the preceding section suggests a way to define and construct
filterbanks. As Theorem 1 tells us, a filterbank gives perfect reconstruction if F(z)
or G(z) are mutual inverses of each other which by Theorem 2 means that they both
are unimodular matrices. Moreover, F(z) already determines G(z) = F~!(z) and
vice versa, so it suffices to know one of these matrices, for example F(z).
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Therefore, a general method for the construction of filterbanks is as follows: start
with one filter, for convenience the one indexed by € = 0 to obtain the row

g0(z) = [gg (e—zmM*Ts'Z) - EE]IW:| (18)

of the synthesis modulation matrix G(z). That we use G(z) here is owed to the fact
that subdivision schemes naturally play the role of low-pass synthesis filters and
thus make a good and natural starting point for synthesis filterbanks.

Now, “simply” choose the other rows, [gﬁ (e’Z”iMJE/z) g€ EI'VI] ,EEEN\
{0} such that the resulting matrix G(z) is unimodular. This requirement is easy
to formulate but very hard to achieve, in particular, in several variables. In [3], an
ingenious general method is given that works under quite general circumstances,
however, only in one variable where IT = C|[z], the ring of univariate polynomials,
is a euclidean and principal ideal ring which allows for a Smith factorization of
(Laurent) polynomial matrices, too.

Nevertheless, we can get, by fairly elementary techniques, an idea how and under
which circumstances such a matrix completion works in the general case too, at least
in the case of polynomial symbols.

There is an immediate necessary condition on the row vector (18) that we want
to complete. Since the matrix G(z) is desired to be nonsingular, there has to be, for
any vector f(z) = (fe(z) : € € Ey) € ITEM a vector a(z) € ITEm such that f(z) =
G(z)a(z). Choosing fy(z) = 1, this especially implies that

1= 3 ae(@)eh (e ),
€'cEy,

thatis, 1 € <g§) (e’Z”iMJS/z) s ele E1Iv1>’ the ideal generated by the entries of the

zero row of G(z). In the language of [31], it means that the row go(z) of G(z) is
unimodular. Recall that
(F) =3 as(2) f(z)
feF

denotes, as usually, the ideal generated by the (finite) set F' of (Laurent) polynomi-
als. Information about ideals and how to handle them computationally can be found,
forexample in [1, 4, 5, 6]. Geometrically, unimodular vectors have the property that
they have no common zeros, or, in the wording of algebraic geometry, that the vari-
ety associated to the ideal they generate is empty. This is the geometric equivalence
of the fact that 1 is contained in the ideal and can be checked efficiently by testing
whether a reduced Grobner basis of the ideal consists of the constant polynomial,
cf. [4].

The really fascinating and deep fact about unimodular vectors, however, is that
even the converse of our necessary condition “unimodularity” holds true.

Theorem 4. A row vector g(z) € II" can be completed to a unimodular matrix
G(z) € [T if and only if it is unimodular.
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Algorithmic proofs of this result can be found in [25] as well as in [31], and Park’s
Ph.D. thesis [32] even provides the explicit connection to filterbanks, even if “only”
the case M = 21 is treated there. Note, however, that Theorem 4 itself does not
yet imply that the completion is the modulation matrix of a filterbank, i.e., that all
its completed rows are of the form [gi (e 2MM "€z} . ¢/ ¢ E,",I} , € € Ey\{0}.
Nevertheless, in principle all this can be done and it can be done algorithmically
even if these algorithms will have to rely on some time-consuming techniques and
methods from Computer Algebra. The general and fundamental backbone of matrix
completions is the following algebraic principle that can be verified, for example,
by Grobner basis or H-basis computations.

A low-pass-analysis or synthesis filter fy or gg can be extended into a full per-
fect reconstruction filterbank if and only if 1 € < it (e_z”iMfTS,z) -y ) 1/v1>

orle <gg (e‘zans/z) i€l e Ej",,>, respectively.

In yet other words: to obtain a perfect reconstruction filterbank, all we have to do
is to provide a suitable low-pass synthesis filter, the rest can be obtained almost
automatically from it. Low-pass synthesis filters, on the other hand, are subdivision
schemes which we will consider in more detail in Sect. 3. This may be a good
motivation to continue reading after that brief algebraic excursion.

2.4 Subbands and Multiresolution

Filterbanks have provided us with a method to decompose a signal into subbands
and, at least when the filterbank is a perfect reconstruction one, to reconstruct the
signal again from these subbands. As mentioned before, the appearance of subsam-
pling operators | after the application of the filters f¢, € € Ey, takes care that
all the subbands fogether contain “the same amount” of information as the original
signal. For example, when the signal has finite support, then any subband contains
(up to overlap effects of the filters which depend on the support size of the filters)
essentially (1/#Ey)th of the nonzero values. In other words, subbands do what is
expected of a reasonable decomposition.

The usual model of a filterbank is that F is a low-pass filter and that all the other
F¢ are high-pass filters which can be expressed as

fex1=0:01, €€ Ey. (19)

In this situation, the result co =|as fo * ¢ of low-pass filtering yields a smoothed,
averaged signal, while the other subbands ¢, =|uy fe * ¢, € € Ey \ {0}, cover the
oscillatory part of the signal which corresponds to high frequency content. Nev-
ertheless, this is only a model and the motivation for what is going to follow, but
formally there is no need to have any distinction between low-pass and high-pass
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filters—even if in applications this is definitely useful and to some extent responsi-
ble for the good performance of wavelet multiresolution.

Keeping this in mind, we divide E), into two disjoint subsets £~ and E » where,
according to our model, E\ indexes the “low-pass” components of the filterbank
and E » the “high-pass” ones. Once more: formally it is not necessary that these
filters satisfy (19) but it is no disadvantage if they do. Now we perform one step of
the analysis filterbank on an initial signal ¢ and obtain “low-pass” and “high-pass”
components

clz(cé::Fgc:seE&) and dlz(dgl::FgczeeE/).

The multiresolution approach now cascades the filterbank by applying it once more
to the “low frequency” part ¢! giving

= (Fyc' =FyFec : en€E), d*=(Fyc' =FyFec i NEEe€E /),

from which the general decomposition rule

"= (Fg - Fec: (€1,...,) eE{), (20)
dn = (FUFEH Fee (81, 8m1) €E7 EE/), Q1)
n € N, follows immediately. This gives a decomposition of the signal ¢ into the
componentsd!,... ,d" and ¢". And as long as E~_ and E » really index low-pass and
high-pass filters, ¢”* describes a highly smoothed, averaged, and severely subsampled
“coarse” version of ¢ while d',...,d" contain the detail information lost in this

process. Schematically this means

c—c — 32— ... — "
NN N N
d' a’ . d"
where the total amount of informationin d',...,d" and ¢ together is again roughly

the same as in the original signal c.

Reconstruction of ¢ from these data makes use of the perfect reconstruction prop-
erty and cascades of the synthesis part G of the filterbank. Indeed, we combine ¢”
and d" into a vector

b":=(c",d") = (be : €€ Ey)

and pass it through the synthesis part to reconstruct ¢"~!. After all, we simply in-
vert the decomposition process that generated ¢” and d” from ¢"~!. Having obtained
"1, we can combine that with d"~! to generate "2, and so on. Hence, the recon-
struction process is

" — e —e,

/ / e
d" ar! Lod!
now as a repeated application of the synthesis filterbank.
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The subband information d',...,d" and ¢ can now be exposed to the usual op-
erations like, for example, thresholding in the case of denoising, before the signal
is reconstructed again. Especially for denoising it is of course a good idea to re-
ally collect high-pass filters in E » as otherwise denoising should not be expected
to work.

There is also the special case that E\ = Ey and E » = @ which generates only
a long vector of many small parts or packets Fy, - - - F c. This is precisely the idea
behind the concept of wavelet packages and can be found, for example, in [27].

3 Subdivision and Refinability

Originally, subdivision is a simple way to iteratively generate functions on finer
and finer discrete grids. When these grids become dense in R®, the limit of the
discrete functions, provided that it exists, will be a function defined on all of R®.
The underlying procedure is indeed very simple: starting with discrete data ¢ €
£(Z*) defined on the integer grid Z*, an expanding scaling matrix M and a finitely
supported mask a € £y (Z*), one computes a new sequence

cli=Fe= Y a(-—Ma)cla)=a*xTyc, (22)

acZ’s

which is now considered as a function on the finer grid M—'Z*, i.e., c¢!(a) ~
f(M~'a). It is important to note that the subdivision operator .#, from (22) per-
fectly fits into the filterbank framework as subdivision operators are the blocks of
the synthesis filterbank.

3.1 Convergence and Basic Properties

The subdivision operator ., from (22) can be iterated, leading to sequences ¢ =
S,d"c, n € N, associated to the grids M~"7Z°. Since M~"Z* — R®, one can try to
associate a limit function to this process which is, in the filterbank language, ob-
tained by cascading the synthesis block of the filterbank. To recall the notion of
convergence of a stationary subdivision scheme, we define, for a nonsingular matrix
A € R***, the vector of averages

w(f,A) = | [deta] / f@)de : ae |,
A(a+]0,1]%)

which leads to the following definition.
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Definition 1. The subdivision scheme associated to @ and M is said to be p-
convergent, 1 < p < oo, if for any initial data c there exists a limit function f, €
L, (R?) such that

. —n/ n —n _
lim |detM ||| Ale —p (fe.M "), =0 (23)

and if f. # O for at least one choice of c.

For p = oo, convergence of subdivision schemes is slightly more tricky. The problem
is not (23) but the fact that the limit function has to belong to C, (R*), the space of
uniformly continuous, uniformly bounded functions on R* for which the norm

1/ llee := sup [ (x)]

xERS

is finite. With this space instead of the usually troublesome L. (R*), the notion of
convergence given in (23) then covers the full range 1 < p < co.

By linearity of the subdivision operator, we can restrict ourselves to the conver-
gence of a particular initial sequence, namely the peak sequence § : o — 8y Which
we already met in the definition of the impulse response and which satisfies the quite
trivial identity

c= Y c(0)T_q6 =c*6.
oeZ’
Indeed, the subdivision scheme converges for any ¢ € ¢, (Z*) if and only if it con-
verges for 0 and so there only must exist one (basic) limit function f defined by

. —n/ n —n _ 0N
Tim |det| "7 ||.7516 —u (f,M7") ||, =0; (24)

limit functions for arbitrary initial data then have the form

fe=f*c:= z f(-—OC)C(OC). (25)

acZ’s

The limit functions of convergent subdivision schemes satisfy an important property
which makes them the fundamental building blocks for any multiresolution analysis:

The limit function f of a convergent subdivision scheme is refinable, i.e.,

f=tu (fxa)=(fxa)(M:)= 3, a(a)f(M —a). (26)

acZs

So any convergent subdivision scheme gives a refinable function. But also the
converse is (partially or essentially—which to choose is a question of point of view)
true. To that end, we need another fundamental definition.

Definition 2. A function f € L, (R*), 1 < p <o, or f € C, (R®) for p = o is called
p-stable if there exist constants 0 < A < B < oo such that for any ¢ € £, (Z*)
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Allell, <Ilf*cll, < Bllell, 27
holds, that s, the sequence norm ||c|[ , and the function norm || f * || , are equivalent.

Stability as well as linear independence of the translates of a refinable function f
can be described in terms of the symbol a*(z) and in both cases this is surprisingly
independent of the actual value of p, cf. [20]. What makes stability interesting here
is that it is a sufficient condition for the aforementioned converse: Whenever there
exists a stable solution of the refinement equation (26), the associated subdivision
scheme converges.

There are two simple but important special cases of stable functions. One is p =2
and a function with orthonormal integer translates,

| fa=0) 1 =B dr= by

as then || f*c||, = ||c[|2 by Parseval’s identity, the other is p = e and a bounded
cardinal function, f (&) = 840, hence f*c(a) = c(a), o € Z*, and thus

llellee < If*llea < lleflen 1f]]eo-

It is also well known that in general the existence of a solution for the refinement
equation is not sufficient to yield convergence of the subdivision scheme. One of
the simplest examples and the “mother” of many counterexamples is the univariate
refinement equation with symbol a*(z) = z2 + 1 with the nonstable solution f = X[0,2]
which belongs to any L,, 1 < p < oo, but nevertheless the subdivision scheme is not
convergent as it does not satisfy the necessary condition a*(—1) = 0, cf. [3].

This is one reason why interpolatory subdivision schemes are somewhat special:
if they converge, their limit function is cardinal, f(ot) = 8¢, and if a refinable
function is cardinal then the associated subdivision automatically converges. But
another good, even better reason to consider interpolatory schemes is that they can
always be used as building blocks for a perfect reconstruction filterbank. We will
detail this in the next section.

3.2 Interpolatory Subdivision and Filterbanks

Subdivision can be considered by its restrictions on the natural decomposition of
the grid M —175 due to (1). Indeed, since

M*lzsz U M718+ZS’

ecEy

the integer grid Z* is the subgrid of M~'Z* in the above decomposition that cor-
responds to the index € = 0. The values on this grid are defined by c already and
7, can either modify them or can leave them untouched. In the latter case, which
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can be characterized as a(M-) = 8, the subdivision scheme is called interpola-
tory since any convergent interpolatory subdivision scheme interpolates the data:
fe(o) =c(a), o € Z°, or, in other words, the limit function f is a cardinal function,
flzs = 6.

The great advantage of interpolatory subdivision schemes is that they can quite
easily be used to define a perfect reconstruction filterbank, allowing for an easily im-
plemented interpolatory multiresolution whose principal idea dates back at least to
Faber’s classical paper [13] from 1909 where, in modern terminology, interpolatory
wavelets are used to describe continuity and differentiability of functions.

The filterbank construction starts by choosing the synthesis low-pass as gg = a
where .7, is such an interpolatory subdivision scheme, i.e., a(M-) = §. The low-
pass filter for the analysis filterbank is even simpler: we set fy = & so that the low-
pass consists of subsampling only. This somewhat trivial filter is often referred to as
the lazy filter, cf. [38]. Geometrically, we can interpret the low-pass synthesis filter
8o = a as a prediction from the subsampled values by means of

Sy (M) =ax Tydp 6 xc=axTydm c = Sy lu c. (28)

Recall that only | Ta is an identity while the 1/]a-operator from (28) always
leads to a loss of information due to decimation, giving

Tarba e(0r) = {C(Sx " aez

Since the prediction from decimated data cannot be expected to be sufficient for
the reconstruction of the complete information, we have to compensate the error
(I — %, Lm) ¢ by a correction process which is performed by the “high-pass” filters

Fe=1_¢ (I—ya \LM), 8€EM\{0}, (29)

where each f; takes care of the correction on the subgrid € + MZ°. The high-pass
reconstruction filters, on the other hand, are simple again since their only task is to
shift the correction values to their appropriate location:

Ge = T¢. (30)
Thus, the action of the filterbank can be expressed as

Y Getmlm Fe=Gotulm Fo+ Y, Getwlu Fe
e€Ey e€Ey\{0}

=Salu+ Y Tetmlm T (I—Saln)
ecEy\{0}

= <I_ 2 Te Tmdm Te) Falm + z Te Tmdm Te

e€Ey\{0} e€Ey\{0}
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=t + Y, Tt Te= Y Tetmlmte=I

ecEy\{0} e€Ey

which verifies that it is a perfect reconstruction one indeed.
Also in symbol calculus, this filterbank is described quite easily. We have that

fi@) =1, golz) = ai(z), as well as fi(z) =2 (1—a* (1)), and gt = 2%, € €
En\{0}.

3.3 Multiresolution

The concept of multiresolution analysis (MRA), as introduced by Mallat in [26], has
become a fundamental theoretical basis in wavelet signal processing. We will recall
this idea from [27], but adapt it to our setting here.

Definition 3 (Multiresolution Analysis). A sequence of nested closed subspaces
V;CVj1 CV, j€Z, inaspaceV is called a multiresolution analysis if the follow-
ing conditions hold:

1. (Translation invariance) f € V; if and only if f (- —M o) € V; forall o € Z°.
2. (Scaling property) f € V; if and only if f(M-) € V1.
3. (Limits) The spaces are exhaustive and nonredundant:

1im Vj = V, .lim Vj = {0}
Jr—ee

J—ree

4. (Basis) There exists a scaling function ¢ €V such that

S(o)={e(—0a) : a€Z'}
is a stable basis of V.

The scaling property and the nestedness of the spaces require that the scaling func-
tion @ is refinable, that is, that there exist coefficients a € ¢(Z*) such that

o= > al@)p(M —o).

acZ’s

Once an MRA is present, it gives a new view on the filterbank mechanism by inter-
preting data ¢ € ¢ (Z*) as the function

ol = (gxc)(M")= Y cla)p(M"-—a). 31)

acZ’s
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The choice of the detail level n is arbitrary and unrelated to the sequence ¢ from
a formal point of view, but normally and in practice the values of ¢ are related to
some grid M~"7Z°, and are obtained from discretizing a function g relative to that
grid: ¢(or) ~ g (M "ar).

Now suppose that (F,G) is a perfect reconstruction filterbank with the property
that go = a, where a is the refinement mask of the multiresolution analysis. We take
a signal ¢ and decompose this signal with the analysis filterbank based on Ex = {0}
into ¢! = (¢} =luy Foc) and d' = (d} =|u Fec : € € Ey\ {0}). Since we have a
perfect reconstruction filterbank, we have that

c= Y go(—Mayeh(o)+ Y Y ge(-—Ma)di(a)

ocZs ecEy\{0} acZ?

and therefore

¢ = Y, clo)o(M —a)

aeZs
=Y Y ala—MB)cy(B)o (M- —a)
ocZs BeZs
+3 X X sela—MB)d:(B)oM-—a)
a€Z’ ecEy\{0} BeZS
=gxcp+ Y, Y, d:(P) < > gs(a)<P(M(-—ﬁ)—O<)>
ecEy\{0} BeZ* ocZs
from which we obtain the decomposition
Qe =@rcot Y, Yexd (32)
ecEy\{0}
with the wavelet function
Ve=(gex@) (M) = ge(a —a). (33)
ocZs

Now we only need to iterate (32) to obtain the wavelet decomposition for our initial
function from (31):

o +2 Y (wg*d’g) (M’H-). (34)

=1ecEy\{0}

So far, there is nothing new or spectacular with these computations, they just are
the usual formalism in defining wavelets. However, we should keep in mind which
were our assumptions here. The only requirement was that we demanded (F, G) to
be a perfect reconstruction filterbank whose synthesis low-pass filter we used for the
subdivision scheme. Then the subband signals generated by the cascaded analysis
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filterbank automatically give us the coefficients in the wavelet decomposition (34)
of the function ¢. And as long as we are working only digitally, we do not even
have to know any of these functions ¢ and y, explicitly.

But also the converse has its charming side: Whenever we have a subdivision
scheme whose mask can be completed to a unimodular modulation matrix, then
we have a filterbank with which all computations on a coefficient level can be per-
formed.

Any perfect reconstruction filterbank whose low-pass synthesis filter defines
a convergent subdivision scheme, admits an analytical interpretation as coef-
ficients in a wavelet decomposition (34). All computations, on the other hand,
are done entirely within the filterbank that can be digitally realized.

There always exist such perfect reconstruction filterbanks, namely those
based on interpolatory subdivision schemes, where the filterbank can be given
explicitly.

This was a fairly long introduction. But it hopefully explains why a subdivision ap-
proach to shearlets makes sense. Once a subdivision and multiresolution concept
applicable to shear geometries is settled, we can obtain an analogy of the above in-
terpretation and thus a completely digital and numerical way to compute also shear-
let decompositions.

4 Multiple Subdivision and Multiple Refinability

The general framework to construct subdivision schemes which allow for adapted
multiresolution is that of multiple subdivision, see [36]. The idea behind multiple
subdivision is very simple, intuitive, and natural: Instead of using a single subdivi-
sion scheme in any step, there is a finite family of subdivision schemes and dilation
matrices from which an arbitrary one can be chosen in each step of the subdivision
process. To be concrete: let a = (a; : j € Zy,) and M = (M; : j € Zy,) be collec-
tions of m > 1 masks and dilation matrices, respectively; from now on we will use
the convenient abbreviation Z,, = {0,...,m — 1}. For any j € Z,,, we have an indi-
vidual subdivision operator .%; = Yaj =aj* TMJ. with associated dilation matrix M.
The subdivision process is then ruled by an infinite vector e € Z,, of “digits” from
Zyy,. The nth iteration, n € N, of the subdivision operators according to e is therefore

%n:%” 3:yen"'f5ﬁel- 35)

We will denote the initial segment of length n of some e € Z;; by e" := (ey,...,ey,).
The values of .#}'c are related to the grid MQIZ“' where

My :=M,,---M,,. (36)
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To ensure that this is really a contractive process with grids that converge to R*, we
have to require that

lim sup ||M,'

n—veo
eezl,

| =0,

which requires that not only the spectral radii of all individual matrix inverses M ]fl,
J € Zy, are less than one but also that their joint spectral radius is less than one.

4.1 Basic Properties

Once again, the immediate and obvious question for this subdivision process is the
“usual” one: how to describe convergence and what does it imply, especially in
terms of refinable functions. In fact, convergence is described in almost in the same
way as it was done for a solitary subdivision scheme in Definition 1—and of course
the special case m = 1 is exactly the usual stationary subdivision. The following
definition is given in [36].

Definition 4. The multiple subdivision scheme based on (a,M) is said to be p-
convergent if for any e € Zy; there exists a limit function f, such that

. ~1) 1| —
lim (detMen) /7 {708 — p (fo. M) |, = 0. (37)
The choice e = (j, j,...) immediately shows that convergence of all the individual
subdivision schemes based on (a;,M;) is a necessary condition for the convergence
of the multiple subdivision scheme; hence, all the classical restrictions have to hold,
like the sum rule of order 0

Y aj(e+Mja)=1, e€Ey;, Jj€Ln
acZ’s

If all the individual subdivision schemes are interpolatory ones, then, of course, so
is the multiple one and the limit functions f,,e € Z,, are all cardinal: f, (&) = 840,
o cZ.

Convergence analysis for multiple subdivision schemes can be performed and
this has been done in [22, 36]. Since it is of no real importance for what I have
in mind here, I will skip these results which are natural extensions of the results for
single subdivision schemes. It is more important to consider the resulting refinement
properties of the limit functions as this will lead to the concept of joint refinement
which will be crucial for the multiresolution analysis we want to construct. Since
this type of refinement is not describing one function in terms of its scaled and
shifted copies but relates all the limit functions f,, e € Z,,, to each other, the name
multiple refinement equation seems appropriate for (38).
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For e = (e1,€) € Z;y, the multiple refinement equation takes the form

fe=tm,, (feo xae) = Y, ) () for (M, - —0). (38)

acZ’s

In other words, The first digit e; of e selects which mask and therefore also which
scaling matrix has to be used in the refinement equation, the remaining, infinitely
many, digits determine which function is used for the refinement.

There is an immediate generalization of (38) to an arbitrary decomposition of
e = (¢",e™) into a finite part ¢” and an infinite trailing part ¢, giving

2 aen e Mon - —OC) Aen 1= yen6. (39)

acZ’s

Again, the initial digits select mask and scaling matrix while the infinite rest deter-
mines the function used for the refinement. Moreover, it is evident from (38) that
the functions fj = f(; ;. are refinable in the classical sense with respect to a; and
M;.

A simple but fundamental observation in [22, 36] was that any convergent mul-
tiple subdivision scheme leads to multiply refinable limit functions.

Theorem 5. The limit functions f,, e € Z,,, of a convergent multiple subdivision
scheme are multiply refinable in the sense of (38).

Like in single stationary subdivision, stability of refinable functions leads to conver-
gence of the subdivision scheme. The following result was proved in [36].

Theorem 6. If f., e € Z,,, is a system of stable multiple refinable functions with
masks a = (aj : j € Zy) and dilation matrices M = (M : j € Zy,), then the mul-
tiple subdivision scheme associated to (a,M) converges.

Convergence of the multiple subdivision scheme implies that the limit functions are
similar if the indices are similar. More precisely, we have the following result, again
from [36].

Theorem 7. If the multiple subdivision scheme based on (a,M) converges, then the
mapping e — f, is continuous with respect to the distance function

|e—e'| = ;mk |ek—e§{|

on Z,.
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4.2 The Multiple MRA

Once we have at hand the system of refinable functions, we can mimic the MRA
approach, where V;, j € Z, were and still are the spaces generated by ¢ (Mj . —(x),
o € 7Z°. Now, having a slightly more complex refinement structure, we request that
all the functions f, are stable and could set

V;:=span {f,(My-—a) : eGZZ,dEZ%,OCGZS}, (40)
hence, in particular,
Vo=span{f.(-—a) : e€Z,,,a € Z}. 41)

Because of the refinement equation (38), these spaces directly satisfy the crucial
property of an MRA, the scaling property. However, even V, would be a space
spanned by a generating set that is not even countable any more. To obtain a some-
what simpler generating system that even works with weaker assumptions, we have
to give up the symmetry between the symbols to some extent and introduce some
more notation.

Definition 5. By
Zy,={e=(",0,...) : "€Z),neN} CZ;, (42)

we denote the set of all digit sequences that consist only of finitely many nonzero
digits. This set is countable and allows for a canonical embedding of all finite se-
quences by appending zeros. This canonical embedding of ¢ € Z!!, into Z;, we will
denote by ¢! = (¢",0,...) € Zj,.

Before continuing, let us make some remarks about this definition:

1. The choice of making 0 an “outstanding” digit is completely deliberate. But so
is, on the other hand, the numbering of masks and dilation matrices as a;,M;
anyway.

2. The intuition behind that choice, however, is that M is chosen to be the “sim-
plest” matrix in the family. Often, and especially in the shearlet case, there is one
matrix which is “scaling only,” hence a diagonal one. That one would clearly be a
good choice for My. Other matrices may combine scaling with further geometric
operations like shears, for example.

3. When considering the functions f., e € Z;,, only, the question of existence be-
comes significantly simpler. These functions are limits of subdivision processes
where only .y = .%,, is repeated infinitely many times; hence only, (ag,Mp)
must yield a convergent subdivision scheme while the other ones can be chosen
quite arbitrarily. And this concerns mask and dilation!

With this slight modification, we set

Vi :=span {f,(My-—a) : e€ L, d €L}, €L}, (43)
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and observe that this set generates a reasonable extension of an MRA. Indeed, trans-
lation invariance and the scaling property of the V* are obvious from the construc-
tion (43), while nestedness follows from (38): for any f € Vjj, say f = fo(- — o), we
get that

f:fe('_a): z Ae, (ﬁ_Mela)fe‘” (Mel '_ﬁ)u e:(elaew)a

ﬁ c7s
which is a linear combination of functions from V* since ™ € Zj, again.

Definition 6. The generalized multiresolution based on the refinable family f,, e €
Ly, and the spaces V" is called a multiple multiresolution analysis (MMRA).

Remark 1. The MMRA shows striking similarities to the concept of AB multireso-
lution defined in [16].

The next natural question in extending our analogy obviously is: “what are the
wavelets then?” To answer that one, let us recall how the MRA was initialized,
namely by considering a quasi interpolant projection to V,, in (31). Here, a priori we
have plenty of possible initial choices on some level n, namely

ol = (ferxc) (Mer) = 3, c(@) for (Men - —t), " € Ly,

acZ’

where the values of ¢ are related to the (different) grids MQIZ‘Y, respectively. Thus,
we have m" different samples of an underlying function, say g, at least in principle
when the M; are not sharing some underlying relationship. After all, generality has
its value and therefore its price ...

Now, we assume again that a; = g; o for some finite family of perfect recon-
struction filterbanks (Fj7 Gj), J € Zy, with associated filters fj . and g, € € EMj,
J € Zy, where, in the true spirit of multiresolution, only f; o and g; o, are low-pass
filters. Further generalizations are easy to work out formally but useless in the prac-
tical context.

With these filterbanks, we decompose ¢ for each j € Z,, into ¢} = (cjl.p) and

d' = (djl-ﬁ T E€ EMj) by means of the analysis filterbank F; and get for any " =
(e1,€" 1) with first digit e; that

(pgn _ fa,q *C;l 4 Z (We”,& *d;l‘g) (M'ey,,l ) (44)
€y, \{0} '

with the (generalized) wavelets

We”,e = Z gel’g(a)fgnq (Mel . —OC), @n S Z’;’l (45)

acZ’
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The general case follows now by iteration of (44), uses general decompositions
¢" = (k@ %), k=1,...,n—1, and looks as follows:

(pcen = foxch + 2 z (W’gnkﬂ * d](cek’g)> (M’e‘"*"') : (46)

k=1 ecEu\(0)

This expansion relates to any data c a totality of m" different interpretations of level
n, indexed by €”, and thus also a totality of m" possibly wavelet decompositions.
It need not be said that these decompositions will definitely be highly redundant.
Nevertheless, as we will see in the next chapter, the coefficients in this representa-
tion, ¢4, and dfk o Will be accessible in a quite simple and natural computation as
they can be arraﬁged most conveniently and quite efficiently into a tree. The simple
point of shearlets will then be to give geometrical meaning to this decomposition
by relating e” to a directional component.

This is a good time to recall the philosophy of the filterbank and MRA where
wavelet expansions like the one in (46) are only the analytic explanation and justifi-
cation of the purely digital and discrete filterbank operations. Exactly the latter will
be our main focus here.

One brief word on such explanations. An important property of the wavelets
in (45) and (46) is that of vanishing moments as this can be used to ensure some
description of (local) regularity of functions by means of the decay of their wavelet
coefficients. Such properties are considered to some extent in [36], but I do not want
to go into more detail here, even if the temptation is high since quotient ideals are
always a nice thing to look at, cf. [4, 35].

4.3 Filterbanks, Cascades, Trees

The computation of the coefficients in the wavelet decomposition (46) can now be
performed quite simply by cascading the filterbanks (Fj,G;), for decomposition as
well as for reconstruction. As mentioned before, we assume that like in Sect. 3.3
the filterbanks consist of a single low-pass filter f; o and g; 0 = a;, respectively, and
that the rest of the filters f; ¢ and g, € € Ey; are the high-pass completions. Using
these assumptions, let us give the action of the filterbanks a closer look.

We begin with the data ¢ € ¢(Z*) and feed it into each of the filterbanks, giving,
for each j € Z,,,

¢io :\LMJ' Fjoc and dje :J/Mj Fjec, €€ EMj-
These sequences have appeared before, namely as

1 1
Cel and del,e’

E € EMel
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Fig. 1 One level of decomposition with the multiple filterbanks

©
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Fig.2 Two levels of decomposition, to fit the page margins only the first and last branch are shown,

which follow ¢} and ¢!, |, respectively. The leaves are ciz and dfk, k=1,2

where now e! varies over Z! . Schematically, this decomposition can be arranged in

the tree form shown in Fig. 1. Next, we apply all the decompositions to all the ¢!-
signals that we have obtained so far, which leads to ng and dez2 JRE:AS EMe2 ,ete Z,zn,
with a tree structure as in Fig. 2. Although the trees become more complex with
increasing level of decomposition, their construction is really plain and straightfor-
ward and in the end, we will arrive from c to a tree whose leaves are
ch, €' €Zy and dy, feZyk=1,.n
and these are precisely the coefficients that show up in the wavelet decomposition
(46). The complexity of this computation as well as its storage requirements appear
fairly overwhelming at first and clearly the computational complexity rises exponen-
tially as m"—which is unavoidable. If, on the other hand we store the coefficient
vectors in a suitable way and make use of the fact that c | 1s not needed any more

once the coefficients on level k, that is, Cek and dek’ are computed, at least the storage
requirement turns out to be reasonably modest, namely only a constant multiple of
the storage required for c. This was pointed out in [21] for the shearlet case and
reads as follows in the general situation.
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Lemma 2. [f the dilation matrices are “sufficiently expansive,” the storage
requirement for an MMRA tree of depth n for a finitely supported signal c is O(#c),
where #c =#{a € Z* : c(a) #0}.

Proof. Filtering of ¢ by one of the analysis filters requires a storage of #c+ C, where

C > max max #f; ¢
jesteEM f]

is a constant that covers the “overlap” of the filters. Downsampling by M; reduces

by
B #e+C #e+C
o= 2\ Taeunn] T2 Taes] |

JELy EGEMJ.

where the first term describes the storage for ¢!, the other ones the storage for d'.
Since only the c-part is decomposed in the next level, we have that then the storage
consumption is bounded by

#c+2C #c+2C #c+C
o= 2 |\ ldens] T2 Tweotn] | T 2 2 Tded]"
e2e7, EGEME% e elezl, EGEME{ e
and, in general, we get the estimate
#c +nC 1 #c+kC
o(n)= _— 47
e,,gi,, |det Mn | g‘ %k 86%“” . |det M |
k

Now let p < 1 be the joint spectral radius of (M]’1 D jE Zm) and suppose that
mp < 1; (48)

this is the “sufficiently expansive” property mentioned above. Then, it is easy to see
that

o(n) < (#c+nC)(mp)" + (max ]deth]) 2 (#c+kC) (mp )
JE€Lm =1

is bounded independently of n. O

Provided the joint spectral condition on the matrices is satisfied, we thus have a
memory efficient encoding of the original data ¢ into a tree of coefficients by us-
ing the different filterbanks. This tree can then be processed further, for example,
by thresholding of the wavelet coefficients. Such operations are described in other
chapters of this book. For thresholding, things can be done more efficiently if the
filterbank has a certain property.
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Definition 7. Let || - || denote a norm on ¢(Z*). The filterbank is called norm
preserving if there exists a constant C > 0 such that

N |[Fecl| <C ]| (49)

ecEy
This can be seen as a stability property of the wavelet decomposition (46).

The most prominent example of a norm preserving filterbank are the orthogonal
filterbanks, known from classical wavelets, cf. [8, 27, 39], where the 2-norm and
orthogonal wavelet decompositions are used and where even C = 1.

Norm preserving filterbanks can be used for tree pruning: whenever some coeffi-
cient c is small, the whole branch emerging from this coefficient can only contain
small Values and thus does not have to be computed, for example, when thresholding
or basis pursuit methods, cf. [27], are applied to the expansion. This can extensively
reduce computation time as well as storage.

The reconstruction of ¢ from the tree is pretty obvious now and simply uses
the synthesis filterbanks to determine c’e‘k from its tree successors c’e‘,ﬂ and dfktll "

where e is the initial segment of e*!. Thus, we just read the tree backward and

reconstruct the value at each node from the values at its successor via the synthesis
filterbank. Should the tree have a pruned structure, also some of the reconstructions
can be spared.

It is worthwhile to mention that the whole computational, digital part, does
not depend at all on the “preference” for O that lead to the definition of Z,
and V;‘. The only difference is the interpretation of the values at the leaves
of the tree in (46). If we replace O there by an arbitrary e € Z;,, then we give
a different continuous meaning to the decomposition, the values, however,
remain unchanged.

4.4 Things Work Along Trees

We have seen in the preceding section that trees are the natural structure to describe
an MMRA. Of course, any MRA is also an MMRA and possesses a tree expansion
that consists of a single branch only. But this means that any analogy of wavelet
expansions has to be considered for any individual branch of the tree separately and
that with whatever we do, always a lot of functions are involved.

For a more detailed consideration of these branches, we will have to distinguish
three different cases:

1. The pragmatic one as described above, where we start from a function sampled
at level n and only proceed down the finite tree with branches indexed by e,
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k < n. This is the entirely discrete concept where we start with values on the fine
grids M,' Z* and iterate until we arrive at Z* which is then the maximal level of
“coarsity”.

2. The function space one, where we start with a sampling

O = foxc € V], ecZ;, (50)

of level 0 and can then perform an even infinite “wavelet” decomposition

05 5 (e ) (0 e (4e) o

into coarser and coarser information parts. This corresponds to the classical “full
wavelet” decomposition but can be obtained separately for any branch in the now
infinite tree. The use of e € Z;, has the fundamental advantage that such decom-
position exists as soon as all the individual filterbanks consist of FIR filters, allow
for perfect reconstruction, and only go ¢ has to define a convergent subdivision
scheme.

3. The fully infinite function space approach, with @f € Vy and e € Zjy,. Here the
requirements are slightly stronger, as now the multiple subdivision scheme based
on g; o, j € Zm, has to be convergent, requiring some more interaction properties
between the filterbanks. Such convergence analysis can be found in [36].

Nevertheless, independent of the “model,” all relevant properties of the decomposi-
tion, even refinability, proceed vertically, i.e., along the branches of the tree. This
leads to definitions like the following one which lives in the context of the “inter-
mediate” function space decompositions.

Definition 8. A system ¢ is called a wavelet frame if for any e € Z, there exist
constants A, and B, such that

Ae(i > ‘

k=1ecEy\{0}

>§||<P§||§Be<2 > ‘dfhs

dX )
k=1gcEy\{0}

ek e

In a tight frame we have A, = B, and if all the individual MRAs are orthogonal, we
can even obtain A, = B, = 1.

4.5 A Canonical Interpolatory Construction

We have seen before, in Sect. 3.2, that interpolatory subdivision is a simple and
natural way to obtain perfect reconstruction filterbanks. Hence, interpolation can
be used to generate an MMRA in a very straightforward manner that we are going
to describe in some more explicit detail here. The classical paper by Dubuc and
Deslauriers [10] introduces a family of univariate interpolatory subdivision schemes
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by means of local polynomial interpolation—the resulting refinable functions are,
by the way, the auto-correlations of the Daubechies scaling functions, cf. [8, 29].
The extension of this method to general univariate integer scaling factors can be
found, for example, in [24]. Interpolatory schemes for scaling factors which are a
power of 2 are actually more easy to obtain: just iterate a binary scheme (i.e., a
scheme with scaling factor of 2) sufficiently often.

Anyway, let us assume now that for any integer r > 1 we have available a favorite
univariate compactly supported, interpolatory r-adic subdivision scheme with mask
b,, that is,

dr)=c where = Zb (- —rk) c(k), cel(z).
keZ

These favorite schemes can have further desirable properties like smoothness of the
limit function of polynomial preservation or whatever one may look for, cf. [11].

The first step is to build convergent interpolatory subdivision schemes for arbi-
trary M from these univariate schemes. This is easy if M is diagonal matrix with
integer diagonal elements > 2 as then we can use tensor product schemes which
converge to tensor product limit functions. To be specific, if d; > 2, j=1,...,s,
denote the diagonal elements of D, then

bp = ®bdj € Ly (Z‘Y)

j=1

is a mask for a convergent s-variate interpolatory subdivision scheme that inherits all
the properties of its univariate components by;. If M is a general expanding matrix

with Smith decomposition M = PDQ, we begin with b = bp (P’1 ) Then

Fe=3 bp (P~ -—DQa) c(a) = ¥ bp (P~ -—Dat) c (0 'x),

acZ’s acZ’

hence

Fpe(PB)= Y, bp(B—Da)c(Q ') = (F,c(Q7")) (B)

acZs
or, since bp is an interpolatory mask,
e (PDB)=c(Q7'B), BeZ, (52)

and since Q is unimodular, we can replace 8 by Of in (52) and get that .%,¢ (M-) =c,
hence .}, is indeed interpolatory. The symbol for b is

V)= 3 bo(P o)z = 3 bp(0)" =i by ()

acZ’s acZs

with the invertible change of variables y := 77 = (z1,...,zP*). Since convergence
can be expressed in terms of the symbol and since we have just seen a unimodular
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operation on a mask does only result in a change of variables of the symbol, we just
have given a very simple constructive proof of the following fact that is originally
due to Derado [9] and Han [18].

Theorem 8. For any expanding scaling matrix M, there exists a convergent interpo-
latory subdivision scheme and hence a refinable cardinal function.

Thus, for our family of dilation matrix M;, j € Z,,, we can find associated inter-
polatory subdivision schemes such that each of them, in particular ay, is conver-
gent. Thus, fj is well defined and thus also all the other components of the MMRA
which we are heading for. In particular, the analysis and the synthesis filterbanks
are determined by (29) and (30). This leads to the following explicit formulas for
decomposition:

con = i (Mo, (53)
b = (i = Foncls) Mo, (—2)), €€ Eu,, (54)

and reconstruction:
o (Mo, - +€) = Lol (Me, - +€) +dipng,  €EEn,, (55)

where dj, = 0.

This shows that for any family of dilation matrices there always exists an inter-
polatory MMRA which, in addition, can be constructed by a straightforward and
canonical process entirely from given univariate interpolatory schemes.

5 Shearlet Subdivision and Multiresolution

So far, in the definition of MMRAs, things obviously were fairly general. Actually,
it was even possible that low-pass filters were not even low-pass filters and that the
scaling matrices could be almost completely unrelated, only the joint spectral radius
of their inverses had to be less than one. Of course, in such a generality a geometric
meaning of the subdivision operations and the decomposition can and should not be
expected. On the other hand, a proper selection of the M; could be useful to extract
geometric information about the underlying function from the MMRA decomposi-
tion (34).

Indeed, thanks to the context we set up so far, discrete shearlets can now be
considered as just a very special case of multiple subdivision schemes whose scal-
ing matrices also provide geometric information. The main idea of shearlets is to
provide rotation-like geometric transformations which give directional information
and nevertheless leave the integer grid Z* invariant. Since the latter can hardly be
achieved by rotations, shears form a useful replacement.
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5.1 Shears and Scaling

The geometry of shearlets is a consequence of a very nice interaction between shear
and appropriate scaling such that together they operate on planes, i.e., on linear
spaces in quite a rotation-like way.

Definition 9. A shear matrix S € R5*S is defined in block form as

S=S(W) = (’5’ Z) . WERPY, pg<s. (56)

Here 1, and I, stand for the p X p and g x ¢ identity matrices, respectively. How-
ever, we will mostly drop the subscripts of the identity blocks since their dimension
follows from the size of W.

Shears on Z* are unimodular matrices with S(W)~! = §(—W) € Z***. Geometri-

x+Wy

cally, a shear maps a vector (;C> to , that is, the last ¢ variables are fixed

while the first p coordinates are shifted by Wy.

That the last g coordinates are fixed is clearly a very deliberate choice among
the coordinates without any real justification. A complete shearlet decomposi-
tion would have to consider all possible combinations of ¢ invariant variables,
cf. [21, 22].

The next step is to combine S with a parabolic scaling matrix

41, 0
o (4)

which scales more substantially in the sheared coordinates than in the invariant ones.

Since
DS — 41 0\ (I W\ (44w  (I2W)\ (41 O
~\o02r)\0T1) \NO2) \O [ 021)°
we have the simple but useful identities

DSW)=S2W)D  and  S(W)S(W')=S(W+W’) (58)

Definition 10. A shearlet subdivision associated to matrices W; € ZP*9, j € Zy,,
Wo = 0, is a multiple subdivision scheme with scaling matrices M; = DS (W;),
J € L.

The choice Wy = 0 guarantees that “pure scaling” is included among the family of
dilation matrices. Besides the obvious geometric meaning of this it always enables
the construction of shearlet filterbanks as a convergent subdivision scheme a for
My can be easily and immediately obtained by tensor product constructions. Thus,
shearlet MMRAS can also be constructed in the noninterpolatory case.
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Example 1. The “classical” shearlet subdivision for s = 2 uses ¢ = 1 and W; = j,
J € Zy. This type of subdivision has been introduced and discussed in [22].

From (58) it is easy to give explicit formulas for the iterated scaling matrices M,» of
the multiple subdivision scheme, e” = (ey,...,e,) € Z}}, as the shears

Mo = M,, M, =DS(W,,)--DS(W,,) = S (2W,,) D*S (W,, ,)---DS(W,,)

n n
=18 (2We,., ) D" =5 <2 2”“"Wek> D"
k=1

k=1

and thus also

n n
M,'=D"s <— S 2”+1kWek> =5 <— S 21"Wek> D" (59)

k=1 k=1

Note that (59) means that M;,l =D"Umn = VD" where all the U,» and also V;y are
even unimodular matrices. This simple observation has a very appealing and useful
consequence for the filterbank decompositions! Recall that there we “sampled” the
function f that we wanted to analyze on the grid Me’nIZS =D""UnZ’ = D™"Z,;
hence, it suffices to know f on the simplest grid, D™"Z°.

Clearly, the choice of the shear parameters W;, j € Z,,, determines the yet unfixed
geometry behind the shearlet system and it definitely makes sense to determine the

W; such that they are linearly independent. Since

Mol — I =S 217 RWe \ (47 0\ _ (4T =2 s o kw,
©N0 I 0 27 0 21,

we have that

M (;yc) P (2n (x— 22511 2kWeky)) 60)

which shows that like in the bivariate case in [22] the digits in e define dyadic num-
bers which yield to what extent a certain shear W; has to be applied. Nevertheless, in
this generality, we cannot obtain much geometric intuition about the action of M;nl.

5.2 Shears of Codimension 1: Hyperplane Shearlets

Probably the most important application of shearlets is the detection of local wave-
fronts or of tangent planes in a certain point. These tangent planes are hyperplanes,
so the scaling should only “cancel” one dimension which means that we have to
choose ¢ = 1 and thus p = s — 1. Then any W}, j € Z,, is a vector in 7571, and
the most natural choice leads to m = s — 1 and the use of unit vectors: W; € RS
J € Zs_1 \ {0}. In three dimensions, for example, this approach leads to
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400 404 400
My=|(040|, M;=1040]), My=|044
002 002 002
A vector ()16) € R® is then mapped to
x1 =&
. n
1 (x _ : _
Menl <1> :4 n N 5 é/ = 221 k6ek’j,
xsfl_ésfl k=1
2}’[
hence
2" —1 s—1
éeFAchAH, A ={xeR"" 15,20 s =1},

where A; denotes the k — 1-dimensional unit simplex in RX. In the limit, when n —
oo, the vectors & cover the dyadic numbers in 2A;_;.

Now suppose that z = with x € [0,1]"; hence, ||z]|- = 1 is normal to the

X
1
hyperplane H C R® whose slope in direction j is given by x;. After renormalization,

we have that
n —
="M, G) — (2 (x1 ‘5)> VA 61)

so that the integer slopes of the hyperplane after the transformation vary between
—2" and 2", extending [22, Lemma 2.3] naturally to higher dimensions. Small val-
ues in 7 are obtained by setting the components of £ equal to the dyadic expansions
of x, but of course this only works if x € A,_1, the set of normalized vectors from
the first octant. This is the discrete analog of the cone-adapted shearlets: the geom-
etry of the shears can only cover one part of all possible slopes, the other one has
to be obtained by considering all combinations of W; being positive or negative unit
vectors and also picking the “fixed” coordinate appropriately. The generalization of
this fact, already mentioned in [21, 22], thus looks as follows:

A full discrete shearlet analysis that can handle all slopes requires s2°~! dif-
ferent implementations of the shearlet transform.

In other words, besides the increase of complexity due to the appearance of trees in
MMRAS, we have to consider not one, but s2°~! of these MMRAs and thus trees in
order to get a full coverage of the directional parameter. In addition, even if for any
digit sequence " there exists an associated slope, hence a directional parameter, this
relationship is not uniform and the “directions” obtained that way are distributed in
a somewhat peculiar and nonuniform way. But nevertheless:
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Decomposing a signal with respect to a shearlet MMRA gives a representation
where the location of a certain coefficient d, within the tree encodes local
directional information as long as all filters are finitely supported.

Shearlet subdivision of codimension 1 is also “sufficiently expansive” in the sense
of Lemma 2, since detM; = 221> = m for any s > 2. Therefore, the directional
tree decomposition can be computed with the same order of storage space as needed
for the original sampling.

5.3 Orthogonal Shearlets by Tensor Product

Another nice property of any “shear MMRA” is the fact that there is a straight-
forward construction of discrete orthogonal shearlets, even of compact support.
Choose again a to be the mask of your favorite univariate subdivision scheme whose
limit function ¢, however, has orthonormal integer translates this time. For example,
the masks for the Daubechies scaling functions, cf. [8, 27], shall do well. Moreover,
let a®> = .7, a be the quaternary scheme (with a scaling factor of 4) obtained by ap-
plying .#, on the mask a. The limit function ¢? of this process is easily seen to have
orthonormal integer translates, too. The tensor product

o) =R (1)@ X (x)

J=1 Jj=p+1

has orthonormal multi-integer translates and is My-refinable with respect to the ten-

sor product mask
N

P
a(a) = Qa* (o)) @ Q) alay).
j=1

Jj=p+1

This settles the first building block and directly defines the function fy in the
MMRA. The remaining masks are obtained from a by the unimodular change of
variables

- 1 —2W;
aj:=a(Uy), Uj=U;=DM;" = <0 7 -’), (62)

as defined implicitly in (59). The functions f,» are then be defined inductively in n
by the refinement equation (26), that is,

fijen = |detM|'/? > aj(a)f.(M; —a), j €Ly, ecll. (63)

acZ’

This gives a sequence of functions that is orthogonal along branches.
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Lemma 3. For e € 7}, we have that

| fee=0) o) dx =8, @€, (64)
and

[ veel—a) fiwar=0.  aez, eeb\{o} (65)

Proof. We write e = ¢! = (e1,&"!,0) = (e1,¢) and perform induction on n where
the case n = 0 is trivial.
Applying (63), we get that

[ fele=a) fuwyas
= 2 a(B)a, (7)./]1'@1%(%1 (x—a) = B) f5(My,x—y) dx

B.yezs
= ; 2 dey (B)ae, (7) 5{3+Mgl ay = ﬁz a(Ue,B)a (DMalMel o+ Uelﬁ)
YELS €z’
= 2, a(B)a(Do+B) = u.o;
ﬁEZ‘V

the last identity is the symbol version of orthogonality for the associated refinable
function, cf. [3, 7].

Equation (65) is proved in a similar way: one applies the refinement equation to
fe, substitutes (45) for the wavelet, and again uses (64) for ¢ as well as the biorthog-
onality of the filters and the unimodularity of U,,. O

This is already the story of the simple and straightforward construction for com-
pactly supported orthogonal shearlets on R®. All the usual properties for orthogonal
wavelets now follow immediately. However, all such properties hold only “verti-
cally” along branches of the tree, not “horizontally” within the levels of the tree.
There is no reason to assume that f, and f,, e,e’ should be orthogonal or related
in some way, except maybe that they should be similar (hence, have almost orthog-
onal translates) provided that (a,M) defines a convergent subdivision schemes, see
Theorem 7.

5.4 Implementation

In [21], a first “proof of concept” implementation of an interpolatory discrete shear-
let transform has been realized and considered. The numerical experiments show
that indeed the discrete shearlet transform behaves as it should be expected and
that wavelet coefficients are large where position and tangent direction coincide



Shearlet Multiresolution and Multiple Refinement 235

Fig. 3 Two examples of reconstructions after thresholding. It can be seen (or not) that the artifacts
point somewhat perpendicular to the edges

with the localization within the wavelet coefficients and the slope determined by the
respective branch of the tree. A test application was compression, that is decompo-
sition, thresholding, and reconstruction, and some results for a very small threshold
value can be seen in Fig. 3. It should be mentioned that thresholding was trickier
than originally expected as there were many coefficients of about the same absolute
value within the tree, so thresholding also became a somewhat randomized process.
So far, it is not clear how optimal selection strategies for the huge dictionary formed
by the functions fj and

{wek,g : k:l.,....,n.,eeEM\{o}}

should look like. However, it is likely that the tree structure has to be taken into
account.

Applying filters of finite, nonzero, length to finite data leads to the usual boundary
problems and each of the known strategies to overcome this problem, be it data
enlargement, periodization or zero padding, can also be applied here with the usual
caveats, problems, and side effects. However, there is a slight additional pitfall as
the shears can and strongly enhance the effect of the boundary completion. For
example, a combination of excessive shearing and periodization can lead to “wrap
around” effects that may create edges perpendicular to the wrapping direction.

Another problem is the anisotropy of the sampling matrix D which is (g (2)> in
the case s = 2. This means that the image is sampled with twice the frequency in
x-direction than in y-direction. This, however, appears to be the case only because
of the brevity of presentation because, as mentioned before, a complete shearlet de-
composition has to consider =W; and all choices of the “special” coordinate among

the s. This means that sampling by ((2) 2) has to be taken into account as well and
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suggests to begin with a quadratic image, say of size 2" x 2". For the first type of
shearlet decomposition, the image is subsampled by » binary subdivision steps (and
the scheme can be chosen to be interpolatory if the original image values are to
be preserved, otherwise an arbitrary scheme can be used) to yield a resolution of
4™ x 2" to which we can apply the shearlet decomposition. The same procedure is
also done in the other direction. If, conversely, images are reconstructed from shear-
let decompositions and thus are of size 4" x 2" or 2" x 4", the final 2" x 2" image
will be obtained either by downsampling or averaging and from these images the
final result can be formed by one more averaging process. This final averaging is in
accordance with the linear nature of the filterbank operations.

All implementations are still at a very early stage. The simple reason for this
is the tremendous rise of complexity which necessitates the use of efficient imple-
mentations from the very beginning and introduced numerous detail problems that
have to be solved. So far a set of octave routines exist to perform a few levels of
shearlet decomposition for relatively small images. These were part of the Bachelor
thesis [21] and are described there.
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Abstract Over the past years, various representation systems which sparsely
approximate functions governed by anisotropic features such as edges in images
have been proposed. We exemplarily mention the systems of contourlets, curvelets,
and shearlets. Alongside the theoretical development of these systems, algorithmic
realizations of the associated transforms were provided. However, one of the most
common shortcomings of these frameworks is the lack of providing a unified treat-
ment of the continuum and digital world, i.e., allowing a digital theory to be a natural
digitization of the continuum theory. In fact, shearlet systems are the only systems
so far which satisfy this property, yet still deliver optimally sparse approximations
of cartoon-like images. In this chapter, we provide an introduction to digital shearlet
theory with a particular focus on a unified treatment of the continuum and digital
realm. In our survey we will present the implementations of two shearlet transforms,
one based on band-limited shearlets and the other based on compactly supported
shearlets. We will moreover discuss various quantitative measures, which allow an
objective comparison with other directional transforms and an objective tuning of
parameters. The codes for both presented transforms as well as the framework for
quantifying performance are provided in the Matlab toolbox ShearLab.
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1 Introduction

One key property of wavelets, which enabled their success as a universal
methodology for signal processing, is the unified treatment of the continuum and
digital world. In fact, the wavelet transform can be implemented by a natural digiti-
zation of the continuum theory, thus providing a theoretical foundation for the dig-
ital transform. Lately, it was observed that wavelets are however suboptimal when
sparse approximations of 2D functions are sought. The reason is that these functions
are typically governed by anisotropic features such as edges in images or evolving
shock fronts in solutions of transport equations. However, Besov models—which
wavelets optimally encode—are clearly deficient to capture these features. Within
the model of cartoon-like images, introduced by Donoho in [9] in 1999, the subop-
timal behavior of wavelets for such 2D functions was made mathematically precise;
see also the chapter on “Shearlets and Optimally Sparse Approximations.”

Among various directional representation systems which have since then been
proposed such as contourlets [8], curvelets [5], and shearlets, the shearlet system
is in fact the only one which delivers optimally sparse approximations of cartoon-
like images and still also allows for a unified treatment of the continuum and dig-
ital world. One main reason in comparison to the other two mentioned systems is
the fact that shearlets are affine systems, thereby enabling an extensive theoreti-
cal framework, but parameterize directions by slope (in contrast to angles) which
greatly supports treating the digital setting. As a thought experiment just note that
a shear matrix leaves the digital grid Z? invariant, which is in general not true for
rotation.

This raises the following questions, which we will answer in this chapter:

(P1) What are the main desiderata for a digital shearlet theory?

(P2) Which approaches do exist to derive a natural digitization of the continuum
shearlet theory?

(P3) How can we measure the accuracy to which the desiderata from (P1) are
matched?

(P4) Can we even introduce a framework within which different directional trans-
forms can be objectively compared?

Before delving into a detailed discussion, let us first contemplate about these
questions on a more intuitive level.

1.1 A Unified Framework for the Continuum and Digital World

Several desiderata come to one’s mind, which guarantee a unified framework for
both the continuum and digital world, and provide an answer to (P1). The following
are the choices of desiderata which were considered in [16, 10]:
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e Parseval Frame Property. The transform shall ideally have the Parseval frame
property, which enables taking the adjoint as inverse transform. This property
can be broken into the following two parts, which most, but not all, transforms
admit:

o Algebraic Exactness. The transform should be based on a theory for digital
data in the sense that the analyzing functions should be an exact digitization
of the continuum domain analyzing elements.

o Isometry of Pseudo-Polar Fourier Transform. If the image is first mapped
into a different domain—here the pseudo-polar domain—, then this map
should be an isometry.

e Space-Frequency-Localization. The analyzing elements of the associated trans-
form should ideally be highly localized in space and frequency—to the extent to
which uncertainty principles allow this.

o Shear Invariance. Shearing naturally occurs in digital imaging, and it can—
in contrast to rotation—be precisely realized in the digital domain. Thus, the
transform should be shear invariant, i.e., a shearing of the input image should be
mirrored in a simple shift of the transform coefficients.

e Speed. The transform should admit an algorithm of order O(N?logN) flops,
where N? is the number of digital points of the input image.

o Geometric Exactness. The transform should preserve geometric properties par-
allel to those of the continuum theory, for example, edges should be mapped to
edges in transform domain.

e Stability. The transform should be resilient against impacts such as (hard) thresh-
olding.

1.2 Band-Limited vs. Compactly Supported Shearlet Transforms

In general, two different types of shearlet systems are utilized today: Band-limited
shearlet systems and compactly supported shearlet systems (see also the chapters on
“Introduction to Shearlets” and “Shearlets and Optimally Sparse Approximations.”).
Regarding those from an algorithmic viewpoint, both have their particular advan-
tages and disadvantages:

Algorithmic realizations of the band-limited shearlet transform have on the one
hand typically a higher computational complexity due to the fact that the window-
ing takes place in frequency domain. However, on the other hand, they do allow a
high localization in frequency domain which is important, for instance, for handling
seismic data. Even more, band-limited shearlets do admit a precise digitization of
the continuum theory.

In contrast to this, algorithmic realizations of the compactly supported shearlet
transform are much faster and have the advantage of achieving a high accuracy in
spatial domain. But for a precise digitization one has to lower one’s sights slightly.
A more comprehensive answer to (P2) will be provided in this chapter, where we
will present the digital transform based on band-limited shearlets introduced in [16]
and the digital transform based on compactly supported shearlets from [18, 19].
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1.3 Related Work

Since the introduction of directional representation systems by many pioneer
researchers ([4, 5, 6, 7, 8]), various numerical implementations of their directional
representation systems have been proposed. Let us next briefly survey the main fea-
tures of the two closest to shearlets: the contourlet and curvelet algorithms.

e Curvelets [3]. The discrete curvelet transform is implemented in the software
package CurveLab, which comprises two different approaches. One is based on
unequispaced FFTs, which are used to interpolate the function in the frequency
domain on different tiles with respect to different orientations of curvelets. The
other is based on frequency wrapping, which wraps each subband indexed by
scale and angle into a fixed rectangle around the origin. Both approaches can be
realized efficiently in O(N*1logN) flops, N being the image size. The disadvan-
tage of this approach is the lack of an associated continuum domain theory.

e Contourlets [8]. The implementation of contourlets is based on a directional fil-
ter bank, which produces a directional frequency partitioning similar to the one
generated by curvelets. The main advantage of this approach is that it allows a
tree-structured filter bank implementation, in which aliasing due to subsampling
is allowed to exist. Consequently, one can achieve great efficiency in terms of
redundancy and good spatial localization. A drawback is that various artifacts
are introduced and that an associated continuum domain theory is missing.

Summarizing, all the above implementations of directional representation systems
have their own advantages and disadvantages; one of the most common shortcom-
ings is the lack of providing a unified treatment of the continuum and digital world.

Besides the shearlet implementations we will present in this chapter, we would
like to refer to the chapter on “Image Processing using Shearlets” for a discussion of
the algorithm in [12] based on the Laplacian pyramid scheme and directional filter-
ing. It should be though noted that this implementation is not focussed on a natural
digitization of the continuum theory, which is a crucial aspect of the work presented
in the sequel. We further would like to draw the reader’s attention to the chapter on
“Shearlet Multiresolution and Multiple Refinement” which is based on [17] aiming
at introducing a shearlet MRA from a subdivision perspective. Finally, we remark
that a different approach to a shearlet MRA was recently undertaken in [13].

1.4 Framework for Quantifying Performance

A major problem with many computation-based results in applied mathematics is
the nonavailability of an accompanying code, and the lack of a fair and objective
comparison with other approaches. The first problem can be overcome by following
the philosophy of “reproducible research” [11] and making the code publicly avail-
able with sufficient documentation. In this spirit, the shearlet transforms presented
in this chapter are all downloadable from http://www.shearlab.org. One approach
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to overcome the second obstacle is the provision of a carefully selected set of pre-
scribed performance measures aiming to prohibit a biased comparison on isolated
tasks such as denoising and compression of specific standard images like “Lena,”
“Barbara,” etc. It seems far better from an intellectual viewpoint to carefully decom-
pose performance according to a more insightful array of tests, each one motivated
by a particular well-understood property we are trying to obtain. In this chapter we
will present such a framework for quantifying performance specifically of imple-
mentations of directional transforms, which was originally introduced in [16, 10].
We would like to emphasize that such a framework does not only provide the possi-
bility of a fair and thorough comparison but also enables the tuning of the parameters
of an algorithm in a rational way, thereby providing an answer to both (P3) and (P4).

1.5 ShearLab

Following the philosophy of the previously detailed thoughts, ShearLab' was intro-
duced by Donoho, Shahram, and the authors. This software package contains

An algorithm based on band-limited shearlets introduced in [16].
An algorithm based on compactly supported separable shearlets introduced in
[18].

e An algorithm based on compactly supported non-separable shearlets introduced
in [19].

e A comprehensive framework for quantifying performance of directional repre-
sentations in general.

This chapter is also devoted to provide an introduction to and discuss the mathemat-
ical foundation of these components.

1.6 Outline

In Sect. 2, we introduce and analyze the fast digital shearlet transform (FDST),
which is based on band-limited shearlets. Section 3 is then devoted to the presenta-
tion and discussion of the digital separable shearlet transform (DSST) and the digital
non-separable shearlet transform (DNST). The framework of performance measures
for parabolic scaling-based transforms is provided in Sect. 4. In the same section,
we further discuss these measures for the special cases of the three previously intro-
duced transforms.

! ShearLab (Version 1.1) is available from http://www.shearlab.org.
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2 Digital Shearlet Transform Using Band-Limited Shearlets

The first algorithmic realization of a digital shearlet transform we will present,
coined FDST, is based on band-limited shearlets. Let us start by defining the
class of shearlet systems we are interested in. Referring to the chapter on “Intro-
duction to Shearlets,” we will consider the cone-adapted discrete shearlet system
SH(¢, y, ;A,A,A) = D(¢; A) U (y; A)UP(J; A) with A = Z2 and

A=A={(j,km):j>0,|kl <2/, meZ*}.

We wish to emphasize that this choice relates to a scaling by 4/ yielding an integer
valued parabolic scaling matrix, which is better adapted to the digital setting than a
scaling by 2/. We further let y be a classical shearlet ( likewise with §(&;,&) =

y(&,&)) e,
V(&) = W(&1,6) = W& va(2), (M)

where y; € L*(R) is a wavelet with §; € C*(R) and supp ¢y C [—4,—1]U[].4],
and y, € L*(R) a “bump” function satisfying {» € C(R) and supp W C [—1,1].
We remark that the chosen support deviates slightly from the choice in the introduc-
tion, which is however just a minor adaption again to prepare for the digitization.
Further, recall the definition of the cones 6]1—%, from the chapter on “Introduc-
tion to Shearlets.”

The digitization of the associated discrete shearlet transform will be performed
in the frequency domain. Focussing, on the cone %51, say, the discrete shearlet trans-
form is of the form

F o o) = (i) = (£.2 2 (ST Ay )@mssind ) )

where 1 = (j,k,m,1) indexes scale j, orientation k, position m, and cone 1. Con-
sidering this shearlet transform for continuum domain data (taking all cones into
account) implicitly induces a trapezoidal tiling of frequency space which is evi-
dently not cartesian. A digital grid perfectly adapted to this situation is the so-called
“pseudo-polar grid,” which we will introduce and discuss subsequently in detail.
Let us for now mention that this viewpoint enables representation of the discrete
shearlet transform as a cascade of three steps:

(1) Classical Fourier transformation and change of variables to pseudo-polar coor-
dinates.

(2) Weighting by a radial “density compensation” factor.

(3) Decomposition into rectangular tiles and inverse Fourier transform of each tiles.

Before discussing these steps in detail, let us give an overview of how these
steps will be faithfully digitized. First, it will be shown in Sect. 2.1, that the
two operations in Step (1) can be combined to the so-called pseudo-polar Fourier
transform. An oversampling in radial direction of the pseudo-polar grid, on which
the pseudo-polar Fourier transform is computed, will then enable the design of
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“density-compensation-style”” weights on those grid points leading to Steps (1) &
(2) being an isometry. This will be discussed in Sect. 2.2. Section 2.3 is then con-
cerned with the digitization of the discrete shearlets to subband windows. Notice
that a digital analog of (2) moreover requires an additional 2D iFFT. Thus, con-
cluding the digitization of the discrete shearlet transform will cascade the following
steps, which is the exact analogy of the continuum domain shearlet transform (2):

(S1) PPFT: Pseudo-polar Fourier transform with oversampling factor in the radial
direction.

(S2) Weighting: Multiplication by “density-compensation-style” weights.

(S3) Windowing: Decomposing the pseudo-polar grid into rectangular subband
windows with additional 2D iFFT.

With a careful choice of the weights and subband windows, this transform is an
isometry. Then, the inverse transform can be computed by merely taking the adjoint
in each step. A final discussion on the FDST will be presented in Sect. 2.4.

2.1 Pseudo-Polar Fourier Transform

We start by discussing Step (S1).

2.1.1 Pseudo-polar grids with oversampling

In [1], a fast pseudo-polar Fourier transform (PPFT) which evaluates the discrete
Fourier transform at points on a trapezoidal grid in frequency space, the so-called
pseudo-polar grid, was already developed. However, the direct use of the PPFT is
problematic, since it is—as defined in [1]—not an isometry. The main obstacle is
the highly nonuniform arrangement of the points on the pseudo-polar grid. This in-
tuitively suggests to downweight points in regions of very high density by using
weights which correspond roughly to the density compensation weights underly-
ing the continuous change of variables. This will be enabled by a sufficient radial
oversampling of the pseudo-polar grid.

This new pseudo-polar grid, which we will denote in the sequel by €2z to indicate
the oversampling rate R, is defined by

Qr=0QLUQ32, 3)

where
9&={<—%-%,%>- LS L o @
= {(Z,-2. %) Y <r<y, By ©)

This grid is illustrated in Fig. 1. We remark that the pseudo-polar grid introduced
in [1] coincides with Qg for the particular choice R = 2. It should be emphasized
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Fig. 1 The pseudo-polar grid Qg = QU Q3 for N=4and R =4

that Qp = .Q,lQ U .QI% is neither a disjoint partitioning nor is the mapping (n,¢) —

(—% ¥ g)or (%, —% . zﬁe) injective. In fact, the center

¢ ={(0,0)} (6)

appears N + 1 times in Q} as well as 3, and the points on the seam lines

=

yRI = {(_%52
yRZ = {(%7_

) B <n<B n#0},
):—%Vgngg,n;éO}.

=L =|

appear in both .Q,lQ and .QI%.

Definition 1. Let N, R be positive integers, and let Qg be the pseudo-polar grid given
by (3). For an N x N image I := {I(u,v) : =5 <u,v < § — 1}, the pseudo-polar
Fourier transform (PPFT) [ of I evaluated on Qp is then defined to be

N/271 2mi
ona)= 3 1uv)e 0“0 (o,m) € Qg
uy=—N/2

where mo > N is an integer.

We wish to mention that mg > N is typically set to be my = %(RN + 1) for com-
putational reasons (see also [1]), but we for now allow more generality.

2.1.2 Fast PPFT

It was shown in [1], that the PPFT can be realized in O(N?logN) flops with N x N
being the size of the input image. We will now discuss how the extended pseudo-
polar Fourier transform (cf. Definition 1) can be computed with similar complexity.

For this, let I be an image of size N x N. Also, my is set—but not restricted—
to be my = %(RN + 1); we will elaborate on this choice at the end of this section.
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We now focus on .Qlé, and mention that the PPFT on the other cone can be computed

similarly. Rewriting the pseudo-polar Fourier transform from Definition 1, for

(01, ) = (—% : %, %é’) € Q}, we obtain

N/2-1 o N/z 1 N/2-1 N
o, )= I(uv)e ™ (wonrer) = > Y Iuv) ef'"io(” w )
uy=—N/2 u=—N/2v=—N/2
N/2-1 [ Nj2—1 .
-3 S I(u,v)e @ o 2Tl TN 7)
u=—N/2 \v=—N/2

This rewritten form, i.e., (7), suggests that the pseudo-polar Fourier transform [ of I
on Q} can be obtained by performing the 1D FFT on the extension of / along direc-
tion v and then applying a fractional Fourier transform (frFT) along direction u. To
be more specific, we require the following operations:

Fractional Fourier Transform. For ¢ € CN*!, the (unaliased) discrete fractional
Fourier transform by o € C is defined to be

N/2

(o))=Y c(jle ik p=—8
j=—N/2

=

It was shown in [2], that the fractional Fourier transform Fi, ¢ can be computed
using O(NlogN) operations. For the special case of o« = 1 /(N + 1), the fractional
Fourier transform becomes the (unaliased) 1D discrete Fourier Transform (1D FFT),
which in the sequel will be denoted by Fj. Similarly, the 2D discrete Fourier Trans-
form (2D FFT) will be denoted by F>, and the inverse of the F; by F[l (2D iFFT).
Padding Operator. For N even, m > N an odd integer, and ¢ € CV, the padding
operator E,, , gives a symmetrically zero padding version of ¢ in the sense that

clk) k e
0 ke{—%,

N
20

(Emne)(k) = {

NI§ NIZ

-1,
P d 1),

Using these operators, (7) can be computed by

N/2—1 ) »
(@, ) = 2 F]OERNJrl’NOl(u,n)eizﬂlué.(RN4+17)~N/2
u=—N/2
N/2 it
Tiul i~
= Y EnyinoFioEryiinol(un)e e = (Fyi I(-m))(0),
u=—N/2
where [ = Ey o Fy o Egyyiyol € CRNHDXWNHD) and ¢, = —W. Since

the 1D FFT and 1D frFT require only O(NlogN) operations for a vector of size
N, the total complexity of this algorithm for computing the pseudo-polar Fourier
transform from Definition 1 is indeed O(N?logN) for an image of size N x N.
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We would like to also remark that for a different choice of constant mg, one can
compute the pseudo-polar Fourier transform also with complexity O(N?logN) for
an image of size N x N. This however requires application of the fractional Fourier
transform in both directions u and v of the image, which results in a larger constant
for the computational cost; see also [2].

2.2 Density-Compensation Weights

Next we tackle Step (S2), which is more delicate than it might seem, since the
weights will not be derivable from simple density compensation arguments.

2.2.1 A Plancherel theorem for the PPFT

For this, we now aim to choose weights w : Qg — R™ so that the extended PPFT
from Definition 1 becomes an isometry, i.e.,

N/2-1

z |I(uvv)|2: z W(wlvwz)'|i(w17w2)|2' (®)

uy=—N/2 (0r,m0)€Qr

Observing the symmetry of the pseudo-polar grid, it seems natural to select weight
functions w which have full axis symmetry properties, i.e., for all (@, @,) € Qg,
we require

w(or, @) =w(w, o), w(@, ) =w(—0,a;), w(or,m) =w(o,—w). (9)

Then, the following “Plancherel theorem” for the pseudo-polar Fourier transform
on Qgp—similar to the one for the Fourier transform on the cartesian grid—can be
proved.

Theorem 1 ([16]). Let N be even, and let w : Qg — R™ be a weight function satis-
fying (9). Then, (8) holds if and only if the weight function w satisfies

S (u,v) = w(0,0)

RN/2
Ha X 3w R cos2mue ) cos2my B - §)
(=0,N/2 n=
N/2—1RN/2
w8 B 3wl o ) -cosemy- - §) (10
&z

forall -N+1<u,v<N-—1.
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Proof. We start by computing the right-hand side of (8):

S wlw, ) (o)

(@1,02)€QR
Nj2-1 2w :
= 2 W(wlqa)Z) . 2 I(M,v)e*mfo(ua)lﬁ’\/wz)
(01,0)€Qr u,y=—N/2

N/2—-1  N/2—1 . , ,
= 2 W(wlawz)-l 2 z ](u7v)1(u/7v/)emo((uu)wﬁr(vv)wz)l

(01,@0)€Qr uy=—N/2u' V'=—N/2
N/2-1
= Y we,wm) Y [uv)
(01,@0)€Qr u,y=—N/2
N/2—1 27i / /
" 2 I(u,v)—l(u’,v/) ) l z w(wr, o) .6770((”*“ Jor+(v—v )a>2>‘| '
uwal W =—N/2 (01,02)€Qr
(u,v) (' V')

Choosing I = ¢y, v, 8 (u —u1,v —vi) + Cuy, 0 (1 — ttp,v — v2) forall =N/2 < uy, vy,
up, v < N/2—1 and for all Cuy vy »Cuz,vy € C, we can conclude that (8) holds if and
only if
_2nmi
S w(on ) 0T Z§uy), —N+1<uy<N-1.
(01,02)€Qr

By the symmetry of the weights (9), this is equivalent to
2

D wlon,m)- [cos(ZEuw)cos(ZEva)] = §(u,v) (1)
((D],(Dz)EQR

for all -N+1 < u,v < N — 1. From this, we can deduce that (11) is equivalent to
(10), which proves the theorem. 0O

Notice that (10) is a linear system with RN?/4 + RN /24 1 unknowns and
(2N — 1)? equations, wherefore, in general, one needs the oversampling factor R
to be at least 16 to enforce solvability.

2.2.2 Relaxed form of weight functions

The computation of the weights satisfying Theorem 1 by solving the full linear sys-
tem of (10) is much too complex. Hence, we relax the requirement for exact isomet-
ric weighting, and represent the weights in terms of undercomplete basis functions
on the pseudo-polar grid.
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More precisely, we first choose a set of basis functions wy,...,wy, : Qg = RT
such that 2’;‘):1 wj(wr, ) # 0 forall (@, ) € Qg. We then represent weight func-
tions w: Qg — RT by

0
wi= chwj, (12)

j=1
with cy,...,cy, being nonnegative constants. This approach now enables solving
(10) for the constants ci,...,cy, using the least squares method, thereby reducing

the computational complexity significantly. The “full” weight function w is then
given by (12).

We next present two different choices of weights which were derived by this
relaxed approach. Notice that (@), ;) and (n,£) will be used interchangeably.

Choice 1. The set of basis functions wy, ..., ws is defined as follows:
Center: wi = 1(9,0)-
Boundary: wy = 1{(ay ) |n|=NR/2, =0y} A0 W3 = 1{(0) 0,):n|=NR/2, 0170}
Seam lines: wy = |n| - L () a):1<|n|<NR/2, 1= }-
Interior: ws = |n| - 1{(qw, wy):1<|n|<NR/2, 01 £@n} -

Choice 2. The set of basis functions wy, ..., wy/»» is defined as follows:
Center: wi = 1(9,0)-

Radial Lines: wy,» = 1{(w17w2):1<|n|<NR/2,wz:NL;zwl}’ £=0,1,...,N/2.

The associated weight functions are displayed in Fig. 2. In general, suitable
weight functions usually obey the pattern of linearly increasing values along the
radial direction. Thus, this is a natural requirement for the basis functions.

14
I:s o
14
2 J0s 200
» s o
| - n.
4 b2
1000 A

W0 B0 GO0 40 00 0 20 A0 GO0 BOD 10 1000 800 B00 400 00 0 200 &0 B0 BN 1000

Choice 1 Choice 2

Fig. 2 Weight functions on the pseudo-polar grid for N =256 and R = 8

2.2.3 Computation of the weighting

For the FDST—as also in the implementation in ShearLab—the coefficients in
the expansion (12) will be computed off-line, and then hardwired in the code.
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This enables the weighting of a function on the pseudo-polar grid to simply be a
point-wise multiplication in each sampling point. That is, letting J := [ : Q¢ — C be
the pseudo-polar Fourier transform of an N x N image [ and w : Qg — R™ be any
suitable weight function on g, the following values need to be computed:

Jw(wlvab):‘](a)laab)' W(O‘)laa)Z) for all (wlvab) 6ng-

Let us comment on why the square root of the weight is utilized. If the weights w
satisfy the condition in Theorem 1, we obtain P*wP = Id (P is the operator for the
PPFT), which can be written in a symmetric form as follows: (v/wP)*\/wP = Id.
This form shows that the operator \/wP can be inverted by taking the adjoint
(v/wP)*. In other words, each image can be reconstructed from its weighted pseudo-
polar Fourier transform by applying the adjoint of the weighted pseudo-polar
Fourier transform. This issue will be discussed in further detail in Sect. 2.4.2.

2.3 Digital Shearlets on Pseudo-Polar Grid

We next aim at deriving a faithful digitization of the shearlet transform associated
with a band-limited cone-adapted discrete shearlet system to the pseudo-polar grid.
This would settle Step (S3).

2.3.1 Preparation for faithful digitization

For this, let us recall the definition of the discrete shearlet transform associated

with (2); taking the particular form (1) of the shearlet y € I? (Rz) into account.
Restricting our attention to the cone %3, we obtain

A 3 '
£ (F2 ST A ) e 5D

= <f72*f

[S1[38]

U1 (477E) i (k+ 2’%))%1 2mi (A, Simy) >7

for scale j, orientation k, position m, and cone 1.

To approach a faithful digitization, we first have to partition €2z according to the
partitioning of the plane into €1, €12, 6»1, and %»;, as well as a centered rectangle
Z. The center ¢ as defined in (6) will play the role of Z. Thus, it remains to
partition the set Qg beyond the already defined partitioning into } and Q3 (cf. (4)
and (5)) by setting

Q=0 urual? and Q}=0Q3'UTUQY,
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where
11 2 20 2 N N RN
Qp ={(-F -5 7)) -7, 1<n<TF},
12 2 20 2 N N RN
Q - ( Ig.N’Ig) zgégza zgng 1}7
QZI 2 2 20 N N RN
(Fn’_%'ﬁ) _7<—€<— 7,1_<n<_ 2 }’
22 2 2 20 N N RN
Q" = (fn’_%'ﬁ) _7<—€<— 2:7 7 Sns 1}

When restricting to the cone 3!, say, the exact digitization of the coefficients of
the discrete shearlet system is

Y J(on,w)2 I (STA o) T hesme)
a)::(col,a)z)egl%l

Y J(on,)2 BWE TV (k+ 27 Z)e i iSime)
(mI’@)EQZI

N
2 > o0 2 AWE TRV (-2 he i 0siA0) 3y

where V and W as well as the ranges of j, k, and m are to be carefully chosen.

Our main objective will be to achieve a digital shearlet transform, which is an
isometry. This— as in the continuum domain situation—is equivalent to requiring
the associated shearlet system to form a tight frame for functions J : 2 — C. For
the convenience of the reader let us recall the notion of a Parseval frame in this
particular situation. A sequence (¢ ), c4—A being some indexing set — is a tight
frame for all functions J : Qg — C, if

JE—— ) 2
p) ] Jone)g(onw)| = Y VLol
AEA  (o1,m7)EQR (01,0,)€Qg

In the sequel we will define digital shearlets on Q23! and extend the definition to
the other cones by symmetry.

2.3.2 Subband windows on the pseudo-polar grid

We start by defining the scaling function, which will depend on two functions V) and
Wo, and the generating digital shearlet, which will depend on again two functions V
and W. W, and W will be chosen to be Fourier transforms of wavelets, and V;; and
V will be chosen to be “bump” functions, paralleling the construction of classical
shearlets.

First, let Wy be the Fourier transform of the Meyer scaling function such that

suppWp C [—1,1] and Wy(£1) =0, (14)
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and let Vj be a “bump” function satisfying
suppVo C [-3/2,3/2] with W(&)=1for|é| <1,EeR.
Then, we define the scaling function ¢ for the digital shearlet system to be
0(81,8) =Wo(4 &4 &), (&1,&) € R

We remark that we will later restrict this function to the pseudo-polar grid.
Let next W be the Fourier transform of the Meyer wavelet function satisfying

suppW C [—4,1/4]U[1/4,4] and W(+1/4)=W(£4)=0,  (15)

as well as, choosing the lowest scale ji to be ji := —[log,(R/2)],
) [logy N1 ]
Wo(dLEP+ Y WEATEP =1  forall | <N, E€R (16)
J=iL

We further choose V to be a “bump” function satisfying
suppV C [-1,1] and V(£1)=0, (17)
as well as
VE-DP+VEP+VE+DP=1  forall[§[<1,E€R. (18)

Then, the generating shearlet y for the digital shearlet system on Q3 is defined as

P(EL&) =WEV(B), (&,8&) R (19)

Notice that (18) implies

2J
> VQ@IE-KF=1 forall §|<1,&E€R;j>0, (20)
k=—2J

which will become important for the analysis of frame properties. For the particular
choice of V), Wy, V, and W in ShearLab, we refer to Sect. 2.3.7.

2.3.3 Range of parameters
We from now on assume that R and N are both positive even integers and that

N = 2" for some integer ng € N. This poses no restrictions, since both parameters
can be enlarged to satisfy this condition.
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We start by analyzing the range of j. Recalling the definition of the shearlet y
in (19) and the support properties of W and V in (15) and (17), respectively, we
observe that the digitized shearlet

2*./'%‘/1/(4*}%)‘/(]{ _ 2,i+11%)62ﬂi<m,SgA4,ja)> 1)
from (13) has radial support
n=4 R Ly =0, 41 13k (22)

on the cone Q3'. To determine the appropriate range of j, we will analyze the
precise support in radial direction. If j < —[log(R/2)], then n < 1, which corre-
sponds to only one point—the origin—and is dealt with by the scaling function. If
Jj > [logy N1, we have n > 1%. Hence, the value W(1/4) = 0 (cf. (15)) is placed on
the boundary, and these scales can be omitted. Therefore, the range of the scaling
parameter will be chosen to be

j€{jLs---,ju}, where jL:=—[log(R/2)] and jy := [log,N].

Next, we determine the appropriate range of k. Again recalling the definition of
the shearlet y in (19), the digitized shearlet (21) has angular support

(=27"N(k=1)+1, 1,b=0,...,27/N (23)

on the cone 3. To compute the range of k, we start by examining the case j > 0.
If k > 2/, we have £ > N/2. Hence the value V(—1) = 0 (cf. (17)) is placed on
the seam line, and these parameters can be omitted. By symmetry, we also obtain
k > —2J. Thus, the shearing parameter will be chosen to be

ke {=2/,...,27}.

2.3.4 Support size of shearlets

We next compute the support as well as the support size of scaled and sheared ver-
sion of digital shearlets. This will be used for the normalization of digital shearlets.

As before, we first analyze the radial support. By (22), the radial supports of the
windows associated with scales j; < j < jy are

n=4"1844, n=0,.4"" Bk (24)

and the radial support of the windows associated with the scale j, = —[log,(R/2)]
and jy = [logy N is

n=t, tl:la"'74jL+1§7 forj:jLu
n—4jH71£+t =0 M_z‘_jyfll_? f L (25)
- 2 1y 1=Y5.-y 5 7 or j=Jy.
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Turning to the angular direction, by (23), the angular support of the windows at
scale j associated with shears —2/ < k < 2/ is

(=2""'N(k—=1)+1, 1b=0,....27IN, (26)

the angular support at scale j associated with the shear parameter k = —2/ is
(=277 IN(=2/ —1)+1, =275, 27N,

and for k = 2/ it is

(=27"IN2/~1)+n, ©=0,.,27%. (27)

For the case j < 0, we simply let k =0 and ¢ = —N /2 + 1, with, =0,...,N. Also,
for this lower frequency case, the window function W (4 /@, )V (k+2/ %‘) is slightly
modified to be W (47 1 )Vo(k + 2/ 32).

These computations now allow us to determine the support size of the function
W (4~ 1)V (k+2/32) in terms of pairs (n,¢), which for scale j and shear k, is

| 4i1E D=L
gjlz 4L BR4 <<, (23)
RTN—417112—Q+1:].:]‘H7
and
27IN+1: -2/ <k<2/ with j>0,
L= 278 +1: ke {2727} with j>0, (29)
N+1 :j<0.

2.3.5 Digitization of the exponential term

We next digitize the exponential term in (13), which can be rewritten as

e—Zﬂi<m,S{A4,jw> — o 2mi{m(@d o4 ko 127 wy)) efzﬂi<m,(4’j%,4’jk%72’j%\’;)>.

We observe two obstacles:

e The change of variables 7 := S,{A47 jo possible in (13) cannot be performed
similarly in this situation due to the fact that the pseudo-polar grid is not invari-
ant under the action of ST A, ;. This is however the first step in the continuum
domain reasoning for tightness; see the chapter on “Introduction to Shearlets.”

e The Fourier transform of a function defined on the pseudo-polar grid does not
satisfy any Plancherel theorem.

These problems require a slight adjustment of the exponential term, which will be
the only adaption we allow us to make when digitizing. This will circumvent the
two obstacles and enable us to construct a Parseval frame as well as derive a direct
application of the inverse Fast Fourier transform in FDST.
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The adjustment will be made by using the mapping 6 : R\ {0} — R defined by
6(x,y) = (x,%). This yields the modified exponential term

efzﬂi<m,(60(5£)7l)(47j%' ATiRZ oy efzm<m,(4*f'2ﬁ”,fzf'+l ) (30)

)

which can be rewritten as

. . . 1
o 2mi(m (477 R 27 G)) _ —2mi( - (1—k)my) *2ﬂ1<m (477 3 2! 2)>

)

with #; and #, ranging over an appropriate set defined by (24)—(27).
Now, taking into account the support size of each W (4~/ e )V (k+2/ %) as given
in (28) and (29), we obtain the following reformulation of (30):

14-i 2 0it]
exp{—2ni<m,(%4gifz/mt1, "i;;k(l/mtz>>}, t, . (31)

J Js

This version shows that we might regard the exponential terms as characters of a
suitable locally compact abelian group (see [14]): with associated annihilator iden-
tified with the rectangle

YR N
%,,-,k—{< 7 ,—2’:% =0, 2 —1,n=0,. 241},
J Js

where 92” ! and fz were defined in (28) and (29), respectively. This viewpoint
will be cruc:lal to guarantee that the digital shearlet system defined in Sect. 2.3.6
provides a Parseval frame on the pseudo-polar grid 2. In practice, (31) also ensures
that in Step (S3) on each windowed image on the pseudo-polar grid only a 2D
iFFT—in contrast to a fractional Fourier transform—needs to be performed, thereby
reducing the computational complexity. For the low-frequency square, we further
require the set

_ . _ _ _N
%—{(}’1,}’2).}’1——1,...,1,}’2——7,...,

N4
—

2.3.6 Digital shearlets

We are now ready to define digital shearlets, which we define as functions on the
pseudo-polar grid Q. The spatial domain picture can thus be derived by the inverse
pseudo-polar Fourier transform.

Definition 2. Retaining the definitions and notations from Sect. 2.3, for all (wl ) wm)E
.QI%I, we define digital shearlets at scale j € {ji,..., ju}, shear k = [-2/ 2/]|NZ,
and spatial position m € % ; by

024 (@1, @) = CLLLl W (47T ) VI (k427 2 ))ngl(a)l,a)z)ezm<m’(4 ’“’l’z’wl)>,
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where V/ =V for j > 0 and V/ = V; for j < 0, and

1 (o,m) € SLUSE,
Cloy,m)={ 75 :(onm)e(FRUIR\YG,
.
The shearlets G k - G]-Ii’m, szim on the remaining cones are defined accordingly by

symmetry with equal indexing sets for scale j, shear k, and spatial location m. For
1p=1,2, (o,an) € QY. and ng € %, we define the scaling function

C(w1,an)

oy (o, 02) = =5 9 (@1, @)1 (01, @)e

2ni<noa(%w¢+1)>,

Then, the digital shearlet system DSH is defined by

DSH = {(p’,l(()) ‘o= 1,2,1/10 eﬁ}u{ajak,m : J € {ij'-'ajH}ake {_2];2]}5
meRj,t=11,12,21,22}.

As desired, the digital shearlet system DSH, which we derived as a faithful digiti-
zation of the continuum domain band-limited cone-adapted discrete shearlet system,
forms a Parseval frame for J : Qr — C.

Theorem 2 ([16]). The digital shearlet system DSH defined in Definition 2 forms a
Parseval frame for functions J : Qg — C.

Proof. Letting J : Qr — C, we claim that

= z |<‘17(P7110>QR|2+ z |<‘17 jkm>QR|2 (32)

10,710 L,j.k.m

which proves the result. Here (J1,/2)q, = Z(whwz)eQle(wl,a)z)Jz(wl,a)z) for
Ji,Jy: Qr — C.

We start by analyzing the first term on the RHS of (32). Let 1p € {1,2} and
Jo @ Qg — C be defined by Je (1, @) :=C(w, ) - J(0, @) for (0, m,) € Q.
Using the support conditions of qS,

S
Slehal=Z| 3 Jenon)eiona)

"0 (o,0)eQ

R . 2
|%|2‘ Z Je(wr, @) - ¢(wr,w)- e’2”1<"0,(§wi+1)>‘
(o1,0,) EQ
1 N2 /

|%|2 >, Y Jeloon )¢ (wr, an)- Le~2mi(mo. (3,75 1)>‘2.

ny n=—1({=—N/2

The choice of % now allows us to use the Plancherel formula, see Sect. 2.3.5. Ex-
ploiting again support properties (see Sect. 2.3.5), we conclude that
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DTl = Y |Clonm) - J(o, o) |§(or, ).
"0 ((1)1,(1)2)69;?0

Combining 1o = 1,2 and using (14), we proved

22|<J,(P;§%>QR|2: S (@) [Wolon) (33)

l no (0r,m)€Qr

Next we study the second term on the RHS in (32). By symmetry, it suffices to
consider the case 1 = 21. By the support conditions on W and V (see (15) and (17)),

S ohimal =Y > ‘ > J(on,m)oh, (or,m;)

Jokm JkmeRj i (w),0,)€Q3

2 | Y, Je(wr,m;) W4 o)
Zjk meZjk (oy,a,)cQ3!

‘ 2

—— onilmaie 222
-Vl(k+2-/%)~e 277:1<m7(4 ey 2 w1)>‘

4N R/2) 27T IN(k+1)

> ’ > Je(or,m)

Jk| mE/ * n:4j*l(R/2)£:2’j’1N(k71)

R

. Ciom il (2
-W(4*/w1)-Vl'(k+2/wﬂl)-e*2”‘<’”’(4 f%ﬂf“%»‘ ,

Similarly as before, the choice of % ik does allow us to use the Plancherel formula,
see Sect. 2.3.5. Hence,

N - - 2
PIRIAY ka =2 X ’Jc(wl,wz)~W(4*-/w1)V-/(k+2J%)’ i
Jom Ik (@r,0)cQf!

Next we use (20) to obtain

DYDY

Ik (@),0,)€Q}!

; - - 2
Je(on,@n)- W To)-Vilk+2752)|

JH ) 2 . .
= Y elon@)P Y WE o) Y Vik+22)P
(0),a,)eQ3! J=ir k=—2J

= Y |elo,m)? IZH“ (W4 ap) .

(w1,0)eQ}! j=iL
Thus the second term on the RHS in (32) equals
2 2 & PRND)
22 ohmeal = Y Wonm) Y W@ )P (34)
v jkm (w1,0)€QR J=iL

Finally, our claim (32) follows from combining (33), (34), and (16). O
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2.3.7 Digital shearlet windowing

The final Step (S3) of the FDST then consists in decomposing the data on the
points of the pseudo-polar grid given by the previously—in Steps (S1) and (S2)—
computed weighted pseudo-polar image J,, : £2r — C into rectangular subband win-
dows according to the digital shearlet system DSH defined in Definition 2, followed
by a 2D iFFT. More precisely, given J,,, the set of digital shearlet coefficients

¢ = (1, @9), forallig.ng and chy,,: <J ka>g forall j,k,m,1
R

is computed followed by application of the 2D iFFT to each windowed image J,, (p(l)0
and J,, Gj 1.0 Testricted on the support of ‘Po and G] r.0» Tespectively.

The definition of the digital shearlet system DSH in Definition 2 requires appro-
priate choices of the functions ¢, Vg, V, Wy, and W, and the required conditions are
stated throughout Sect. 2.3.2. We now discuss one particular choice, which is cho-
sen in ShearLab. We start selecting the “wavelets” Wy and W. In Sect. 2.3.2, these
functions were defined to be Fourier transforms of the Meyer scaling function and
Meyer wavelet function, respectively, i.e.,

1 HEl< g
Wo(&) =1 cos[Fv(31El—3)] - g <[,
0 : otherwise,

and
sin [Sv(3le1- 4] : h<lg <1,
W(E)=q cos[Fv(31€|-3)] : 1 <[§] <4,
0 : otherwise,

where v > 0 is a C* function or C* function such that v(x) +v(I —x) = 1 for 0 <
x < 1. One possible choice for v is the function v(x) = x*(35 — 84x + 70x> — 20x?),
0 < x < 1, which then automatically fixes Wy and W. Since [Wy(&)[> + [W(&)|> =1
for || < 1, the required condition (16) is satisfied. The function v can be also used
to design the “bump” function V as well, which needs to satisfy (18). One possible
choice for V is to define it by V(&) = \/v(1+&)+v(1—&), =1 <& < 1.V can
then simply be chosen as Vjy = 1. Let us finally mention that ¢ is defined depending
on Vp and W), wherefore fixing these two functions determines ¢ uniquely.

2.4 Algorithmic Realization of the FDST

We have previously discussed all main ingredients of the fast digital shearlet trans-
form (FDST)—Fast PPFT, Weighting, and Digital Shearlet Windowing—, and will
now summarize those findings. Depending on the application at hand, a fast inverse
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transform is required, which we will also detail in the sequel. In fact, we will present
two possibilities: the Adjoint FDST and the Inverse FDST depending on whether the
weighting allows to use the adjoint for reconstruction or whether an iterative pro-
cedure is required for higher accuracy. For a more detailed description of FDST,
Adjoint FDST, and Inverse FDST in form of pseudo-code, we refer to [16].

For the sake of brevity, we now let P, w, and W denote the Fast PPFT from
Sect. 2.1.2, the weighting on the pseudo-polar grid described in Sect. 2.2.3, and
windowing operator consisting of the application of the shearlet windows followed
by 2D iFFT to each array as detailed in Sect. 2.3.7, respectively.

2.4.1 FDST

We can summarize the steps of the algorithm FDST as follows:

e Step (S1): For a given image I, apply the Fast PPFT as described in Sect. 2.1.2
to obtain the function PI : Qg — C.

o Step (S2): Apply the square root of an off-line computed weight function w :
Qg — C to PI as described in Sect. 2.2.3, yielding \/wPI : Qg — C.

e Step (S3): Apply the shearlet windows to the function /wPI, followed by a 2D
iFFT to each array to obtain the shearlet coefficients W/wPI, which we denote
by ¢, 10,10 and ¢ s Joksm, L

2.4.2 Adjoint FDST

Assuming that the weight function w used in Step (S2) satisfies the condition in
Theorem 1, and using Theorem 2, we obtain

(W /WP W /wP = P*\/w(W*W)y/wP = P*wP = Id.

Hence in this case, the FDST, which is abbreviated by W+/wP can be inverted by
applying the Adjoint FDST, which cascades the following steps:

e Step 1: For given shearlet coefficients C, i.e., c,ll%, 19,19 and c;’km, Jj k,m, 1, com-
pute the linear combination of the shearlet windows with coefficients c;l%, 19, 1o
and c}7k’m, J,k,m, 1. This gives the function W*C : Qg — C.

e Step 2: Apply the square root of an off-line computed weight function w : Qg —
C to W*C, yielding the function \/wW*C : Qg — C.

e Step 3: Apply the Fast Adjoint PPFT by running the Fast PPFT “backward.”
For this, we just notice that the adjoint fractional Fourier transform of a vec-
tor ¢ € CV*! with respect to a constant & € C is given by Fy % c. Also, for
m > N, the adjoint padding operator E,;, y applied to a vector ¢ € C" is given by
(Ej yc)(k) =c(k),k=—N/2,...,N/2—1.The Adjoint PPFT gives P*/wW*C.
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2.4.3 Inverse FDST

Normally—as also with the relaxed form of weights debated in Sect. 2.2.2—the
weights will not satisfy the conditions of Theorem 1 precisely. A measure for
whether application of the adjoint is still feasible will be discussed in Sect. 4.2.
If higher accuracy of the reconstruction is required, one might use iterative meth-
ods, such as conjugate gradient methods. Since the digital shearlet system forms a
Parseval frame, we always have

W*W /WP = \/wP.

Hence, iterative methods need to be “only” applied to reconstruct an image / from
knowledge of J := /WPl i.e., to solve the equation

P*wPI = P*wJ

for 1. Since J might not be in the range of P, I is typically computed by solving
the weighted least square problem miny ||\/wPI — \/WJ||». Since the matrix cor-
responding to P*P is symmetric positive definite, iterative methods such as the
conjugate gradient methods are applicable. The conjugate gradient method is then
applied to the equation Ax = b with A = P*wP and b = P*wJ. Its performance
can be measured by the condition number of the operator P*wP: cond(P*wP) =
Amax (P*WP) [ Amin(P*wP), and it turns out that the weight function serves as a pre-
conditioner. We remark that this measure is more closely studied in Sect. 4.2.

3 Digital Shearlet Transform Using Compactly Supported
Shearlets

In this section, we will discuss two implementation strategies for computing shear-
let coefficients associated with a cone-adapted discrete shearlet system now based
on compactly supported shearlets, as introduced in the chapter on “Introduction to
Shearlets.” Again, one main focus will be on deriving a digitization which is faithful
to the continuum setting.

Recall that in the context of wavelet theory, faithful digitization is achieved by
the concept of multiresolution analysis, where scaling and translation are digitized
by discrete operations: Downsampling, upsampling, and convolution. In the case
of directional transforms however, three types of operators: Scaling, translation, and
direction, need to be digitized. In this section, we will pay particular attention to
deriving a framework in which each of the three operators is faithfully interpreted
as a digitized operation in digital domain. Both approaches will be based on the
following digitization strategies:

o Scaling and translation: A multiresolution analysis associated with anisotropic
scaling A,; can be applied for each shear parameter k.
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e Directionality: A faithful digitization of shear operator S, 2, has to be achieved
with particular care.

In Sect. 3.1, we present the DSST, which is associated with a shearlet system
generated by a separable function alongside with discussions on its properties,
e.g., its redundancy. Section 3.2 then presents the digital non-separable shearlet
transform (DNST), whose shearlet elements are generated by non-separable shearlet
generator.

3.1 Digital Separable Shearlet Transform

We now describe a faithful digitization of the continuum domain shearlet transform
based on compactly supported shearlets as introduced in [18], which moreover is
highly computationally efficient.

3.1.1 Faithful digitization of the compactly supported shearlet transform

We start by discussing those theoretical aspects which allow a faithful digitization of
the shearlet transform associated with the shearlet system generated by the separable
shearlet y defined by

W(E) =m(46)0(£1)0(28), &= (&.&) €R?, (35)

where m; is a carefully chosen bandpass filter and ¢ an adaptively chosen scal-
ing function, see the chapter on “Introduction to Shearlets.” For this, we will only
consider shearlets ;4 ,, for the horizontal cone, i.e., belonging to ¥ (y, c). Notice
that the same procedure can be applied to compute the shearlet coefficients for the
vertical cone, i.e., those belonging to ¥(\,c), except for switching the order of
variables.

To construct a separable shearlet generator y € L?(R?) and an associated scaling
function ¢ € L*(R?), let ¢ € L*>(R) be a compactly supported 1D scaling function
satisfying

o1(x) = 3 h(m)vV261 (261 —m) (36)

n €z

for some “appropriately chosen” filter ~—we comment on the required condition
below. An associated compactly supported 1D wavelet y; € L?(IR) can then be de-
fined by

vix) =Y, g(n)V2¢;(2x; —my), (37)

ni€Z

where again g is an “appropriately chosen” filter. The selected shearlet generator is
then defined to be

Y (x1,x2) = i (x1) 1 (x2), (38)
and the scaling function by ¢ (x1,x2) = @1 (x1) 1 (x2).
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Let us comment on whether this is indeed a special case of the shearlet generators
defined in (35). The Fourier transform of y defined in (38) takes the form

W(&1,&) =mi(&/2)61(61/2)61(&2/2),

where m is a trigonometric polynomial whose Fourier coefficients are g(n;). We
need to compare this expression with the Fourier transform of the shearlet generator
v given in (35), which is

V(E1,&) =mi(48)61(281) 1 (&),

with 1D scaling function ¢; defined in (36). We remark that this later scaling func-
tion is slightly different defined as in (35). This small adaption is for the sake of
presenting a simpler version of the implementation; essentially the same implemen-
tation strategy as the one we will describe can be applied to the shearlet generator
given in (35).

The filter coefficients & and g are required to be chosen so that y satisfies a
certain decay condition (cf. [15] of the chapter on “Introduction to Shearlets”) to
guarantee a stable reconstruction from the shearlet coefficients.

For the signal f € L?>(R?) to be analyzed, we now assume that, for J > 0 fixed, f
is of the form

fx) =73 f1(n)2'¢(2"x1 —n1,2"x2 —ny). (39)

neZz?

Let us mention that this is a very natural assumption for a digital implementation in
the sense that the scaling coefficients can be viewed as sample values of f—in fact
fr(n) = f(27/n) with appropriately chosen ¢. Aiming toward a faithful digitization
of the shearlet coefficients (f, Y i) for j=0,...,J — 1, we first observe that

(FsWikm) = (f(S3-i2()s Wiom () (40)

and, WLOG we will from now on assume that j/2 is integer; otherwise either [ j/2]
or | j/2] would need to be taken. Our observation (40) shows us in fact precisely
how to digitize the shearlet coefficients (f, v« ,,): By applying the discrete sepa-
rable wavelet transform associated with the anisotropic sampling matrix A,; to the
sheared version of the data f(S, 2, (-)). This however requires—compare the as-
sumed form of f given in (39)—that f(S, 2, (-)) is contained in the scaling space

Vi ={2'¢(2" - —n1,2" - —n3) : (ny,m3) € Z°}.

It is easy to see that, for instance, if the shear parameter 272k is non-integer, this
is unfortunately not the case. The true reason for this failure is that the shear matrix
S5, does not preserve the regular grid 27'7%inVj,ie.,

Szfj/Zk(Zz) ?é Zz-
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In order to resolve this issue, we consider the new scaling space V defined by

J+j/2J
Vi =27 9(Sc (272 =y 20 =) < (m,mp) € 27},

We remark that the scaling space VJI‘H 2.0

27772 along the x;-axis by a factor of 2//2. With this modification, the new grid
27/72Z x 277 is now invariant under S, 2, , since with Q = diag(2, 1),

is obtained by refining the regular grid

277 2 =27 QI (22 =27 QIR (S ) = Sy, (27 TP 270,
This allows us to rewrite (S, j52,(-)) in (40) in the following way.

Lemma 1. Retaining the notations and definitions from this section, letting 1 27/2
and 1 denote the 1D upsampling operator by a factor 0f2j/2 and the 1D convolu-
tion operator along the x\-axis, respectively, and setting h (1) to be the Fourier
coefficients of the trigonometric polynomial

j/2—1 )
]/2 51 H Z h 727r12kn1§l7 (41)
=0 n€Z
we obtain
F(Syi) = X Fr(Sen) 2"ty (271925 — 1,27 x5 — o),

nez?
where f5(n) = ((f1) 02 %1 hj2) (n).

The proof of this lemma requires the following result, which follows from the
cascade algorithm in the theory of wavelet.

Proposition 1 ([18]). Assume that ¢ and y; € L*(R) satisfy (36) and (37), respec-
tively. For positive integers ji < ja, we then have

2392 —m) = Y by (di =22 )28 0,20k —dy)  (42)
d\ €L

and

jl . L j2 .
27y (20 —ny) = Y, gj—j (dy =227 n)27T ¢y (27201 —dy),  (43)
d\ €L

where hj and g; are the Fourier coefficients of the trigonometric polynomials H;

defined in (41) and G defined by

(H z h(ny)e 27:12",,151) ( 2 g(nl)efznu/*'nlél)

k=0n,€Z ni€L

for j >0 fixed.
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Proof (Proof of Lemma 1). Equation (42) with j; = J and j, = J+ j/2 implies that

21120120 x1 —my) = Y, hyjpa(dy — 2720 )20 F e 21 Px —dy). (44)
d1€L

Also, since ¢ is a 2D separable function of the form ¢ (x;,x2) = ¢; (x1 )1 (x2), we
have that

= z ( 2 fj(nl,nz)zj/z(m (ijl —nl))21/2¢1 (ZJ)CZ —nz).

n€EZ ni€Z
By (44), we obtain

z fJ 2]+j/4 2]Qj/2x n)

neZz?

where Q = diag(2,1). Using 0//2S,_;», = SxQ7/2, this finally implies

f(Szfj/2k(x)) = 2 fJ 21+j/4 2JQJ/ 2 j/2k(x) —n)

neZz?

=Y (5205 )
ne7z?

= Y Fi(Sm)2" (827072 x—n)). O
nez?

The second term to be digitized in (40) is the shearlet y; 4 ,, itself. A direct corol-
lary from Proposition 1 is the following result.

Lemma 2. Retaining the notations and definitions from this section, we obtain

Vikm(®) =Y, gs—j(di — ]ml)hjfj/Z(dZ_217j/2m2)2]+'i/4¢(21x_d)'
dez?

As already indicated before, we will make use of the discrete separable wavelet
transform associated with an anisotropic scaling matrix, which, for j; and j, > 0 as
well as ¢ € £(Z?), we define by

Wi o (c)(ni,ma) = Y gj, (my —27'ny)hj, (ma — 272ny)c(my,my), (ny,n2) € Z2.
meZ?
(45)

Finally, Lemmas 1 and 2 yield the following digitizable form of the shearlet
coefficients (f, ¥j i m)-
Theorem 3 ([18]). Retaining the notations and definitions from this section, and
letting]. 2//* be 1D downsampling by a factor of 2//% along the horizontal axis, we
obtain

FsWikm) =Wi_js_jp (((ff(sk') * D) * Ej/z)w/z) (m),

where @ (n) = (¢(Sk()), (- —n)) for n € Z%, and h; /5 (n1) = hjjp(—ny).
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3.1.2 Algorithmic realization

Computing the shearlet coefficients using Theorem 3 now restricts to applying the
discrete separable wavelet transform (45) associated with the sampling matrix A,;
to the scaling coefficients

89 (f1)(n) == ((fJ(Sk') * Dy ) *1%/2) (n) for frel*(Z*).  (46)

12i/2

Fig. 3 Tllustration of application of the digital shear operator ¢ 14t The dashed lines correspond
to the refinement of the integer grid. The new sample values lie on the intersections of the sheared
lines associated with Sy /4 with this refined grid

Before we state the explicit steps necessary to achieve this, let us take a closer
look at the scaling coefficients S;ﬁ in k(fj), which can be regarded as a new sam-

pling of the data f; on the integer grid Z? by the digital shear operator ng i This
procedure is illustrated in Fig. 3 in the case 2712k = —1 /4.

Let us also mention that the filter coefficients @ (n) in (46) can in fact be easily
precomputed for each shear parameter k. For a practical implementation, one may

sometimes even skip this additional convolution step assuming that @, = ¥ (0 0)-

Concluding, the implementation strategy for DSST cascades the following steps:

e Step I: For given input data f;, apply the 1D upsampling operator by a factor of
2J/2 at the finest scale j = J.

e Step 2: Apply 1D convolution to the upsampled input data f; with 1D lowpass
filter i/, at the finest scale j = J. This gives 7.

e Step 3: Resample f; to obtain f7(Sy(n)) according to the shear sampling matrix
Sy at the finest scale j = J. Note that this resampling step is straightforward,
since the integer grid is invariant under the shear matrix Sk.

e Step 4: Apply 1D convolution to f;(S(n)) with &; , followed by 1D downsam-
pling by a factor of 2//2 at the finest scale j = J.

e Step 5: Apply the separable wavelet transform W;_;; ;o across scales
j=0,1,....J—-1.
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3.1.3 Digital realization of directionality

Since the digital realization of a shear matrix S,_;, by the digital shear operator
S’Z{ i is crucial for deriving a faithful digitization of the continuum domain shearlet
transform, we will devote this section to a closer analysis.

We start by remarking that in fact in the continuum domain, at least rwo opera-
tors exist which naturally provide directionality: Rotation and shearing. Rotation is
a very convenient tool to provide directionality in the sense that it preserves impor-
tant geometric information such as length, angles, and parallelism. However, this
operator does not preserve the integer lattice, which causes severe problems for dig-
itization. In contrast to this, a shear matrix S; does not only provide directionality
but also preserves the integer lattice when the shear parameter k is integer. Thus, it
is conceivable to assume that directionality can be naturally discretized by using a
shear matrix Sy.

To start our analysis of the relation between a shear matrix S,-;/», and the asso-

. . . d . . . .
ciated digital shear operator ST i let us consider the following simple example:

Set fo = X{xx,=0}- Then digitize f. to obtain a function f; defined on 77 by set-
ting fy(n) = f.(n) for all n € Z?. For fixed shear parameter s € R, apply the shear
transform S; to f, yielding the sheared function f.(S,(+)). Next, digitize also this
function by considering f,(Ss(-))|2. The functions f; and f.(Ss(-))|,2 are illus-
trated in Fig. 4 for s = —1/4. We now focus on the problem that the integer lattice is

b

Fig. 4 (a) Original image f;(n). (b) Sheared image f.(S_;/4n)

not invariant under the shear matrix Sy /4. This prevents the sampling points S /4(n),
n € 7?2 from lying on the integer grid, which causes aliasing of the digitized image
Je(S-1/4(+))[z2 as illustrated in Fig. 5a. In order to avoid this aliasing effect, the grid
needs to be refined by a factor of 4 along the horizontal axis followed by computing
sample values on this refined grid.

More generally, when the shear parameter is given by s = —277/%k, one can
essentially avoid this directional aliasing effect by refining a grid by a factor of
21/2 along the horizontal axis followed by computing interpolated sample values on
this refined grid. This ensures that the resulting grid contains the sampling points
((277/%k)ny,ny) for any ny € Z and is preserved by the shear matrix S_,-j/2- This
procedure precisely coincides with the application of the digital shear operator
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S‘ziffﬂk’ i.e., we just described Steps 1-4 from Sect. 3.1.2 in which the new scal-
ing coefficients S‘zif ;2 (f5)(n) are computed.

Let us come back to the exemplary situation of fo = Y(y.x,=0} and S_y/4 we
started our excursion with and compare f,(S_j /4(-))[z> with §% /a(fa)|z2 obtained
by applying the digital shear operator S¢ 1/4 0 f4- And, in fact, the directional alias-
ing effect on the digitized image f.(S_;/4(n)) in frequency illustrated in Fig. Sa is

shown to be avoided in Fig. 5b, ¢ by considering $¢ / 4(fa)|z2. Thus, application of

a b c

Fig. 5 (a) Aliased image: DFT of f.(S_;/4(1)). (b) De-aliased image: s, /a (f2)(n). (c) De-aliased
image: DFT of S‘il/4 (fa)(n)

the digital shear operator S¢_ i allows a faithful digitization of the shearing opera-
tor associated with the shear matrix S,-j ;.

3.1.4 Redundancy

One of the main issues which practical applicability requires is controllable redun-
dancy. To quantify the redundancy of the discrete shearlet transform, we assume that
the input data f is a finite linear combination of translates of a 2D scaling function
¢ at scale J as follows:

2/ 1271

fx) =3 dip(2'x—n)

n1:0n2:0

as it was already the hypothesis in (39). The redundancy—as we view it in our
analysis—is then given by the number of shearlet elements necessary to represent
f. Furthermore, to state the result in more generality, we allow an arbitrary sampling
matrix M, = diag(cy,c,) for translation, i.e., consider shearlet elements of the form

Wiskm(-) =230 W (SiAy; - —Mom).

We then have the following result.
Proposition 2 ([18]). The redundancy of the DSST is ﬁ.

Proof. For this, we first consider shearlet elements for the horizontal cone for a
fixed scale j € {0,...,J — 1}. We observe that there exist 2J/2+1 ghearing indices k
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and 2/.2//2. (c1c2)’1 translation indices associated with the scaling matrix A,; and
the sampling matrix M., respectively. Thus, 2%/*1(c;c;) ! shearlet elements from
the horizontal cone are required for representing f. Due to symmetry reasons, we
require the same number of shearlet elements from the vertical cone. Finally, about
cfz translates of the scaling function ¢ are necessary at the coarsest scale j = 0.
Summarizing, the total number of necessary shearlet elements across all scales

is about
2J
(CICQ)(222]+1) (Ci‘z)(z 3+2)

The redundancy of each shearlet frame can now be computed as the ratio of the
number of coefficients d, and this number. Letting J — oo proves the claim. O

As an example, choose a translation grid with parameters ¢; = 1 and ¢; = 0.4.
Then, the associated DSST has asymptotic redundancy 10/3.
3.1.5 Computational complexity

A further essential characteristics is the computational complexity (see also
Sect. 4.6), which we now formally compute for the digital shearlet transform.

Proposition 3 ([15]). The computational complexity of DSST is 0(21°g2( - )L-N ).
Proof. Analyzing Steps 1-5 from Sect. 3.1.2, we observe that the most time con-
suming step is the computation of the scaling coefficients in Steps 1—4 for the finest
scale j = J. This step requires 1D upsampling by a factor of 2//2 followed by 1D
convolution for each direction associated with the shear parameter k. Letting L de-
note the total number of directions at the finest scale j =J, and N the size of 2D input
data, the computational complexity for computing the scaling coefficients in Steps
1-4is O(2/ 2L.N ). The complexity of the discrete separable wavelet transform as-
sociated with A,; for Step 5 requires O(N) operations, wherefore it is negligible.
The claim follows from the fact that L =2(2-2//24+1). O

It should be noted that the total computational cost depends on the number L of
shear parameters at the finest scale j = J, and it grows approximately by a factor of
L? as L is increased. It should though be emphasized that L can be chosen so that
this shearlet transform is favorably comparable to other redundant directional trans-
forms with respect to running time as well as performance. A reasonable number of
directions at the finest scale is 6, in which case the factor 2'°¢2(1/2(L/2-1)) in Propo-
sition 3 equals 1. Hence, in this case the running time of this shearlet transform is
only about 6 times slower than the discrete orthogonal wavelet transform, thereby
remains in the range of the running time of other directional transforms.
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3.1.6 Inverse DSST

Since this transform is not an isometry, the adjoint cannot be used as an inverse
transform. However, the “good” ratio of the frame bounds (see the chapters on
“Introduction to Shearlets” and “Shearlets and Optimally Sparse Approximations.”)
leads to fast convergence of iterative methods such as the conjugate gradient method,
which requires computing the forward DSST and its adjoint, see [20] and Sect. 2.4.2.

3.2 Digital Non-separable Shearlet Transform

In this section, we describe an alternative approach to derive a faithful digitization
of a discrete shearlet transform associated with compactly supported shearlets. This
algorithmic realization from [19] resolves the following drawbacks of the DSST:

e Since this transform is not based on a tight frame, an additional computational
effort is necessary to approximate the inverse of the shearlet transform by itera-
tive methods.

e Computing the interpolated sampling values in (46) requires additional compu-
tational costs.

e This shearlet transform is not shift-variant, even when downsampling associated
with A,; is omitted.

Although this alternative approach resolves these problems, DSST provides a much
more faithful digitization in the sense that the shearlet coefficients can be exactly
computed in this framework. The main difference between DSST and DNST will
be to exploit non-separable shearlet generators, which give more flexibility.

3.2.1 Shearlet generators

We start by introducing the non-separable shearlet generators utilized in DNST.
First, define the shearlet generator y"°" by

YNE) = P(812,28) ¥ (),

where y is a separable shearlet generator defined in (38) and the trigonometric poly-
nomial P is a 2D fan filter (c.f. [8]). For an illustration of P we refer to Fig. 6a. This
in turn defines shearlets y/;“;(“m generated by non-separable generator function y"°"
by setting

Vi) = 2y Sy — Mem),

where M, is a sampling mgtrix givenby M., = diag(c{ , cé) and c{ and cé are sam-
pling constants for translation.

One major advantage of these shearlets y/;’?{“m is the fact that a fan filter en-
ables refinement of the directional selectivity in frequency domain at each scale.
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Figure 6a, b shows the refined essential support of l//“"“

W k,m arising from a separable generator as in Sect. 3. 1 1.

as compared to shearlets

b

Fig. 6 (a) Magnitude response of 2D fan filter. (b) Separable shearlet ;s ,,. (¢) Non-separable
shearlet l//“"“

3.2.2 Algorithmic realization

Next, our aim is to derive a digital formulation of the shearlet coefficients (f, Vi)
for a function f as given in (39). We will only discuss the case of shearlet coefficients
associated with A,; and Sy; the same procedure can be applied for A,; and S except
for switching the order of variables x; and x;.

In Sect. 3.1.3, we discretized a sheared function f(S,»,-) using the digital shear
operator S’Z{ i S defined in (46). In this implementation, we walk a different path.
We digitalize the shearlets y73" () = {7, (S,-)/2;) by combining multiresolution
analysis and digital shear operator S;’f i/2;, to digitize the wavelet 7", and the shear
operator S, j2,, respectively. This yields digitized shearlet filters of the form

W}{k(”) = Sg—j/Zk (ijj/Z * Wj) (n),

where w; is the 2D separable wavelet filter defined by w;(ni,n2) = gj—;(n1)-
hy_jj2(n2) and p;_j2(n) are the Fourier coefficients of the 2D fan filter given by

P(2/77&, 2777 / 2+1£,). The DNST associated with the non-separable shearlet gen-
erators y;°" is then given by
DNST; 1 (f1)(n) = (fr W5, (2" T eln1, 272 chmy),  for f € (2(Z7).

We remark that the discrete shearlet filters y¢ « are computed by using a similar
ideas as in Sect. 3.1.1. As before, those filter coefficients can be precomputed to
avoid additional computational effort. )

Further notice that by setting ¢] = 2/~ and ¢} = 2//>~/, the DNST simply be-
comes a 2D convolution. Thus, in this case, DNST is shift invariant.
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3.2.3 Inverse DNST

If ¢] =2/ and ¢} = 27/, the dual shearlet filters ¥, can be easily computed

by,
Q P,(8)
d _ Js
Vo) =5 e Ep

and we obtain the reconstruction formula

fr="Y(fr =) « W,

Jk

This reconstruction is stable due to the existence of positive upper and lower bounds
of ¥« |\//d (& 2, which is implied by the frame property of non-separable shearlets

l//;“,’(“m, see [19] Thus no iterative methods are requ1red for the Inverse DNST. The

frequency response of a discrete shearlet filter l[/ « and its dual l[/ « is illustrated in
Fig. 7. We observe that primal and dual shearlet ﬁlters behave 51m11arly in the sense
that both the filters are very well localized in frequency.

a b

NN BN

S =

Fig. 7 Magnitude response of shearlet filter l[/;i « and its dual filter lf/;i k

4 Framework for Quantifying Performance

We next present the framework for quantifying performance of implementations of
directional transforms, which was originally introduced in [16, 10]. This set of test
measures was designed to analyze particular well-understood properties of a given
algorithm, which in this case are the desiderata proposed at the beginning of this
chapter. This framework was moreover introduced to serve as a tool for tuning the
parameters of an algorithm in a rational way and as an objective common ground
for comparison of different algorithms. The performance of the three algorithms
FDST, DSST, and DNST will then be tested with respect to those measures. This
will give us insight into their behavior with respect to the analyzed characteristics,
and also allow a comparison. However, the test values of these three algorithms will
also show the delicateness of designing such a testing framework in a fair manner,



Digital Shearlet Transforms 273

since due to the complexity of algorithmic realizations it is highly difficile to do
each aspect of an algorithm justice. It should though be emphasized that—apart
from being able to rationally tune parameters—such a framework of quantifying
performance is essential for an objective judgement of algorithms. The codes of all
measures are available in ShearLab.

In the following, S shall denote the transform under consideration, S* its adjoint,
and, if iterative reconstruction is tested, G4J shall stand for the solution of the matrix
problem Al = J using the conjugate gradient method with residual error set to be
107%. Some measures apply specifically to transforms utilizing the pseudo-polar
grid, for which purpose we introduce the notation P for the pseudo-polar Fourier
transform, w shall denote the weighting applied to the values on the pseudo-polar
grid, and W shall be the windowing with additional 2D iFFT.

4.1 Algebraic Exactness

We require the transform to be the precise implementation of a theory for digital data
on a pseudo-polar grid. In addition, to ensure numerical accuracy, we provide the
following measure, which is designed for transforms using the pseudo-polar grid.

Measure 1 Generate a sequence of five (of course, one can choose any rea-
sonable integer other than 5) random images I,...,Is on a pseudo-polar
grid for N = 512 and R = 8 with standard normally distributed entries. Our
quality measure will then be the Monte Carlo estimate for the operator norm
[|[W*W —1d||op given by

|W*WI; — I||
My = —
= 0T [l

This measure applies to the FDST—mnot to the DSST or DNST—, and we obtain
My, = 6.6E — 16.

This confirms that the windowing in the FDST is indeed up to machine precision a
Parseval frame, which was already theoretically confirmed by Theorem 2.

4.2 Isometry of Pseudo-Polar Transform

We next test the pseudo-polar Fourier transform itself which might be used in the
algorithm under consideration. For this, we will provide three different measures,
each being designed to test a different aspect.
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Measure 2

o Closeness to isometry. Generate a sequence of five random images
Ii,...,I5 of size 512 x 512 with standard uniformly distributed entries.
Our quality measure will then be the Monte Carlo estimate for the oper-
ator norm ||P*wP —1d||op given by

P*wPI; —I;
Misom1 = max || e l||2’
i=1,...5 ||Ii||2
e Quality of preconditioning. Our quality measure will be the spread of the
eigenvalues of the Gram operator P*wP given by
Amax (P*WP)
Amin (P*WP) .

e Invertibility. Our quality measure will be the Monte Carlo estimate for the
invertibility of the operator \/wP using conjugate gradient method G P

M, isomy —

(residual error is set to be 1070, here GoJ means solving matrix problem
Al = J using conjugate gradient method) given by

G WPI; — I,
Misom, = max G mevwPhi — H
i=1,.5 (1|2

This measure applies to the FDST—not to the DSST or DNST—, for which we
obtain the following numerical results, see Table 1.

Table 1 The numerical results for the test on
isometry of the pseudo-polar transform

Misom] Misomz Misom3

FDST 9.3E-4 1.834 3.3E-7

The slight isometry deficiency of Misom, ~ 9.9E-4 mainly results from the isom-
etry deficiency of the weighting. However, for practical purposes this transform can
be still considered to be an isometry allowing the utilization of the adjoint as inverse.

4.3 Parseval Frame Property

We now test the overall frame behavior of the system defined by the transform.
These measures now apply to more than pseudo-polar based transforms, in particu-
lar, to FDST, DSST, and DNST.
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Measure 3 Generate a sequence of five random images I, . . . ,Is of size 512 X
512 with standard uniformly distributed entries. Our quality measure will then
twofold:

e Adjoint transform. The measure will be the Monte Carlo estimate for the

operator norm ||S*S —Id||op given by

||S*SL; — Li||2
My = _—.
tight, lgll,aX,S ||Ii||2

e [Iterative reconstruction. Using conjugate gradient method G ;p, our
measure will be given by

|G mpW*SI; — Lif|2
Mighi, =

Table 2 presents the performance of FDST and DNST with respect to these quan-
titative measures.

Table 2 The numerical results for the test on Par-
seval property

Miighy, Miignt,

FDST 9.9E-4 3.8E-7
DSST 1.9920 1.2E-7
DNST 0.1829 5.8E-16 (with dual filters)

The transform FDST is nearly tight as indicated by the measures Mjgn, = 9.9E-4,
i.e., the chosen weights force the PPFT to be sufficiently close to an isometry for
most practical purposes. If a higher accurate reconstruction is required, Mijgh,, =
3.8E-7 indicates that this can be achieved by the conjugate gradient method. As ex-
pected, Miigh;, = 1.9920 shows that DSST is not tight. Nevertheless, the conjugate
gradient method provides with Mg, = 1.2E-7 a highly accurate approximation of
its inverse. DNST is much closer to being tight than DSST (see Mgy, = 0.1829).
This transform—as discussed—does not require the conjugate gradient method for
reconstruction. The value 5.8E-16 was derived by using the dual shearlet filters,
which show superior behavior.

4.4 Space-Frequency-Localization

The next measure is designed to test the degree to which the analyzing elements,
here phrased in terms of shearlets but can be extended to other analyzing elements,
are space-frequency localized.
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Measure 4 Let I be a shearlet in a 512 x 512 image centered at the origin
(257,257) with slope 0 of scale 4, i.e., (741})’0 + (741’%’0. Our quality measure
will be fourfold:

Decay in spatial domain. We compute the decay rates di,...,ds1 along
lines parallel to the y-axis starting from the line [257:512,1] and the de-
cay rates dsi, ..., dipp4 With x and y interchanged. By decay rate, for
instance, for the line [257:512,1], we first compute the smallest mono-
tone majorant M(x,1), x = 257, ...,512—note that we could also choose
an average amplitude here or a different “envelope”—for the curve
[I(x,1)|, x =257,...,512. Then the decay rate is defined to be the aver-
age slope of the line, which is a least square fit to the curve log(M(x, 1)),
x =257,...,512. Based on these decay rates, we choose our measure to
be the average of the decay rates

1

Maecay, = 7557 “
decay 1024 i:1;1024 l

Decay in frequency domain. Here we intend to check whether the Fourier
transform of I is compactly supported and also the decay. For this, let T
be the 2D-FFT of I and compute the decay rates d;, i = 1,...,1024 as
before. Then we define the following two measures:

— Compactly supportedness.

max|, y|<3 [[(u,v)]

M. = =
SPP max., [/ (u,v)]

— Decay rate.

Miccay, = ——— d;.
decay, 1024 1;12512 i

Smoothness in spatial domain. We will measure smoothness by the aver-
age of local Holder regularity. For each (ug,vo), we compute M (u,v) =
[1(u,v) —I(ug,vo)|, 0 < max{|u—ugl|,|v—vo|} < 4. Then the local Holder
regularity oy, ., is the least square fit to the curve log(|M (u,v)|). Then our
smoothness measure is given by

1
Mimooth; = 5122 z O,y -
U,y

Smoothness in frequency domain. We compute the smoothness now for I,
the 2D-FFT of I to obtain the new o, and define our measure to be

1
Msmooth2 = ﬁ z Oy -
u,y
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Let us now analyze the space-frequency localization of the shearlets utilized in
FDST, DSST, and DNST by these measures; for the numerical results see Table 3.

The shearlet elements associated with FDST are band-limited and those asso-
ciated with DSST and DNST are compactly supported, which is clearly indicated

Table 3 The numerical results for the test on space-frequency localization

M decay, M, supp M, decay, M, smooth M, smoothy
FDST —1.920 5.5E-5 —3.257 1.319 0.734
DSST —o0 8.6E-3 —1.195 0.012 0.954
DNST —oo 2.0E-3 —0.716 0.188 0.949

by the values derived for Myecay,>» Msupp, and Mgecay,- It would be expected that
Mgecay, = —oo for FDST due to the band-limitedness of the associated shearlets.
The shearlet elements are however defined by their Fourier transform on a pseudo-
polar grid, whereas the measure Myecay, is taken after applying the 2D-FFT to the
shearlets resulting in data on a cartesian grid, in particular, yielding a non-precisely
compactly supported function.

The test values for Mmoo, and Mmoo, show that the associated shearlets are
more smooth in spatial domain for FDST than for DSST and DNST, with the re-
versed situation in frequency domain.

4.5 Shear Invariance

Shearing naturally occurs in digital imaging, and it can—in contrast to rotation—be
realized in the digital domain. Moreover, for the shearlet transform, shear invariance
can be proven and the theory implies

<23j/2w(S]:1A£ . —m),f(Ss-)> — <23j/2w(5;+12jsAi . _m),f>.

We therefore expect to see this or a to the specific directional transform adapted be-
havior. The degree to which this goal is reached is tested by the following measure.

Measure 5 Let I be an 256 x 256 image with an edge through the origin
(129,129) of slope 0. Given —1 < s < 1, generates an image I; := I(S;-) and
let S be the set of all possible scales j such that 2/s € 7. Our quality measure
will then be the curve

Cix(SL)—C:. - (SI
Msheanj: max ” J’k( S) ]7k+2]S( )||2

scale j € S;
i<k kt2is<2i 1112 ’ /=

where Cj ;. is the shearlet coefficients at scale j and shear k.
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We present our results in Table 4.

This table shows that the FDST is indeed almost shear invariant. A closer inspec-
tion shows that Mgpear,1 and Mgpear2 are relatively small compared to the measure-
ments with respect to finer scales Mgpear3 and Mgjeqr4. The reason for this is the

Table 4 The numerical results for the test on shear
invariance

Mshear, 1 Mshear,2 Mshearj MshearA

FDST  1.6E-5 1.8E-4 0.002 0.003

aliasing effect which shifts some energy to the high frequency part near the bound-
ary away from the edge in the frequency domain.

We did not test DSST and DNST with respect to this measure, since these trans-
forms show a different—not included in this Measure 5—type of shear invariance.

4.6 Speed

Speed is one of the most fundamental properties of each algorithm to analyze. Here,
we test the speed up to a size of N = 512 which is regarded as sufficient to deter-
mining the complexity.

Measure 6 Generate a sequence of five random images I;, i =5, . ..,9 of size
21 x 2! with standard normally distributed entries. Let s; be the speed of the
shearlet transform S applied to I,. Our hypothesis is that the speed behaves
like s; = c- (2214, 2% being the size of the input. Let now d be the average
slope of the line, which is a least square fit to the curve i — log(s;). Let also
fi be the 2D FFT applied to I;, i =5, ...,9. Our quality measure will then be
threefold:

e Complexity

dq
Mspeedl - —210g2-
e The Constant
M. - 1 i Si
speed, — 5 = (22i)Mspeed,1 0

e Comparison with 2D-FFT
1 si
Mspeed3 = :

=1
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Table 5 presents the results of testing FDST, DSST and DNST with respect to
these speed measures.

To interpret these results correctly, we remark that the DNST was tested only with
test images I; fori =7,...,9, since it cannot be implemented for small size images.

Table 5 The numerical results for the test on

speed

M, speed M, speed, M, speed;
FDST 1.156 9.3E-6 280.560
DSST 0.821 4.5E-3 88.700
DNST 1.081 9.9E-8 40.519

Interestingly, the results also show that the 2D FFT-based convolution makes DNST
comparable to DSST with respect to these speed measures, although it is much
more redundant than DSST. Finally, the results show that FDST is comparable with
both DSST and DNST with respect to complexity measure Mpeeq,. From this, it
is conceivable to assume that FDST is highly comparable with respect to speed
for large scale computations. The larger value Mspeed, = 280.560 appears due to
the fact that the FDST employs fractional Fourier transforms on an oversampled
pseudo-polar grid of size.

4.7 Geometric Exactness

One major advantage of directional transforms is their sensitivity with respect to ge-
ometric features alongside with their ability to sparsely approximate those (cf. chap-
ter on “Sparse Approximation”). This measure is designed to analyze this property.

Measure 7 Let I},...,I3 be 256 x 256 images of an edge through the origin
(129,129) and of slope [—1,—0.5,0,0.5,1] and the transpose of the middle
three, and let c; j be the associated shearlet coefficients for image I; and scale
J. Our quality measure will twofold:

e Decay of significant coefficients. Consider the curve

| —
'M“‘

Il
s

max |c; j(of analyzing elements aligned with the line)|, scale j,
L

let d be the average slope of the line, which is a least square fit to log of
this curve, and define
Mgeo, =d.
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e Decay of insignificant coefficients. Consider the curve

| —
'M‘”

max |c; j(of all other analyzing elements)|, scale j,

i=1

let d be the average slope of the line, which is a least square fit to log of
this curve, and define
Mgeo, = d.

Table 6 shows the numerical test results for FDST, DSST, and DNST.

Table 6 The numerical results for
the test on geometric exactness

Mgeol Mgeoz
FDST —1.358 —2.032
DSST —0.002 —0.030
DNST —0.019 —0.342

As expected, the decay rate of the insignificant shearlet coefficients of FDST,
i.e., the ones not aligned with the line singularity, measured by Mgeo, ~ —2.032 is
much larger than the decay rate of the significant shearlet coefficients measured by

Mgeo, = —1.358. Notice that this difference is even more significant in the case of
the DSST and DNST.

4.8 Stability

To analyze stability of an algorithm, we choose thresholding as the most common
impact on a sequence of transform coefficients.

Measure 8 Let I be the regular sampling of a Gaussian function with mean 0
and variance 256 on {—128,127}? generating an 256 x 256-image.

e Thresholding 1. Our first quality measure will be the curve

|G mpW* thres p, ST —1||>
Mthresl,pl = ||I||2 9

where thres; ,, discards 100- (1 —27P1) percent of the coefficients (p =
[2:2:10]).
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e Thresholding 2. Our second quality measure will be the curve

|G rpW™ thress p, ST —1I||>
1112 ’
where thres; ,, sets all those coefficients to zero with absolute values be-

low the threshold m(1 — 27P2) with m being the maximal absolute value
of all coefficients. (p, = [0.001 : 0.01 : 0.041])

MthresL o -

Table 7 shows that even if we discard 100(1 —271%) ~ 99.9% of the FDST co-
efficients, the original image is still well approximated by the reconstructed image.
Thus, the number of the significant coefficients is relatively small compared to the
total number of shearlet coefficients. From Table 8, we note that knowledge of the
shearlet coefficients with absolute value greater than m(1 — 1/2%01)(~ 0.1% of
coefficients) is sufficient for precise reconstruction.

DNST shows a similar behavior with worse values for relatively large p;. It
should be however emphasized that firstly, the redundancy of DNST used in this
test is 25 and this is lower than the redundancy of FDST, which is about 71. This
effect can be more strongly seen by the test results of DSST whose redundancy with
4 even much smaller. Secondly, a significant part of the low-frequency coefficients
in both DSST and DNST will be removed by a relatively large threshold, since the
ratio between the number of the low-frequency coefficients and the total number of
coefficients is much higher than FDST. This prohibits a similarly good reconstruc-
tion of a Gaussian function.

This test in particular shows the delicateness of comparing different algorithms
by merely looking at the test values without a rational interpretation; in this case,
without considering the redundancy and the ratio between the number of the low-
frequency coefficients and the total number of coefficients.

Table 7 The numerical results for Mthresl,,,l

M 2 4 6 8 10
FDST 1.5SE-08  7.2E-08 2.5E-05 0.001 0.007
DSST 0.02961  0.02961  0.02961  0.0296  0.0331
DNST S2E-10  12E-04 000391 00124  0.0396

DNST+DWT  1.2E-09 3.2E-06 3.4E-05 5.5E-05 5.5E-05

Table 8 The numerical results for Mlhresl’)2

)2 0.001 0.011 0.021 0.031 0.041
FDST 0.005 0.039 0.078 0.113 0.154
DSST 0.030 0.036 0.046 0.056 0.072
DNST 0.002 0.018 0.035 0.055 0.076

DNST+DWT 0.001 0.013 0.020 0.024 0.031
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Image Processing Using Shearlets

Glenn R. Easley and Demetrio Labate

Abstract Since shearlets provide nearly optimally sparse representations for a
large class of functions that are useful to model natural images, many image process-
ing methods benefit from their use. In particular, the error rates of data estimation
from noise are highly dependent on the sparsity properties of the representation, so
that many successful applications of shearlets center around restoration tasks such
as denoising and inverse problems. Other imaging problems, where also the appli-
cation of the shearlet representation turns out to be very beneficial, include image
enhancement, image separation, edge detection, and estimation of the geometric
features of an object.

Key words: Curvelets, Deconvolution, Denoising, Edge detection, Geometric
separation, Image processing, Shearlets, Sparsity, Wavelets, Video denoising

1 Introduction

Shearlets were introduced with the expressed intent to provide a highly efficient
representation of images with edges. In fact, the elements of the shearlet repre-
sentation form a collection of well-localized waveforms, ranging at various loca-
tions, scales and orientations, and with highly anisotropic shapes. This makes the
shearlet representation particularly well adapted at representing the edges and the
other anisotropic objects which are the dominant features in typical images. These
properties have been theoretically quantified through the notion of sparse shearlet
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approximations and the shearlet analysis of singularities (see “Shearlets and Mi-
crolocal Analysis” and “Analysis and Identification of Multidimensional Singulari-
ties Using the Continuous Shearlet Transform” of this volume). As will be described
below, these properties have direct and important implications for the efficient en-
coding and processing of discrete data. This is demonstrated by an increasing num-
ber of very competitive numerical applications of the shearlet transform to the anal-
ysis and processing of images and other multidimensional data.

In this chapter, we provide an overview of the most relevant imaging applications
of the shearlet approach. For reason of space, we will focus on the general principles
used in the development of the algorithms and their significance, rather than on
the technical details of the implementations, which can be found in the original
papers. Since this is a very active area of investigation, it is understood that improved
and newer shearlet imaging applications are currently being developed and, as a
consequence, this chapter can only provide a retrospective view on the field. In
particular, this chapter will describe the application of the shearlet representation to
problems of image denoising, image enhancement, inverse problems, edge analysis
and detection, and image separation.

2 Image Denoising

The significance of sparsity for data restoration is well understood and has been
addressed in seminal papers such as [20, 27]. Indeed, consider the classical problem
of recovering a function f € L?(R) from noisy data y, that is, of recovering f from
the observation

y=f+n,

where 7 is Gaussian white noise! with standard deviation ¢. We illustrate this prob-
lem in dimension D = 1, but it generalizes naturally to higher dimensions.

The problem of interest is to optimize the estimation f of f by minimizing the
estimation error, usually measured by the L?> norm ||f — f||. Hence, the risk of the
estimator f is given by the Mean Square Error (MSE)

E||f—FIP,

where the expectation is calculated with respect to the probability distribution of
the noise n. It is clear that the risk depends on f, so that the worst behavior of the
estimator is obtained by considering the supremum over all f in a certain class .%,
that is,

sup E||f — F||.
fez

! In practice, it is not always accurate to assume that the noise found in applications is Gaussian
white noise. However, this assumption is usually needed to make the theory tractable. In particular,
it is a standard assumption in the theory of wavelet thresholding and wavelets shrinkage which is
discussed below.
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The Minimax MSE is defined as
. 2112
inf sup E|[f — f]|%,
f fez

where all measurable estimation procedures are allowed in the infimum. It is a re-
markable result and an important application of the sparsity properties of wavelets
that, for uniformly regular and piecewise regular 1D signals, a nearly minimax MSE
is achieved using a very simple wavelet estimator known as wavelet thresholding
[22, 23]. The computation of the wavelet threshold estimator can be briefly de-
scribed as follows. Let {; , } be a wavelet basis for L*>(IR). Then, the noisy function
y can be expanded as

y= 20 Wjm) Vim,
ik

with convergence in the L? norm. The wavelet hard thresholding algorithm consists
in setting to zero the wavelet coefficients (y, y; ) whose absolute values fall below
a certain threshold 7'. The value of T depends on the standard deviation of the noise
o. Hence, to summarize, the wavelet hard thresholding algorithm consists of the
following steps:

1. Compute the wavelet coefficients (y, y; ) of y.

2. Determine the threshold value T'(c), where o is estimated from y.

3. Remove (zero out) the wavelet coefficients whose absolute values are smaller
than 7' (o).

4. Compute the estimator f as f =¥y ¢; xWj.m, Where

Cjk = <yv Wj,m>7 if |<ya ij>| >T,
cjxk =0, otherwise.

An alternative thresholding approach is to use a soft thresholding algorithm, where
the coefficients are modified by the shrinkage function: shr(c) = sgn(c)max(|c| —
T,0). Unlike the hard thresholding that is an “all or nothing procedure” (values
above the threshold are kept, values below it are deleted), the soft thresholding
function produces a smooth transitions between the original and the deleted val-
ues, where values slightly below the threshold are not removed but attenuated. In
practice, the main challenge is to find an appropriate value of 7', and several strate-
gies have been proposed in the literature [59]. For example, the VisuShrink algo-
rithm [23, 24] uses the universal threshold T = 6+/2logM, M being the size of
the data, and is asymptotically near minimax within the class of Besov spaces. An-
other classical approach, called BayesShrink [12], uses a different threshold value
T, = z—z_ for each resolution level j, where o; is the standard deviation of the data at

the resélution level j.

As discussed in the previous chapters, wavelets are non-optimal when dealing
with piecewise regular multivariable functions, and this implies that wavelet thresh-
olding does not provide a minimax MSE in this situation. Consider, in particular,
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the class of cartoon-like images &%(R?). For f € &?(R?), define |c(f)W|(N) to
be the Nth largest entry in the sequence of wavelet coefficients of f given by
{le(NN 1= c(N) = (f, wu)}. where {yy} is a 2D wavelet basis. Since

sup |e(f)" |y <CN,
fEE2(R?)

it follows that the N-term wavelet estimator fy satisfies

If = Fwll? < ZN|C(f)W|%N> <CcN L.
m>

This implies that the Mean Square Error (MSE) of the wavelet thresholding estima-

tor satisfies B
supE||f - fl* =0, asc—0,
fe&

where o is the noise level, as indicated above. By contrast, let |c(f)%|(y) be the
Nth largest entry in the sequence of shearlet coefficients of f given by {|c(f)fl| :

c(f))f = (f,su)} where {s} is a Parseval frame of shearlets. Then, a basic result
from [43] shows that

sup le(f)¥| ) < CN 7% (logN)3/2.
JES

Ignoring the log factor, this gives that the N-term shearlet estimator fy satisfies

1F=FIP < Y [e(£)fy) SCN 2

m>N

This implies that a denoising strategy based on the thresholding of the shearlet co-
efficients yields an estimator f of f whose Mean Square Error (MSE) satisfies (es-
sentially) the minimax MSE

supE||f— fI> =< 6*3, asc —0,

feé
This shows that a denosing estimator based on shearlet thresholding has the ability
to achieve a minimax MSE for images with edges. Notice that the same type of
theoretical behavior is achieved using curvelets [78, 6].

In the following, we will show some numerical demonstrations to illustrate that
indeed a denosing algorithm based on shearlet thresholding outperforms a similar
wavelet-based approach. Before presenting these results, let us briefly recall the
construction of the Discrete Shearlet Transform, originally introduced in [32].

2.1 Discrete Shearlet Transform

We start by re-writing the cone-based shearlet system, defined in “Introduction to
Shearlets” of this volume, in a form more suitable to its digital implementation.
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As usual, it is more convenient to work in the F(/)\urier domain. For additional
emphasis, in the following we will use the notation R? when referring to the plane
in the Fourier domain, while we will use the standard symbol R? to denote the plane
in the space domain.

Set 70 = {(61.&) € B2+ [&1] = §, 1B < 1} and 21 = {(§1,6) € B : &l >

£ |%| < 1}. Given a smooth function >, with support in [—1, 1], we define

¥n(2/ %— ax@o(é)wz(zf%—;—e+1>x@l<&> if 6=
w9 @) = v E—f 0 2n(&)+ V(28— 0= 1)x5,(E) i 0=2/—1

(2 5—2 £) otherwise
and

(2 %‘ 0+ 1) xg <¢>+%<2f§—;—e>m<é> ifo=—
Wil (6) = (2 8~ D (&) (2 E =0 () i6=2/-1

‘ifz(zj é —1) otherwise,

for & = (&1,&) € R2, j >0, and ¢ = —2/,...,2/ — 1. This notation allows us to
write the elements of the cone-based shearlet system, in the Fourier domain, as

. EV ComiEA B
P (E) =22 VU)W (&) e 2mEA B,

where d € {0,1}, V(&1,82) = W1 (&1) x9,(&1,82) +¥1(82) X2, (&1,&2) and yy is the

Meyer-type wavelet associated with the classical shearlet. Hence, the shearlet trans-
form of f € L*(R?) can be expressed as

3j R . i
Uil =27 [ Feve W@ eniiing.

To formulate the implementation in the finite domain setting, we consider ¢ (ZIZV)
as the discrete analogue of L?(R?). Given an image f € ¢*(Z3,), the Discrete Fourier
Transform (DFT) is defined as

—ami(B ey + A ky) N N
Flki, k) = 2 f(ni,m)e NUTNTR =5 <k ko < 5.
niy,ny= 0

The product f(&;,&)V(2-2/&;,2-2/&,) is found analogously in the DFT domain
as the product of the DFT of f with the discretization of the filter functions V (27 ),
Jj > 0. Notice that these functions are associated to specific regions of the frequency
plane, roughly near |&;| ~ 2%/ or |£,| ~ 2%/. In the space domain, this produces a
decomposition of £, at various scales j, in terms of elements of the form f/(ny,n,) =
f#*vj(ni,n2), where v; corresponds to the function V(2/-) in the Fourier domain.
This can be implemented using the Laplacian pyramid filter [5].
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In order to obtain the directional localization, fj is resampled onto a pseudo-
polar grid, and a one-dimensional band-pass filter is applied. The pseudo-polar grid
is parametrized by lines going through the origin and their slopes. Specifically, the
pseudo-polar coordinates (u, p) € R* match the following assignments:

(,p) = (&1, 8) if (&1.&) € %
(,p) = (&, 8) if (&1,&) € 71

The resampled fj is denoted as Fj, so that

FEL.&)V (228,228 WD (E,&) = Fwp) WD (2p—1). @)

This resampling in the DFT can be done by direct re-assignment or by using the
Pseudo-polar DFT [2].
Given the one-dimensional DFT defined as

1 N/2-1 —2mikyny

91(Q)(k1):ﬁ Z/fl("l)e N,
nj=—N/2

we denote {wgdé) (n) : n € Zn} to be the sequence of values such that . (wj”? (n)) =

W) (2in — ¢). For a fixed n| € Zy, we then have

T (911 (Fi(”lan2)> *WE’Q(Hz)) =Fj(n,m) % <W§flg>("2)>, 3)

where * denotes the one-dimensional convolution along the n, axis. Equation (3)
summarizes the algorithmic implementation for computing the discrete samples of
Fi(u,p)W @ (2/p —0).

The shearlet coefficients (f, Wﬂ>m>’ given by (1), are now formally obtained
by inverting the Pseudo-polar Fourier transform of expression (2). This can be
either implemented by computing the inverse Pseudo-polar DFT or by directly
re-assembling the Cartesian sampled values of (3) and apply the inverse two-
dimensional DFT. Using the Fast Fourier Transform (FFT) to implement the DFT,
the discrete shearlet transform algorithm runs in O(N?logN) operations. Note that
the direct conversion between the Cartesian to pseudo-polar can be pre-conditioned
so the operation has a condition number of 1 as explained in [32] and the operation
will be L? norm preserving (cf. [16] for details). Since no performance improvement
was noticed with this adjustment, this pre-conditioning was avoided at the expense
of having a faster inversion, which is just a summation, since it was observed to
have many advantages for this formulation.

An illustration of the shearlet decomposition produced by this implementation is
given in Fig. 1, which shows a 2-level subband decomposition, that is, a decomposi-
tion where the scale parameter j is ranging over j =0, 1. Recall that, in the language
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of image processing, a subband decomposition is a decomposition of an image into
components associated with different regions of the frequency plane R2. As the fig-
ures shows, there are four subband terms corresponding to j = 0 and eight subband
terms corresponding to j = 1, consistent with the fact that the directional parameter
¢ takes values in {—2/,...,2/ — 1} for each of the cone regions d = 0 and d = 1.
This corresponds precisely to the illustration of the shearlet decomposition into di-
rectional subbands given in “Introduction to Shearlets” of this volume. A Matlab
toolbox for this numerical implementation of the Discrete Shearlet Transform is
available from http://www.math.uh.edu/~dlabate.

An alternative technique to implement the discrete shearlet transform as an ap-

()

plication of M filters was presented in [33]. In this case, filters v; and W, are found

so that (f, y/]([?m> can be computed as

—

£ @iewlD)m) 2 £ gD,

’

where g( [) =Vj* w(d[) are the directionally oriented filters. When the filters g; ¢ are

chosen to have mgmﬁcantly smaller support sizes than N as explained in [32], the
filter bank implementation is even faster than O(N*logN). It is also a formulation
that is easily parallelizable, in the sense that the different directional components of
the image can be processed in parallel.

Besides these implementations, it is useful to recall that a reduced-redundancy
implementation of the discrete shearlet transform was presented in [42] and a criti-
cally sampled version of the discrete shearlet transform was presented [30]. Finally,
a compactly supported version of the discrete shearlet transform is discussed in [55].
We refer to “Digital Shearlet Transforms” of this volume for additional detail about
the digital implementations of the discrete shearlet transform.

To simplify the notation, in the applications which will be presented below, the
superscript (d) will be suppressed and the distinction between d = 0 and d = 1 will
be absorbed by re-indexing the parameter ¢ so that the cardinality is doubled.

2.2 Shearlet Thresholding

In this section, we present the first application of the discrete shearlet transform to
the problem of image denoising. This approach can be viewed as a direct adaptation
of the classical wavelet thresholding described above.

Suppose that an image f is corrupted by white Gaussian noise with standard
deviation . Using the discrete shearlet transform, an estimator f of f can be com-
puted by using a thresholding procedure which follows essentially the same ideas of
the wavelet thresholding algorithm described in Sect. 2. In particular, for the choice
of the threshold parameter it was founds in [32] that an excellent performance is
achieved by adapting the BayesShrink algorithm. That is, the threshold is chosen to
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Fig.1 Anillustration of the subband decomposition obtained using the discrete shearlet transform.
The top image is the original Barbara image. The image below the top image is of the coarse-
scale reconstruction. Images of the subband reconstructions for levels j = 0 and j =1 are given
below with an inverted grayscale for presentation purposes. As explained in the text, there are four
directional subbands corresponding to j = 0 and eight directional subbands corresponding to j =1
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re _

Fig. 2 Image denoising results of a piece of the Elaine. From top left, clockwise: Original im-
age, noisy image (SNR=10.46 dB), shearlet transform (SNR = 16.47 dB), and wavelet transform
(SNR=14.00dB)

2

be T;, = ofj]_/;,,’ where o is the standard deviation of the noise for the subband in-
dexed by thé’scaling parameter j and the directional parameter £, and o ¢ ,, denotes
the standard deviation of the mth coefficient of the image at scale j and direction £.

A numerical demonstration of this shearlet-based denoising approach is given in
Fig. 2, where this method is compared against a similar scheme based on a nonsub-
sampled wavelet transform. To assess the performance of the algorithm, we have
used the standard signal-to-noise ratio to measure how much noise is present before
and after the estimate is made. Recall that the signal-to-noise ratio (SNR) is given by

var(f)
mean(f —f)]’
where var(f) is the variance of the image, and is measured in decibels.

We refer to [32] for additional numerical tests and details about this version of
the shearlet thresholding algorithm.

SNR(f’ fest) = 101og; [
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2.3 Denoising Using Shearlet-Based Total Variation
Regularization

An alternative approach for the application of shearlets to problems of image
denoising consists in combining the ideas of wavelet thresholding described above
with other classical methods for denoising.

Indeed, there is another very successful philosophy to image denoising which
is based on the theory of the partial differential equations and variational methods,
such as diffusion equations and total variation (TV) minimization (cf. [10, 74, 89]).
Intuitively, the idea of diffusion equations is to model a noisy image as a function f
on Q C R? and to computed its denoised version as the solution of a suitable diffu-
sion process (isotropic and anisotropic) with f as initial condition. It is clear that this
produces an image which is more “regular” than the original one. Alternatively, one
can produce a similar regularization process by minimizing an energy functional of
the form

B f) =5 [ (7 Prasav (),

where the first term, called fidelity term, encourages the similarity between f and its
denoised version f, and the second term P(f,V f), called penalty term, controls the
regularity of the solution. Indeed, it is known that there are strong relations between
regularisation methods and diffusion filters [75].

In particular, let us consider a classical version of a regularization method based
on Total Variation (TV) regularization, which consists in minimizing the functional

A -
| o(vripards+Z [ (r—pPavay
Q Q

where ¢ € C%(R) is an even regularization function (cf. [4]). In the above expression,
the penalty term involves the total variation of f, which, for a function f € W' (),
is defined as

V() = [ IVraa

where Vf = (%”1, %"2) and || || is the standard Euclidean norm. That is, the penalty
term ensures that the solution of the regularization method minimizes the total vari-
ation of f (cf. [62] for a discussion of the role of TV in imaging applications). The
minimizer can be found by solving the equation solution of

af ((I)’(IWI) >

v (V) - o),

ot IVA

subjected to the von Neumann boundary condition. In the case when A = 0 and
lim ¢’(x)/x = 0, this equation is considered a special case of the Perona and Malik
X—yoo

diffusion equation (cf. [72]):

af
LV oISV
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where p(x) = ¢’(x)/x. There are several other aspects of these problems which go
beyond the space limitations of this chapter, and we refer the interested reader to the
references mentioned at the beginning of this section.

Fig. 3 Detail images of experimental results. From the fop, clockwise: Original image, noisy image
(SNR = 11.11 dB), diffusion-based estimate using 53 iterations (SNR = 14.78 dB), shearlet-based
diffusion estimate using six iterations (SNR = 16.15 dB), shearlet-based TV estimate using two
iterations (L =7, SNR = 16.29 dB), TV-based estimate using 113 iterations (SNR = 14.52 dB)
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The regularization methods described above can be very effective in image
denoising, and generally provide superior denoising performance especially when
applied to images with negligible texture and fine-scale features. Yet a drawback is
that they can result in estimates that are reminiscent of oil-paintings, with loss of
important detail when applied to images that contain complex textures and shading.
To improve upon these methods, combinations of such techniques with sparse rep-
resentations have recently been proposed (e.g., [7, 15, 28, 58, 81, 90]). A similar
combination has been proposed using shearlets in [31].

The idea of the shearlet-based Total Variation (TV) Regularization approach is
rather simple yet very effective. Assuming a denoised estimate is found by thresh-
olding a shearlet representation (using the method from Sect. 2.2), let Ps be the
projection operator that retains the non-threshold shearlet coefficients of f. The
shearlet-based TV method is then described as essentially solving

of P N
S =V (LHRALYA(F)) — Ay~ )

with the boundary condition g—{: =0 on dQ and the initial condition f(x,y,0) =
F(x,y) for x,y € Q. Note that the fidelity parameter A, is spatially varying. It is
based on a measure of local variances that is updated after a number of iterations L
or progressions of artificial time steps (see [40] for more details).

Another diffusion variant based on shearlets has been to solve

J
a_f; = V- (p(IVEsf])VPsf)

with the Neumann boundary condition g—{: =0 on JdQ and the initial condition
f(x7y70) = fO(-xay) forx,y € Q.

[lustrations of these techniques, including a comparison with standard TV, are
done using an image of flowers. Close-ups of the results are shown in Fig. 3.

2.4 Complex-Valued Denoising

Another variant of the shearlet denosing algorithm was developed to deal with the
problem of reducing complex-valued noise [68]. This problem arises in synthetic
aperture radar (SAR) interferometry where interferometric phase noise reduction is
a main challenge.

Recall that an SAR image is a complex-valued two-dimensional array and is
often displayed in terms of its magnitude without any phase information. Interfer-
ograms are obtained by multiplying a SAR image by the complex conjugate of a
second SAR image obtained from a slightly different location. These interferograms
contain information about topographic height and are used to produce digital eleva-
tion maps (DEM). A typical problem is that the complex-valued noise in these phase
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estimates cause errors with the phase unwrapping needed for the height information
to be formed.
The n-looks complex image is defined as

1 & .
f==2 h0f &) =fle", )
k=1

where f| and f, are a pair of 1-look complex SAR images. The phase quality de-
pends on the amplitude of the correlation coefficient and is given as

E[fif5] o
— = , 5)
P= ETAmELE Pk

where |p| is the coherence and 0 is the phase of the complex correlation coefficient.
By using an appropriate phase noise model, a shearlet coefficient shrinkage method
can be derived which adapts the one presented in Sect. 2.2. Figure 4 gives an illus-
tration of this method and compares it to a wavelet-based method. In this example
a single look image is given. The difference between the ideal phase image and the
estimate is given by counting the number of residues.

Fig. 4 Noisy interferometric phase filtering methods. From left to right: Noisy interferogram with
coherence |p| = 0.5 (number of residues is 14,119), wavelet-based estimate (number of residues
is 80), shearlet-based estimate (number of residues is 20)

2.5 Other Shearlet-Based Denoising Techniques

Additional methods of image denoising based on shearlets were recently presented
in the literature [9, 13, 14, 18, 46, 83, 85, 93, 94] but discussing those in detail
would go beyond the scope of this chapter. Many of these methods use variants
of the shearlet shrinkage strategy described above, or they introduce some form of
adaptivity in the thresholding.
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3 Inverse Problems

In many scientific and industrial applications, the objects or the features of most
interest cannot be observed directly, but must be inferred from other observable
quantities. The aim of inverse problems is to reconstruct the cause for such observed
variables. An especially important class of inverse problems, for example, concerns
the determination of the structural properties of an object from measurements of the
absorbed or scattered radiation taken at an array of sensors, which occurs in applica-
tions such as Computerized Tomography (CT) or Synthetic Aperture Radar (SAR).
Another example is the removal of image degradation due to optical distortion or
motion blur.

In most of these problems, the relationship between the observed data y and the
feature of interest f is approximately linear, and can be modeled mathematically as

y=Kf+z (6)

where K is a linear operator and z is Gaussian noise [3]. Since the operator KX is typ-
ically not invertible (i.e., K ~1 is unbounded), some “regularization” is needed to in-
vert the problem. Unfortunately, traditional regularization methods (e.g., Tikhonov
regularization or truncated Singular Value Decomposition [63, 64, 86]) have the un-
desirable effect that important features to be recovered are lost, as evident in imaging
applications where the regularized reconstructions are blurred versions of the orig-
inal. This phenomenon is of particular concern since, in many situations, the most
relevant information to be recovered is indeed contained in edges or other sharp tran-
sitions. To address this issue, a number of different methods have been proposed,
including hidden Markov models, Total Variation regularization and Anisotropic
Diffusion [38, 73, 84, 88]. However, while these methods produce visually appeal-
ing results, their rationale is essentially heuristic and they offer no sound theoretical
framework to assess the ultimate method performance.

As will be described in the following, recent ideas from sparse representations
can be applied to develop a theoretical and computational framework for the regu-
larized inversion of a large class of inverse problems. Specifically, in contrast with
more traditional regularization techniques and the other methods mentioned above,
the shearlet representation provides a rigorous theoretical framework which is very
effective at dealing with a large class of inverse problems and which is especially ef-
fective in the recovery of information associated with edges and other singularities.

3.1 Inverting the Radon Transform

By taking advantage of the ability of the shearlet representation to represent some
important classes of operators, a novel method for the regularized inversion of the
Radon transform was introduced in [17, 29]. This is a problem of great interest since
the Radon transform is the underlying mathematical framework of Computerized
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Tomography (CT), which has become an essential tool in medical diagnostics and
preventive medicine.” The Radon transform maps a Lebesgue integrable function f
on R? into the set of its line integrals
RF(6.0) = [ fl)d,
£(0,1)
where £(0,t), witht € R, 0 € S!, are the lines {x € R?: x-0 =1}.

Since the shearlet-based approach to invert the Radon transform adapts a num-
ber of ideas from the Wavelet—Vaguelette Decomposition (WVD) introduced by
Donoho in [21], let us start by briefly recalling the main ideas of the WVD.

Suppose that the operator K in (6) maps the space L?(R?) into the Hilbert space
Y. The WVD consists in selecting a well localized orthonormal wavelet basis { y/; ,, }
of L?(R?) and an appropriate orthonormal basis U; x of Y so that any f € L*(R?)
can be expressed as

F=2¢ik[Kf Ui Wim, (7
Jk
where c;; are known scalars and [-,-] is the inner product in ¥ (we refer to [21]

for more detail). It follows that f can be recovered from the observed data K f and,
consequently, an estimate of f can be obtained from the decomposition (7) applied
to the noisy data K f +z using a wavelet thresholding algorithm like those described
in Sect. 2. The main advantage of this approach is that, unlike the classical Singular
Value Decomposition (SVD), the basis functions employed in the decomposition
formula (7) do not derive entirely from the operator K, but can be chosen to capture
most efficiently the features of the object f to be recovered. Indeed this approach
turns out to outperform SVD and other standard methods. For functions f in a cer-
tain class (specifically, if f is in a certain family of Besov spaces), then the WVD
method converges to f with the optimal rate, provided that the thresholding param-
eters are properly selected [21, 54].

By adapting the WVD approach within the shearlet framework, it is shown
in [17, 29] that a function f € L?(R?) is recovered from the Radon data R f using
the expansion ‘

F=2 Y RfUjtml Vit (8)

Jtm

where {y; .} is a Parseval frame of shearlets of L?(R?), and {U,,,} is a related
system which is obtained by applying an operator closely related to the Radon trans-
form to the shearlet system. The advantage of this representation is that the shearlet
system {y; ¢} is optimally suited to represent images f containing edges. Thus,
if f is a cartoon-like image and the observed Radon data Rf are corrupted by ad-
ditive Gaussian noise, it is proved that the shearlet-based estimator obtained from
shearlet thresholding provides an optimal Mean Square Error for the recovery of
f. In particular, this approach outperforms the standard WVD as well as other tra-
ditional methods, in which cases the MSE has a slower decay rate. With respect

2 More than 72 millions of medical CT scans were performed in the USA, in 2007.
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Fig. 5 From the top, clockwise: noisy Radon projections (SNR =34.11dB); unfiltered recon-
struction (SNR =11.19 dB); shearlet-based estimate (SNR =21.68 dB); curvelet-based estimate
(SNR = 21.26 dB); wavelet-based estimate (SNR = 20.47 dB)

to a somewhat similar result based on the curvelet approach [6], the shearlet-based
method provides a simpler and more flexible mathematical construction which leads
to a an improved numerical implementation and performance. A typical application
of the shearlet-based regularized reconstruction algorithm is reported in Fig. 5 where
the method is compared against the curvelet-based algorithm and the wavelet-based
one (corresponding to WVD). We refer to [17, 29] for additional numerical tests
and details on the algorithm.
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A related method of using shearlets to control noise amplification when inverting
the Radon transform was presented in [1] in the case when the sampled data is
compressed.

3.2 Deconvolution

When image degradations include the blurring introduced by camera motion as well
as the noise introduced by the electronics of the system, the model of the degradation
can be given as a convolution operation. The process of undoing this convolution op-
eration is commonly known as deconvolution and is known to be an ill-posed inverse
problem. To regularize the ill-posed problem, the sparse representation properties of
shearlets can be utilized.

The idea of using a sparse representation to regularize deconvolution as well
as other inverse problems has been suggested before (see for example [21] and
[6]). However, unique to this shearlet approach is the ability for a multi-scale and
anisotropic regularization inversion to be done before noise shrinkage [70]. An addi-
tional benefit is the use of a cross-validation function to adaptively select the thresh-
olding values.

A digitally recorded image is a finite discrete data set, so an image deconvolution
problem can be formulated as a matrix inversion problem. Without loss of generality,
we assume the recorded images/arrays are of size N X N. Let y denote an N X N array
of samples representing a zero mean additive white Gaussian noise with variance
o2. Let y denote the observed image and x is assumed to represent the image to be
estimated. Then, the deconvolution problem can be formulated as

y=Hf+yv,

where y, f, and y are N> x 1 column vectors representing the arrays y, f, and y
lexicographically ordered, and H is the N2 x N> matrix that models the blur operator.
When the assumption of periodic boundary is made, the problem can be described as

y(ni,nz) = (f*h)(ny,n2) 4+ y(ni,n2), 9

where 0 < nj,ny < N — 1, x denote circular convolution, and /# denotes the point
spread function (PSF). In the discrete Fourier transform (DFT) domain, (9) re-
duces to

~ ~

y(ki,ka) = h(ki, k) f (ki k2) + Y(ki,k2), (10)

where y(kj, kz),ﬁ(kl k2), f(ki,kz) and J(ky,k») are the discrete Fourier transforms
of y, h, f, and 7, respectively, for —N /2 < kj,ky <N /2 — 1. In this formulation, it is
evident that if there exist indices (ki ,k,) where |h(ky, k)| contains values at or near
zero, then the system will be ill-conditioned.
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Using the regularized inverse operator

(ki ko)

H. (ki ky) = —K182)
alki ko) (ks k)2 +

for some regularizing parameter o € R™, an estimate in the DFT domain is given by

Fo(ky ko) = 5k ko) Hoy (ki1 k),

for N/2 < ki,k, < N/2— 1. Applying the multi-channel implementation of shear-
lets, we can adaptively control the regularization parameter to be the best suited
for each frequency supported trapezoidal region. Let g;, denote the shearlet filter
that will correspond to a given scale j and direction ¢. The shearlet coefficients of
an estimate for a given regularization parameter o can be computed in the DFT
domain as

fa)S lkr ko) = (ki ko) 8o (Kn ko) Hyg (k1 k),

forN/2 <kj,kp <N/2—1.

The regularization parameters { o} will act to suppress a noise amplification, yet
itis desirable to allow a noise amplification as long as the remaining noise level can
be adequately controlled by shearlet shrinkage methods.

Shearlet threshold values can be adaptively found by using a generalize cross val-
idation (GCV) as follows: Let y, f, and y denote the observed noisy image, original
image, and the colored noise so that y = f+ y. The noise is assumed to be second-
order stationary (i.e., the mean is constant and the correlation between two points
depends only on the distance between them).

The soft thresholding function Tr(c) is defined to be equal to ¢ — Tsign(c) if
|c] > 7 and zero otherwise for a given threshold parameter 7. Assuming the noise
process Y is stationary and that (y, y; ¢,,) represents a shearlet coefficient of a ran-
dom vector ¥ at scale j, direction ¢, and location m, the following lemma is obtained.

Lemma 1 ([70)). E [[(Y, V) 0m) |2] depends only on the scale j and direction (.

This means the shearlet transform of stationary correlated noise is stationary
within each scale and directional component. Let y; ; denote the vector of shearlet
coefficients of y at scale j and direction £. L; , is the number of shearlet coefficients
on scale j and direction ¢, and L is the total number of shearlet coefficients. Given

1
Ria(%0) = T, 050) = el (11)
Js

the total risk is

:2;% (Ti0). (12)
J

This means the minimizing the mean squared error or risk function R can be
achieved by minimizing R; ¢(7;¢) for all j and /. Assuming L; ;¢ is the total number
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Fig. 6 Details of the image deconvolution experiment with a Peppers image. (a) Original image.
(b) Noisy blurred image, BSNR =30dB. (¢) ForWaRD estimate, ISNR =4.29 dB. (d) Shearlet-
based estimate, ISNR = 5.42 dB

of shearlet coefficients that were replaced by zero after threshold, we now have the
following:

Theorem 1 ([70]). The minimizer of
o7 I Te(yi0) = y5e P
I
Ljy

is asymptotically optimal for the minimum risk threshold R; (7 ) for scale j and
directional component .

GCVj4(t14) = (13)

This means finding the values 7;, that minimize the cross validation function
GCV , for each j and ¢, leads to a shearlet-based estimate that will likely be close
to the ideal noise-free image.
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Fig. 7 Details of the image deconvolution experiment with a Zebra image. (a) Original image.
(b) Noisy blurred image, BSNR =30dB. (¢) ForWaRD estimate, ISNR =5.53 dB. (d) Shearlet-
based estimate, ISNR = 6.03 dB

Define ¢(y )S (ki,ky) as y(ki,k2)gj¢(ki,ka) for —N/2 < ki,kp < N/2—1, and

é( fa) ¢ to be the estimate of ( fa) . after thresholding the coefficients by using

the GCV formula given in (13). That is, for a given o, set c(fa)j =Ty (c (f,x)] /)
: 1y :

for 7 0= argming; , GCV;, ¢(7j¢). Then, one option for finding the optimal ¢ for

each thresholded set of shearlet coefficients &( fa) ¢ can be found by minimizing
the cost function
[h(ky & 1S (NS 2
23 Gt s, k)2 ) (k) = €005 )|
where N = N262/||c(y)§z - y(c(y)f.[)H%, U (y) denotes the mean of y, and o is the

estimated standard deviation of the noisy blurred image. For other variances and
options on finding o, we refer to [70].
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We use the improvement in signal-to-noise-ratio (ISNR) to measure the success
of the routines and the blurred signal-to-noise ratio (BSNR) to give in understanding
of the problem setup. The ISNR is given as

F=yl3
ISNR_lob&0<%F—ﬁ% ,
- 2

and the BSNR is given as

BSNR::HHO&O(”(f*h)_F“f*hﬂ%>7

N2¢g2

for an N x N image. Notice that both are measured in decibels.

Applications of the shearlet-based deconvolution algorithm are shown in Figs. 6
and 7, where it is compared against the highly competitive wavelet-based deconvo-
lution algorithm known as Fourier-Wavelet Regularized Deconvolution (ForWaRD)
[65]. Figures 6 and 7 display close-ups of some experiments results where the blur
was a 9 x 9 boxcar blur [65].

3.3 Inverse-Halftoning

Halftoning is a process of rendering an image into a binary (black-and-white) im-

age. Halftoning techniques include error diffusion methods such as those by Floyd-

Steinburg and Jarvis et al. [87, 47, 36, 48]. At times these halftoned images may

need resizing, enhancement, or removal of aliasing artifacts. There may also be a

need for these images to be restored to their original gray-scale images for other

reasons such as compression or for digital achieving of old newspapers and articles.
Given the Floyd-Steinberg filter

1 [0e7
FS_E 3511

or the Jarvis error filter
1 00e75

hy=— 35753/,
13531

the quantization error at e is diffused over a causal neighborhood according to the
matrix values. Specifically, each pixel is identified in a raster-scan indexing scheme
and the pixel’s gray-scale value is made into a binary number by thresholding (1, if
the value is greater than or equal to 1/2, and 0 otherwise). The quantization error is
then diffused on neighboring pixels using the weights from hgg or hy. Let p and ¢
denote the impulse responses determined by the error diffusion model. The relation
between the original N x N gray-scale image f and the resultant halftone y image
can be approximately modeled as

y(ni,m) = (p* f)(n1,n2) + (g% v)(n1,n2) (14)
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where 0 < nj,np, < N —1 and v are considered an additive white Gaussian noise
even though the process does not involve randomness. In the DFT domain, (14) can
be written as

~

y(ki,ka) = plki, ko) f(ki,k2) + q(ki, ko) V(ki, k),

for —=N/2 < ky,k; < N/2—1. Assuming 71 denotes the DFT of the diffusion filters
hgs or hy, the transfer functions p and g are given by

~ C
plki ko) = =
1+ (C— 1)h(ki,k2)

and

~

1 =Rk, k)
1+ (C— 1)h(ky ko)

a\(klvkz)

where the constant C = 2.03 when h = hgg or C = 4.45 when h = hy [48].
To approximately invert the halftoning process, we use the regularized inverse
operator

/ plki k)
P, (ki,kr) = — — (15)
k) = e ) P+ o lath k)P
for some regularizing parameter o € R™. This gives an image estimate in the Fourier
domain as

falki k) = )A’(khkz)P;(khkz),

for —=N/2 <kj,kp <N/2—1.

This regularization process can be separated into a shearlet domain as done pre-
viously. Assuming g;, denotes the shearlet filter for scale j and direction £, the
shearlet coefficients of an estimate of the image for a given regularization parameter
o can be computed in the DFT domain as

A fa)3 (ki k) = F(ki, k2) 80 (k1 ko) Py (ki k2)

for =N /2 < kj,kp <N/2—1.

The remaining aspect of this problem is transformed into a form of a denoising
problem which can be dealt with by thresholding the estimated shearlet coefficients
using the GCV formulation determined previously.

We illustrate the performance of the shearlet inverse halftoning algorithm (see
[34] for more details) by using the Barbara image. The image was halftoned using
the Floyd-Steinberg algorithm and comparisons were done with a wavelet-based
method as well as a LPA-ICI-based method [66, 37]. Close-ups of the results are
shown in Fig. 8.
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Fig. 8 Close-ups of inverse halftoning experiment with the Barbara image. (a) Original image.
(b) Floyd-Steinberg halftone. (c) Wavelet-based estimate (SNR = 19.30dB). (d) LPA-ICI-based
estimate (SNR = 19.25 dB). (e) Shearlet-based estimate (SNR = 22.02dB)

4 Image Enhancement

Image enhancement is a term describing an improvement of the visual properties
of an image for the purpose of interpretation or perception either for human or
computer vision systems. Mathematically, given an image whose pixel values are
described as the array y(kj,k;), it produces an altered image y.(k1,k,) by an ap-
plication of an enhancement transformation En. That is y.(kj,k2) = En(y(ki,k2))
for —N/2 < ki,kp < N/2 — 1. If we assume that y is a grayscaled image whose
pixels are integers ranging from 0 to 255, then a fairly simple enhancement map
is En(¢) = 255 —t, which was used in Fig. 1 to improve the contrast in the im-
ages of the shearlet coefficients. Other simple enhancement transforms are based on
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logarithm, exponential, or piece-wise linear functions. Another powerful and widely
used enhancement technique is histogram equalization which produces a transfor-
mation En such that the histogram of the its pixel values of the enhanced image y, is
evenly distributed. More recently, several image enhancement techniques have been
introduced which are based on ideas from multiscale analysis [52, 53, 56, 80].
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Fig. 9 Enhancement map: b =0.35, B =10, T1=0.1, 72=0.3, T3=0.9

Image enhancement is frequently used in medical imaging, where it can be help-
ful to emphasize visual features which are important for medical diagnostic. For
example, the enhancement of mammography images can be very useful to improve
the visibility of small tumors for early detection. To this goal, many image process-
ing techniques based on multiscale analysis have been found effective, such as the
approach of Laine et al. [52], which investigates mammography feature analysis us-
ing the dyadic wavelet transform, the approach by Strickland et al. [82], which uses
the undecimated wavelet transform for detecting and segmenting calcifications in
mammograms, and the enhancement method of Chang et al. [11], which is based
on overcomplete multiscale representations.

In this section, we adapt some of the ideas proposed in the literature for image
enhancement to construct an image enhancement algorithm based on the shearlet
representation. The intuitive idea behind this approach is that, since shearlet co-
efficients are closely related to edges and other essential geometric features, it is
possible to enhance such features by controlling the magnitude of the shearlet co-
efficients. Thus, we introduce an appropriate adaptive nonlinear mapping function
on the shearlet coefficients with the goal to amplify weak edges, while keeping the
other strong edges intact. We define this nonlinear operator as follows, using the
notation sigm(z) = (1 +e /)~ 1



Image Processing Using Shearlets 307

En(r) = 0if 1] < T}
En(t) = sign(t)T> + a(sigm(B(f — b)) — sigm(—B(f + b)))
it <[y <T

En(r) = ¢ otherwise (16)
wheret € [—1,1],a=a(Tzx—T),i = sign(t)‘Tg‘:%, 0<TT<Th<Tz3<1,be(0,1),
and a, dependent on the gain factor § and b, is defined as

1

“ Sigm(B(1—b)) —sigm(—B(1 +b))’

Fig. 10 Image enhanced of mammogram. From left to right: Original mammogram with spiculated
masses and calcifications, Image enhanced mammogram using shearlets

In this formulation, the parameters 77,75, and T3 are selected threshold values,
and b and 3 control the threshold and rate of enhancement, respectively. The in-
terval [T», T3] serves as a sliding window for feature selectivity. It can be adjusted
to emphasize important features within a specific range. These parameters can be
adaptively selected by using the standard deviation of the pixel values for each scale
Jj and direction ¢. Using this nonlinear function, the shearlet coefficients are point-
wise modified for image enhancement by

0 Witm) )

Yes Witm = max{|[{y, j,0,m Ei’l<
< Wj[ > m (|< "I/jf >|) maxm(|<y;l//j,€,m>|)

where max,,(|(y, ¥j¢m)|) is the maximum absolute amplitude of |(y, yj )| as a
function of position m and (y.,yjm,) denotes the shearlet coefficients of the en-
hanced image y.. The resultant enhanced image y, is found by simply inverting the
transform. Figure 9 shows an enhancement map curve representing the enhanced
coefficients versus the original coefficients.

Results of the shearlet-based image enhancement method were presented in [69],
where they have been applied to enhanced mammogram images. Examples of the
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Fig. 11 Enhanced of mammogram with a mathematical phantom inserted. (a) Original mammo-
gram. (b) Mathematical phantom. (c) Region of interest (ROI) image. (d) Enhanced ROI image
using histogram equalization. (e) Enhanced ROI image using NSWT. (f) Enhanced ROI image
using shearlets

application of this algorithm are shown in Figs. 10 and 11, where the enhanced
mammograms obtained using shearlets are compared with those obtained using the
nonsubsampled wavelet transform (NSWT) and a standard histogram equalization
method. In the experiment Fig. 11, we created mathematical models of phantoms
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to validate our enhancement methods against any false alarms arising from our
enhancement techniques. This phantom is a good model for features such as micro-
calcifications, masses, and spicular objects which occur in real data.

In our experiments, we used 1, 8, 8, 16, 16 directions in the scales from coarser
to finer, respectively, as done in [33] for the shearlet decomposition. The standard
deviation of pixel values were used to adaptively select the values for 77, 7>, and
T5. We choose b = 0.23,0.14,0.10,0.10 and B = 20, 35,45, 35 for the directions in
the scales from coarser to finer, respectively. In the first experiment, we enhanced a
mammogram image using shearlets as shown in Fig. 10. In the second experiment,
we blended a normal mammogram with the phantoms and compared our enhance-
ment method with that of the histogram equalization and the NSWT as shown in
Fig. 11. Asin Fig. 11, enhancement by shearlets provided a significant improvement
in contrast for each feature included in the blended mammogram; whereas features
such as mass (white disc) is hard to see in the enhanced ROI images obtained by the
NSWT and histogram equalization methods.

5 Edge Analysis and Detection

The detection and analysis of edges is a primary task in a variety of image pro-
cessing and computer vision applications. In fact, since edges are usually the most
prominent features in natural images and scientific data, the localization of edges is
a fundamental low level task for higher level applications such as shape recognition,
3D reconstruction, data enhancement and restoration.

Edges can be formally characterized as those points of a function u, defined on a
domain Q C R?, for which the gradient is noticeably large, that is,

{(xe Q CR*: |Vu(x) > p},

where p is some suitable chosen threshold. It is clear that this simple characteri-
zation of edges does not translate directly into an effective edge detection scheme,
since images are usually affected by noise and the differential operator is extremely
sensitive to noise. As a consequence, in the most common edge detector schemes, to
watch out for the interference of noise, the image is first smoothed out or mollified.
For example, in the classical Canny edge detection algorithm [8] the image is first
convolved with a scalable Gaussian function as

ug = ux Gy,

where G,(x) = G(a"'x), a > 0, x € R? and G(x) = %e’xz. Next, the edge points
are identified as the local maxima of the gradient of u,. Notice that this approach
involves a scaling parameter a: as a decreases, the detection of the edge location
becomes more accurate; however, as a decreases, also the detector’s sensitivity to
noise increases. As a result, the performance of the edge detector depends heavily

on the scaling factor a (as well as the threshold).
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There is an interesting and useful relationship between edge detection and
wavelet analysis which was first observed by Mallat, Hwang and Zhong in [60, 61]
and can be summarized as follows. Given an image u € L?(R?), a simple computa-
tion shows that its continuous wavelet transform with respect to an admissible real
and even function y can be written as

Wyu(a.x) = [ u() Duy(y=x)dy = u Day ().

1

where D, y(x) = a~' w(a~'x). In particular, if y = VG, then

Vi (x) = uxVGy(x) = uxDay(x) = Wyu(a,x). (17)

This shows that the maxima of the magnitude of the gradient of the smoothed image
u, correspond precisely to the maxima of the magnitude of the wavelet transform
Wyu(a,x). This observation provides a natural mathematical framework for the mul-
tiscale analysis of edges which was successfully developed in [60, 61].

5.1 Edge Analysis Using Shearlets

The main limitation of the Canny edge detector or the wavelet method described
above is that both methods are essentially isotropic and, as a result, are not very effi-
cient at dealing with the anisotropic nature of the edges. The difficulty in accurately
identifying the location of edges is particularly evident in the presence of noise and
when several edges are close together or cross each other, such as the situation of 2-
dimensional projections of 3-dimensional objects [95]. In such cases, the following
limitations of traditional edge detectors is particularly evident:

o Difficulty in distinguishing close edges. The isotropic Gaussian filtering causes
edges running close together to be blurred into a single curve.

e Poor angular accuracy. In the presence of sharp changes in curvature or crossing
curves, the isotropic Gaussian filtering leads to an inaccurate detection of the
edge orientation. This affects the detection of corners and junctions.

To better deal with the edge information, a number of methods were introduced
which replace the scalable collection of isotropic Gaussian filters G4, a > 0, in (17)
with a family of steerable and scalable anisotropic Gaussian filters such as
Guyar 0 (x1,X2) = 0;1/2 agl/zRe G(aflxl , a;lxz),

where aj,a; > 0 and Ry is the matrix of rotation by the angle 6 (see [71, 88, 39]).
Unfortunately, the design and implementation of such filters are computationally
involved and there is no theoretical setting to decide how to design such family of
filters to best capture the edges.

The shearlet framework has the advantage of providing a well justified mathemat-
ical setting for efficiently representing the edge information. In fact, as discussed in
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“Introduction to Shearlets” and “Analysis and Identification of Multidimensional
Singularities using the Continuous Shearlet Transform” of this volume, the continu-
ous shearlet transform can be applied to precisely characterize the geometric infor-
mation associated with the edges through its asymptotic behavior at fine scales. The
results can be summarized as follows.

Let an image u be modeled as piecewise smooth function in € = [0, 1]%. That
is, we assume that u is smooth everywhere on €2, except for a collection of finitely
many piecewise smooth curves, denoted by I', where jump discontinuities may oc-
cur. Then, the asymptotic decay properties of the continuous shearlet transform .%5#
of u are as follows [44]:

If p ¢ I', then |.75¢ yu(a,s, p)| decays rapidly, as a — 0, for each s € R.

If p eI and I is smooth near p, then |.75¢ yu(a,s, p)| decays rapidly, as a — 0,
for each s € R unless s = sq is the normal orientation to I" at p. In this last case,
| yu(a,so,p)| ~ ai,asa— 0.

e If pisacorner pointof I and s = 50, s = 51 are the normal orientations to I" at p,
then |27 yu(a,so, p)|, |- yu(a,s1,p)| ~ ai, as a — 0. For all other orienta-
tions, the asymptotic decay of |.77¢ yu(a,s, p)| is faster (even if not necessarily
“rapid”).

Here by “rapid decay”, we mean that, given any N € N, there is a Cy > 0 such that
| yu(a,s,p)| < Ca", as a — 0. Itis also useful to observe that spike-type singu-
larities produce a very different behavior than jump discontinuities on the decay of
the continuous shearlet transform. Consider, for example, a Dirac delta distribution
centered at 7y. In this case a simple calculation (see [49]) shows that

| SH 8 (a,5,10)| < a4, asa — 0,

that is, the continuous shearlet transform of &0, atr = t¢ increases at fine scales. The
decay is rapid for t # 1.

These observations show that the continuous shearlet transform precisely de-
scribes the geometric information of the edges and the other singular points of an
image. This is in contrast with the wavelet transform which cannot provide any in-
formation about the edge orientation.

5.2 Edge Detection Using Shearlets

An algorithm for edge detection based on shearlets was introduced in [91, 92], where
a discrete shearlet transform was described with properties specifically designed for
this task. In fact, the discrete shearlet transform which was presented above for
image denoising, produces large sidelobes around prominent edges® which inter-
fere with the detection of the edge location. By contrast, the special discrete shearlet

3 The same problem occurs if one uses a standard discrete wavelet or curvelet transform.
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transform introduced in [91, 92] is not affected by this issue since the analysis filters
are chosen to be consistent with the theoretical results in [44, 45], which require that
the shearlet generating function y satisfies certain specific symmetry properties in
the Fourier domain (this is also discussed in “Analysis and Identification of Multidi-
mensional Singularities Using the Continuous Shearlet Transform” of this volume).

The first step of the shearlet edge detector algorithm consists in selecting the
edge point candidates of a digital image u[m;,m;]. They are identified as those
points (777,73 ) which, at fine scales j, are local maxima of the function

Mjulmy,my)* =Y (Sulj,0,my,m))?
7

Here %57 u[j,¢,m;,m;] denotes the discrete shearlet transform. According to the
properties of the continuous shearlet transform summarized above, we expect that,
if (my,my) is an edge point, the discrete shearlet transform of u will behave as

\.ulj, 0, my,ms)| ~ C27 P,

where 3 > 0. If, however, § < 0 (in which case the size of |57 u| increases at finer
scales), then (77,7;) will be recognized as a spike singularity and the point will
be classified as noise. Using this procedure, edge point candidates for each of the
oriented components are found by identifying the points for which 8 > 0. Next, a
non-maximal suppression routine is applied to these points to trace along the edge
in the edge direction and suppress any pixel value that is not considered to be an
edge. Using this routine, at each edge point candidate, the magnitude of the shearlet
transform is compared with the values of its neighbors along the gradient direction
(this is obtained from the orientation map of the shearlet decomposition). If the
magnitude is smaller, the point is discarded; if it is the largest, it is kept.

Extensive numerical experiments have shown that the shearlet edge detector is
very competitive against other classical or state-of-the-art edge detectors, and its
performance is very robust in the presence of noise. An example is displayed in
Fig. 12, where the shearlet edge detector is compared against the wavelet edge de-
tector (which is essentially equivalent to the Canny edge detector) and the Sobel and
Prewitt edge detectors. Notice that both the Sobel and Prewitt filters are 2D discrete
approximations of the gradient operator. The performance of the edge detectors is
assessed using the Pratt’s Figure of Merit, which is a fidelity function ranging from
0to 1, where 1 is a perfect edge detector. This is defined as

&

1

1
FOM = )
‘ 1+ ad(k)?

~ max(Ne,Ng) {

where N, the number of actual edge points, N; the number of detected edge points,
d(k) the distance from the kth actual edge point to the detected edge point and o
is a scaling constant typically set to 1/9. The numerical test reported in the figures
show that the shearlet edge detector consistently yields the best value for FOM.
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Fig. 12 Results of edge detection methods. From top left, clockwise: Original image, noisy im-
age (PSNR = 25.94 dB), Prewitt result (FOM = 0.31), shearlet result (FOM = 0.94), wavelet result
(FOM =0.59), and Sobel result (FOM = 0.32)

5.3 Edge Analysis Using Shearlets

As observed above, the continuous shearlet transform has the ability to precisely
characterize the geometry of the edges. These properties lead directly to a very ef-
fective algorithm for the estimation of the edge orientation, which was originally in-
troduced in [92]. Specifically, by taking advantage of the parameter associated with
the orientation variable in the shearlet transform, the edge orientations of an image
u, can be estimated by searching for the value of the shearing variable s which max-
imizes .77¢ yu(a,s, p) at an edge point p, when a is sufficiently small. Discretely,
this is obtained by fixing a sufficiently fine scales (i.e., a = 272/ sufficiently “small”)
and computing the index 7 which maximizes the magnitude of the discrete shearlet
transform .57 u[j,{,m] as

b(j,m) = argmax |5 ulj, £, m]|. (18)
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Once this is found, the corresponding angle of orientation 6;(j,m) associated with
the index £(j,m) can be easily computed. As illustrated in [92], this approach leads
to a very accurate and robust estimation for the local orientation of the edge curves.

o =N w O
[o]

o = N W

Fig. 13 (a) Test image and representative points A (junction), B (regular edge point), C (smooth
region), D (near edge). (b) Magnitude of the Discrete Shearlet Transform, as a function of the
orientation parameter ¢ at the locations my = A, B,C, D indicated in (a). Notice the different scaling
factor used in the y-axis, for the plots of points C and D

Indeed, the sensitivity of the shearlet transform to the edge orientation is useful
for the extraction of landmarks, another imaging application, which is important in
problems of classification and retrieval. To illustrate the general principle, consider
the simple image in Fig. 13 consisting of large smooth regions separated by piece-
wise smooth curves. The junction point A, where three edges intersect, is certainly
the most prominent object in the image, and this can be easily identified by look-
ing at values of the shearlet transform. In fact, if one examines the discrete shearlet
transform %5 u[jo,l,mo|, at a fixed (fine) scale jy and locations my, as a func-
tion of the shearing parameter /, the plot immediately identifies the local geometric
properties of the image. Specifically, as illustrated in Fig. 13b, one can recognize
the following four classes of points inside the image. At the junction point kg = A,
the function |57 ul jo, ¢, mo]| exhibits three peaks corresponding to the orientations
of the three edge segments converging into A; at the point my = B, located on a
smooth edge, | %7 u[jo, ¢, mo]| has a single peak; at a point my = D, inside a smooth
region, |- uljo, ¢, my)| is essentially flat; finally, at a point my = C “close” to an
edge, |- uljo,¢,mp]| exhibit two peaks, but they are much smaller in amplitude
than those for the points A and B. A similar behavior was observed, as expected, for
more general images, even in the presence of noise.



Image Processing Using Shearlets 315

Based on these observations, a simple and effective algorithm for classifying
smooth regions, edges, corners and junction points of an image was proposed and
validated in [92].

6 Image Separation

Blind source separation is a classical problem in signal processing whose object is
the separation of a set of signals from a set of mixed signals, with very little infor-
mation about the source signals and the mixing process. The traditional techniques
for addressing this problem rely on the assumption that the source signals are es-
sentially decorrelated, so that they can be separated into additive subcomponents
which are statistically independent. The main weakness of these techniques is that
they are very sensitive to noise. On the other hand, recent results have shown that
sparse representations such as shearlets can be applied to design extremely robust
source separation algorithms [25, 26, 79].

In the following, we describe a very effective algorithm for image separation, re-
cently proposed in [25, 26] which takes advantage of the ability of the shearlet rep-
resentation in dealing with edge curves and other elongated features. This approach
is especially tailored to deal with the situation of images, such as astronomical or
biological images, where it is important to separate pointlike objects from curvelike
ones.

6.1 Image Model

The class of the images of interest, denoted by J, are modeled as a composition of
point- and curve-like objects. That is, a point-like object is a function P which is
smooth except for finitely many point singularities and has the form

2 _3
P(x) = 2|x—x,~| Z,
i=1

A curve-like object is a distribution C with delta singularity along a closed curve
7:[0,1] — R2. Hence, an image in J will be of the form

f=P+cC.

The goal of the Geometric Separation Problem is to recover P and C from the ob-
served signal f.
The basic idea is to choose a redundant dictionary containing two representations
systems @, @, that is
9D = D+ D,
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where each system sparsely represents only one of the different components of
f € J. Specifically, @; is chosen to be a Parseval frame of shearlets which, as
discussed above, provides optimally sparse approximations of functions which are
smooth apart from curve singularities; @, is chosen to be a smooth wavelet or-
thonormal basis, which, as known, provides optimally sparse approximations of
functions which are smooth apart from point singularities.

6.2 Geometric Separation Algorithm

In the algorithmic approach to the image separation problem devised in [50], an
image f € J is examined at various resolution levels, denoted by f;, j € Z, where
fi = f=F;and Fj is a bandpass filter associated with the frequency band centered
at 2/. Hence, for each j € Z,

fi=Pi+Cj,

where P; and C; are the point-like and curve-like components of f;, respectively, at
scale j. At the resolution level j, the following optimization problem is defined:

(W;,S;) = argminy, s ||®f ;|| +[|@3Wj|[1  subjectto f; = S;+W;, (19)

where <1§1T S; and QDZT W; are the shearlet and wavelet coefficients of the signals §;
and W;, respectively.

The following theoretical result from [26] ensures the convergence of the geo-
metric separation problem at fine scales.

Theorem 2. Let (Wj,s\‘j) be the solutions to the optimization problem (20) for each
scale j. Then

tim Vi = Billa 115, =Cill> _
= IRl +IC

This shows that the components P; and C; of f; are recovered with asymptotically
arbitrarily high precision at fine scales.

In practice, an image f is not purely a sum of a point-like and a curve-like com-
ponents, and contains an additional part that can be modeled as a noise term. In this
situation, one can modify the optimization problem (20) as follows

(W;,S;) = argming, ¢ ||®f'S;||1 +[|DF Wil[1 +A[|f; = W;=Sjll,  (20)

subject to fj = §;+ W;. Notice that this type of expression is sometimes called an
infimal convolution in the image processing literature. In this modified form, the
additional noisy component in the image is characterized by the property that it
cannot be represented sparsely by either one of the two representation systems and,
thus, will be allocated to the residual term (f; —W; —5;).

An example of the application of the shearlet-based geometric separation algo-
rithm to a noisy image is illustrated in Fig. 14, where the result is compared to



Image Processing Using Shearlets 317

Original Image Noisy Image

Curvelike component (MCALab) Pointlike component (MCALab)

Curvelike component (shearlets) Pointlike component (shearlets)

Fig. 14 Example of geometric separation on a noisy synthetic image. The shearlet-based geometric
separation algorithm is compared against MCALab

the MCALab algorithm [35], another separation algorithm which employs a combi-
nation of curvelet and wavelet representations. The figure shows that the shearlet-
based approach is very effective at separating the pointlike and curvelike compo-
nents of the image, and it produces significantly less artifacts than MCALab. We
refer to [26] for a more detailed discussion.
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7 Shearlets Analysis of 3D Data

A number of results have recently appeared dealing with the application of shearlet-
based methods for the analysis and processing of 3D data sets. Similar to the 2D
case, the nearly optimally sparse approximation properties of 3D shearlet repre-
sentations can be exploited for data denoising and feature extraction. As expected,
dealing with 3D data sets entails more challenges in terms of memory storage so
that particular attention is required to devise numerical efficient implementations.

A 3D Discrete Shearlet Transform (3D DST) was proposed in [51] and tested
on video denoising. The algorithm follows essentially the ideas of the 2D discrete
shearlet algorithm and can be summarized as follows. First, the data in the frequency
domain are divided into three pyramidal regions, each one aligned with one of the
orthogonal axis. The directional filtering stage is based on computing the DFT in
the pseudopolar domain. In particular, in the first pyramidal region, this is defined as
(u,v,w) = (&, %, %) Hence, at each fixed resolution level, the 3D DST algorithm
proceeds as follows.

e The multiscale filter stage decomposes fdi “intoa low-pass faj and high-pass fdi
array.

° fé is rearranged onto a pseudo-polar grid.

e A directional band pass filtering is applied on the pseudo-polar data.

e The pseudo-polar data is converted back to a Cartesian formulation and the in-
verse DFT is computed.

The algorithm runs in O(N3log(N)) operations.

A shearlet thresholding routine based on the 3D DST algorithm (3DSHEAR) was
applied to a problem of video denoising and the performance was compared against
the following state-of-the-art algorithms: the Dual Tree Wavelet Transform (DTWT)
and Surfacelets (SURF). We also compared against the 2D discrete shearlet trans-
form (2DSHEAR), which was applied frame by frame, to illustrate the benefit of
using a 3D transform, rather than a 2D transform acting on each frame. Figure 15
shows a side-by-side comparison of the denoising algorithm performance on a typ-
ical frame extracted from the video sequence Mobile. Additional comparisons and
discussion can be found in [67, 51].

A shearlet-based method of analyzing videos from multiple views to autonomously
estimate the kinematic state of an object was developed in [76]. In particular, a tar-
get’s kinematics state was parametrized as a vector

X=[s 1

whose respective corresponding elements were spatial position s = [x,y,z] and ro-
tational orientation v = [A, p,r]. Information from a Bayesian filter was merged to
stabilize 2D recognition and tracking so that observation and object were concur-
rent. In this application, the shearlet transform was used to extract image features
reliably. It particular, it was used to determine two-dimensional locations in the
midst of illumination changes and discontinuities.
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2DSHEAR
Fig. 15 Side-by-side comparison of video denoising algorithms, illustrated on a frame extracted
from a video sequence. The 3D Discrete Shearlet Tranform (3DSHEAR) is compared against

the Dual Tree Wavelet Transform (DTWT), the Surfacelet Tranform (SURF) and the 2D Siscrete
Shearlet Transform (2DSHEAR)

In an effort to improve the state estimation routine, a continuous type of 3D
shearlet transform was developed to analyze video data. In this case, the 3D shearlet
transform was being used for detecting surface boundaries [77]. An illustration of
the power of using a 3D shearlet surface/edge detector routine over a slice-by-slice
detection of the 2D shearlet edge detector is given in Fig. 16. In this example, a solid
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spherical harmonic of order 2 and degree 7 is generated with a gradient shading ap-
plied to each slice. The same slices are analyzed by the 2D shearlet edge detector for
comparisons. The images show the contour surface plot of this spherical harmonic
and image slices through the center aligned with the x,y, and z axis.

Fig. 16 Illustrations of 3D edge detection of a solid spherical harmonic of order 2 and degree 7
with a 2D gradient shadding applied. The images on the left display the 3D contour surface plots
and the images on the left display the slices of sphere through the center

8 Additional Applications

Among the other areas of image processing that benefit from the use of the shear-
let representation, we also recall image fusion and inpainting. In image fusion, the
goal is to process and synthesize information provided by various sensors. A novel
image fusion algorithm based on shearlets and local energy was recently proposed
in [57], where it was shown that this approach outperforms traditional methods by
preserving more details in the source images and further improving the subjective
quality of fused image. In [19], another shearlet-based image fusion method was
developed for panchromatic high-resolution images and multispectral images, and
it was shown that it provides superior performance in terms of spatial resolution and
preservation of spectral information. For the applications of inpainting, which can
be described as an interpolation or estimation problem with missing data, a shearlet-
based techique was recently presented in [41].
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